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PREFACE 

TT^OR  some  time  past  I  have  felt  the  need  of  a  text-book  on 
Geometrical  Optics  with  a  suitable  collection  of  examples 
for   students  preparing  for  Part    I   of  the  Mathematical  Tripos. 
This  book  has  been  prepared  to  meet  this  need. 

It  is  not  desirable  that  a  text-book  on  the  theory  of  a  subject 
should  attempt  to  convey  to  students  such  practical  knowledge  as 
they  ought  to  gain  by  experience  in  a  laboratory,  and  this  book 
therefore  contains  only  so  much  account  of  experiments  as  may 
perhaps  stimulate  students  to  try  for  themselves. 

The  formulae  for  successive  refractions  and  for  series  of  lenses 
have  been  expressed  in  terms  of  distances  rather  than  inclinations, 
such  being  simpler  for  beginners.  Experience  has  shewn  me  that 
there  is  less  mental  confusion  and  liability  to  error  when  only  one 
direction  is  regarded  as  the  positive  direction,  rather  than  when 
the  positive  direction  changes  sense  at  each  passage  through  a 
lens ;  I  have  therefore  adopted  the  former  method. 

The  book  contains  a  somewhat  wider  range  than  the  present 
schedule  for  Part  I  of  the  Tripos. 

It  is  hardly  to  be  hoped  that  a  book  written  and  seen  througli 
the  press  during  considerable  pressure  of  other  work  will  prove  to 
be  free  from  errors,  and  I  shall  be  grateful  to  anyone  who  will 
point  them  out. 

A.   S.   RAMSEY. 

11  July,  1914. 
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CHAPTER   I 

INTRODUCTION 

1.  The  existence  of  distant  objects  is  revealed  by  the  sense 
of  sight.  Whether  an  object  is  visible  or  not  does  not  depend 
only  on  the  eyes  of  the  observer  but  also,  in  everyday  language,  on 
whether  there  is  sufficient  light  by  which  to  see  it.  Light  is 
therefore  an  agent  by  which  vision  is  conditioned.  The  question 
"  what  is  light  ? "  has  been  the  subject  of  speculative  theory. 
Newton  and  others  believed  and  maintained  that  so-called  luminous 
bodies  emit  in  all  directions  a  continuous  stream  of  infinitesimal 
particles  which  are  propagated  with  enormous  velocity  and  im- 
pinging on  the  eye  produce  the  sensation  known  as  vision.  The 
undulatory  theory  of  light,  in  which  the  phenomena  are  explained 
as  being  due  to  waves  in  a  medium  originated  with  Huyghens*. 
The  medium  was  supposed  to  be  an  elastic  solid  filling  all  space, 
so  porous  in  character  as  to  offer  no  resistance  to  the  passage  of 
material  bodies  through  it  and  yet  so  rigid  as  to  transmit 
vibrations  with  great  rapidity.  The  elastic  solid  theory  has  now 
given  place  to  the  theory  that  light  consists  of  electromagnetic 
waves,  but  the  nature  of  the  displacements  that  constitute  the 
waves  leaves  room  for  further  investigation. 

Many  facts  concerning  light  can  be  investigated  without  any 
hypothesis  about  its  nature  by  the  aid  of  a  few  laws  based  on 
experiment  and  by  simple  geometrical  considerations.  This  part 
of  the  science  is  called  Geometrical  Optics  and  to  this  we  shall 
confine  our  attention  in  the  chapters  that  follow. 

2.  Rectilinear  propagation  of  light. 

If  a  pinhole  is  made  in  a  piece  of  cardboard  and  placed  between 
the  eye  and  a  candle  flame,  the  flame  is  only  visible  through  the 
pinhole,  when  the  latter  lies  on  a  straight  line  between  the  eye 
*  Traite  de  la  lumiere,  Leyden,  1090. 

R.  O.  1 
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and  the  Hanie.  This  and  similar  exporinionts,  together  with  the 
formation  of  clear-cut  shadows  of  opaque  bodies,  lead  to  the 
hypothesis  that  light  is  propagated  in  straight  lines.  To  such  an 
extent  is  the  rectilinear  propagation  of  light  accepted  as  a  matter 
of  experience  that  the  ordinary  method  of  testing  the  straightness 
of  a  line  is  to  look  along  it.  We  shall  assume  therefore  that  in  a 
homogeneous  medium  light  travels  in  straight  lines.  Closer  investi- 
gation shews  that  there  are  cases  in  which  this  statement  is  not 
strictly  true  and  in  certain  circumstances  light  bends  round 
obstacles  in  its  path,  but  we  shall  not  be  concerned  with  such 
cases.  • 

Any  straight  line  along  which  light  travels  is  called  a  ray. 
When  light  from  a  distant  source  passes  through  a  small  aperture, 
such  as,  for  example,  sunlight  entering  a  dai'kened  room  through 
a  small  hole  in  a  shutter,  the  beam  of  light  that  comes  through  the 
aperture  is  called  a  pencil.  The  form  of  the  pencil  depends  on  the 
form  of  the  aperture,  and  every  such  pencil  has  a  finite  cross 
section.  When  we  speak  of  a  ray  of  light  we  mean  a  pencil  whose 
cross  section  is  so  small  that  w^e  may  represent  the  pencil  by  a 
straight  line.  Newton*  defined  a  ray  as  "  The  least  Light  or  part 
of  Light,  wdiich  may  be  stopt  alone  without  the  rest  of  the  Light, 
or  propagated  alone,  or  do  or  suffer  anything  alone,  which  the  rest 
of  the  Liofht  doth  not,  or  suffers  not." 


3.     The  Pinhole  Camera. 

The  rectilinear  propagation  ( 
apparatus  known  as  the  pinhole 
camera. 

It  can  be  constructed  by 
making  a  hole  0  about  1  mm. 
in  diameter  in  the  centre  of 
the  bottom  of  a  box.  If  the 
lid  is  replaced  by  a  sheet  of 
ground  glass  AB,  inverted  im- 
ages are  formed  on  the  glass  of 
objects  the  light  from  Avhich 
passes  through  the  hole,  in  the 
manner  shewn  in  the  diagram. 

*  "Opticks  or  a  treatise  of  the  reflexions,  refractions, 
light,"  London,  1704. 


f  light  is  well  illustrated  by  the 


inflexions  and  colours  of 
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4.  The  Velocity  of  Light. 

That  light  has  a  definite  velocity  was  first  demonstrated  by 
Olaf  Romer,  a  Danish  astronomer  (1G75).  He  found  that  the 
apparent  time  of  revolution  of  one  of  Jupiter's  satellites  varies 
with  the  position  of  the  earth  in  its  orbit,  decreasing  or  increasing 
according  as  the  earth  is  moving  towards  or  away  from  Jupiter. 
Jupiter  has  a  satellite  whose  period  is  a  little  more  than  two  days 
so  that  fi-equent  observations  of  its  period  can  be  made.  These 
were  made  when  the  earth  and  Jupiter  were  in  opposition,  and 
again  when  in  conjunction,  and  it  was  found  that  an  eclipse  of  the 
satellite  occuiTed  996  seconds  sooner  than  the  predicted  time. 
This  difference  was  ascribed  to  the  velocity  of  light,  996  seconds 
representing  the  time  that  it  would  take  to  travel  a  distance  equal 
to  the  diameter  of  the  earth's  orbit.  This  determination  gives 
2-967  X  10^*^  cms.  per  second  as  the  velocity  of  light. 

5.  Fizeau's  Method. 

The  magnitude  of  the  velocity  of  light  renders  laboratory 
experiments  on  it  difficult  to  devise,  but  a  determination  was 
made  by  Fizeau  in  1845*  using  terrestrial  distances  only. 


H 


Fig.  2. 

A  convergent  lens  L  and  a  plane  glass  plate  M  form  an  image 
at  -F  of  a  bright  source  of  light  S  (Fig.  2),  F  is  also  the  focus  of 
the  lens  N  so  that  after  passing  N  the  rays  are  parallel.  They 
pass  through  a  similar  lens  JS^'  at  a  considerable  distance  and  are 
reflected  back  again  over  the  same  path  by  a  mirror  R.  In 
Fizeau's  actual  experiment  the  distance  NN'  was  8'633  kms.  At 
F  is  the  rim  of  a  toothed  wheel  W  so  arranged  that  a  tooth 
obstructs  the  light  and  a  gap  allows  it  to  pass.     When  the  wheel 

*  H.  Fizeau,  Comptes  Rendus  de  I'Academie  des  Sciences,  t.  xxix.  p.  90,  1849. 
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is  rotated  slowly  the  light  alternately  appi'ars  and  disappears,  and 
as  the  speed  increases  the  light  becomes  visible  continuously  owing 
to  persistence  of  vision.  As  the  speed  is  increased  still  further  a 
point  is  reached  when  the  light  disappears  altogether,  this  is  when 
the  speed  is  such  that  the  time  taken  for  the  light  to  travel  from 
F  to  R  and  back  is  also  the  time  in  which  a  gap  in  the  wheel  is 
supplanted  by  a  tooth.  If  the  speed  be  doubled  the  light  reappears, 
if  trebled  it  disappears  again  and  so  on.  Fizeau  used  a  wheel 
with  720  teeth  and  the  first  disappearance  occurred  when  the 
speed  was  12-6  rotations  per  second,  making  the  velocity  of  light 
8-13  X  lO^'^cms.  per  second. 

With  better  apparatus  in  1874  Cornu*  obtained  the  result 
2-999.')  X  10^"  ems.  per  second. 

6.     Foucault's  Method. 

Another  method  was  devised  by  Foucaultf  in  1850  and 
suj^quently  modified  and  used  by  Michelson  in  1880,  Newcomb 
in  1882  and  others. 

Light  from    a   slit   S   falls  on   a  rapidly  revolving  miiTor  0. 
During  each  revolution  the  re- 
flected  light  falls   on  a  distant  \m 
mirror  M  and  is  reflected  back                                  ^-^    ^ 
along  the  same  path  to  0.     If  in                       ^^^^^^^ 
the  time  the  light  takes  to  travel       \V;\.<:::::^^^^-^^^^  I 
ft-om  0  to  M  and  back  the  mirror      °\j^    '^^  j 
0  turns  through  an  angle  a,  the       3         ^"""^^^'^----J 
reflected  ray  at  0  will  make  an                                      C"""~""^~^-^ 
angle  2a  with  OH.    This  reflected 
beam  of  light  passes  throiigh  a 
lens  L  and  forms  an  image  of  the  slit  *S'  at  *S".     By  measuring 
*SVS"  and  OH  the  angle  2a  can  be  determined  and  then  if  the  rate 
of  rotation  of  the  mirror  0  is  known  we  get  the  time  taken  for 
light  to  travel  fi'om  0  to  M  and  back  and  thus  find  the  velocity  of 
light. 

These  investigations  will  be  found  more  fully  described  in 
books  on  phy.sical  optics  to  which  this  subject  really  belongs.  A 
combination  of  the  methods  of  Fizeau  and  Foucault  in  which  the 

*  A.  Cornu,  Comptes  liendm  de  V Academic  des  Sciences,  t.  lxxix.  p.  1361,  1874. 
t  L.  Foucault,  Poggendorff's  Annalen  der  Phijsik  u.  Chemie,  b.  81,  p.  434,  18-50. 


Fig.  -S. 


5-7]  VELOCITY   OF    LIGHT  5 

toothed  wheel  was  replaced  by  a  gi-ating  and  a  revolving  mirror 
was  applied  by  Michelson*  in  1902. 

7.  When  a  pencil  of  light  falls  on  the  surface  of  a  bod}-  or  on 
the  surface  of  separation  of  two  different  media  the  light  may  be 
reflected  from  the  surface  back  into  the  first  medium,  or  it  may 
pass  through  the  surface  in  the  same  or  in  an  altered  direction,  in 
the  latter  case  it  is  said  to  undergo  refraction  ;  or  it  may  be  partly 
reflected  and  partly  refracted  and  there  may  also  be  some  scatterijig 
of  light  at  the  surface,  as  when  light  falls  on  a  ground  glass  surface. 

Reflection  and  Refraction  take  place  in  accordance  with  certain 
laws  based  on  experiment  and  it  will  be  our  object  to  investigate 
the  consequences  of  these  laws  in  simple  cases. 

*  A.  A.  Michelson,  "  The  velocity  of  light,"  Phil.  Mag.  (6)  in.  p.  3.30,  1902. 
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8.     Law  of  Reflection. 

]Vlien  a  rmj  of  liyht  is  rejiected  the  incident  and  reflected  rays 
are  in  the  same  plane  with  the  normal 
to  the  reflecting  surface  at  the  point 
of  incidence  and  make  equal  angles 
with  the  normal. 

Thus  if  Oy  is  the  normal  at  the       - — 
point  of  incidence  0  of  the  ray  PO, 
the  reflected  ray  OQ  lies  in  the  plane 
PON  and  the  angles  PON,  NOQ  are  equal. 


o 

Fig.  4. 


9.     This  law  permits  of  simple  experimental  verification  as  follows  : 
Lay  a  sheet  of  paper  on  a  horizontal  table  and  place  upon  it  a  plane  mirror 
with  its  plane  A'F  vertical.     Stick  two  pins  AP,  B(^  upright  in  the  table  and 
so  that  AP  =  BQ.     Place  the  eye  in  such  a  position  that  the  pins  as  seen  by 


I---. 


Fig.  5. 


reflection  appear  to  coincide.  Stick  up  another  pin  C'R  on  the  line  of  vision, 
and  adjust  its  height  so  that  C  appears  to  coincide  with  A  and  B.  It  will  be 
found  that  C'R  =  AP=BQ,  and  this  verifies  the  first  part  of  the  law.  If  the 
line  PQ  be  ruled  meeting  the  mirror  in  0  and  0/i  be  joined,  the  second  part 
of  the  law  follows  by  measuring  the  inclination  of  PO,  OR  to  the  mirror. 
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10.  The  projections  of  an  incident  and  reflected  ray- 
on any  plane  through  the  normal  at  the  point  of  incidence 
are  equally  inclined  to  the  normal. 

In  the  figure  PO,  OQ  are  the  incident  and  reflected  rays,  and 
PO,  OQ'  their  projections  on  any  plane 
through  the  normal  ON.  If  through  any 
point  N  on  the  normal  a  plane  PP'NQ'Q  is 
drawn  at  right  angles  to  the  normal  cutting 
the  rays  and  their  projections  in  P,  Q,  P',  Q', 
the  line  P'NQ'  is  the  projection  of  PNQ  on 
the  plane  P'OQ'. 

Hence  P'  is  the  projection  of  P  and  Q'  of 
Q,  and  the  angles  PP'N,  PP'O,  QQ'lY,  QQ'O 
are  all  right  angles. 

In  the  right-angled  triangles  ONP,  ONQ 
the  angle  PON  =  NOQ, 

therefore  OP=OQ  and   PN  =  NQ. 

In  the  right-angled  triangles  PP'N,  QQ'N 
the  angle  PNP'=QNQ',  and   PN=NQ;  i 

therefore  PP'  =  QQ'  and  NP'  =  NQ'. 

In  the  right-angled  triangles  ONP',  ONQ' 
NP'  =  NQ', 
therefore  the  angle  PON  =  NOQ',  which  was  to  be  proved. 


11.  The  incident  and  reflected  rays  are  equally  inclined 
to  any  straight  line  in  the  tangent  plane  at  the  point  of 
incidence. 

With  the  figure  and  construction  of  the  last  article  we  have  in 
the  right-angled  triangles  PP'O,  QQ'O 

OP=OQandPP'=QQ', 

therefore  the  angle  POP'  =  QOQ' ; 

that  is,  the  incident  and  reflected  rays  are  equally  inclined  to  any 
plane  through  the  normal.  Hence  if  OL  is  at  right  angles  to  the 
plane  P  OQ',  the  incident  and  reflected  rays  are  equally  inclined 
to  OL  and  therefore  to  any  line  in  the  tangent  plane  to  the 
reflecting  surface  at  0. 
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12.  The  incident  and  reflected  rays  are  equidistant 
from  any  point  in  the  tangent  plane  at  the  point  of 
incidence. 

If  the  reriei-tcd  I'ay  (^Q  l>o  ])r()(luc-('(l  to  P'  in  the  direction  QO, 
it  is  clear  that  the  lines  Ol\  OP' 
are  syninietrically  placed  with 
regard  to  the  mirror,  oi-  with 
regard  to  the  tangent  piano  to  it 
at  0,  it  it  be  not  a  plane  mirror, 
and  theietore  the  distances  of  the 
lines  OP,  OP  from  any  point  in 
this  j)lane  are  the  same. 


\p' 


Fip;.   7. 


13.     Reflection 
Images. 

A  consequence  of  the  law 
from  a  point  A  and  fVilling 
on  a  plane  mirror  XY  will 
proceed  after  reflection  as 
though  they  caiiic  from  a 
point  A'  behind  the  mirror 
and  equidistant  from  it. 
Hence  if  FQ  be  the  pupil 
of  an  eye  conveniently  placed 
to  receive  some  of  the  rays, 
it  will  receive  a  cone  of  rays 


at    a    plane    surface.      Formation     of 


law  of  retiection  is  that  all  rays  emanating 


Fig.  8. 


of  vertex  A'  and  base  PQ;  that  is,  the  eye  will  see  the  point  A'. 
The  point  A'  is  called  the  imarje  of  A  in  the  mirror  XY. 

The  image  is  in  this  case  called  a  virtual  image  because  the 
rays  do  not  pass  through  it,  but  only  their  prolongations. 

To  construct  the  actual  paths  of  the  rays,  the  image  A'  is  first 
found  by  making  31  A'  =MA.  then  the  cone  A'PQ  is  broken  by 
the  mirror  in  FiC  and  bent  back  to  A. 

14.     Image  of  an  object. 

In  like  manner  the  image  A'B'  of  an  object  AB  in  the  mirror 
XY  can  be  constructed.  The  image  is  virtual,  equal  to  the  object 
and  the  two  are  symmetrically  placed  with  regard  to  the  mirror. 

Regarding  the  mirror  as  a  vertical  plane,  if  the  object  is  erect 
so  is  the  image,  but  it  is  perverted,   that   is,  if  to  an   observer 
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looking  between  the  object  and  the  mirror  A  is  on  the  left  hand 
and  B  on  the  right,  to  the  same  observer  A'  is  on  the  right  hand 


d     'b 


Fig.  9. 


and  B'  on  the  left.     This  perversion  is  easily  illustrated  by  viewing 
a  page  of  print  as  reflected  by  a  mirror. 

15.     Field  of  view  in  a  plane  mirror. 

If  the  direction  of  a  ray  be  reversed  it  will  retrace  its  path. 
Just  as  rays  diverging  from  a  point  E  appear  after  reflection  to 
proceed  from  an  image  E',  so  all  rays  converging  after  reflection  to 


Fig.  10. 

an  eye  at  E  must  be  directed  before  reflection  to  the  image  E'  of 
E.  Hence  the  field  of  view  visible  at  E  in  the  mirror  AB  is  found 
by  producing  the  cone  whose  vertex  is  E'  and  base  ^i?  as  shewn 
in  the  figure. 


10 


rATvAIJ-EL    MIRRORS 


[CH.  II 


16.     Parallel  Mirrors. 

If  0  Ix'  ail  objiH't  brtwccii  two  parallel  mirrors  AA,  BB,  there 

are  two  intinite  series  of  images.     Thus 

B,  is  the  image  of  0  in  Bli 

B,        „  „       7)',  in  .1.1 

/>;,         „  „        />.  in  />/)' 

and  so  on. 

Also  ^1  is  the  image  of  0  in  A  A 

A,        „  „       A,  in  BB 

A,        „  „      A,  in  .-l.l 

and  so  on. 


4^ 


Again  if  a,  b  denote  the  distances  of  0  from  the  mirrors  we 
have 

XB,  =  NO  =  b,  MA,  =  MO  =  a, 

MB,  =  MB,  =  a  +  2b,       NA,  =  NA,  =  2a  +  b, 
XB,  =  XB,  =  2a  +  86,     MA ,  =  MA ,  =  3a  +  26, 


whence  it  follows  that 

B,  B,  =  BJi,  =  B^  Br,  =  . . .  =  2  (a.  +  6) 
and  A,A,=  A,A,  =  A,Ar=  ...^2(a  +  b). 

That  is,  the  distance  between  consecutive  images  of  either 
series  behind  either  mirror  is  twice  th(;  distance  between  the 
mirrors. 

To  construct  the  path  of  a  ray  by  which  an  eye  between  the 
mirrors  sees  the  object  after,  say,  two  reflections  in  the  mirror  BB 
and  one  in  the  mirror  A  A.  Join  a  point  of  the  pupil  E  to  B^ 
cutting  BB  in  i^,  join  FB.,  cutting  A  A  in  6-',  join  GB,  cutting  BB 
in  H,  and  join  HO.     Then  OHGFE  is  the  path  of  the  ray  required. 
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17.     Inclined  Mirrors. 

Let  P  be  a  bright  point  between  two  plane  mirrors,  the  figure 

representing  a  section  by  a   plane 

through  P  perpendicular  to  the  line  ^ 

of  intersection  of  the  mirrors  meeting 

them  in   OA,   OB.     Since  the  line 

joining   a    point   and    its    image    is 

bisected  by  the   mirror  that  forms 

the  image   it  is  clear   that  all  the 

images  of  P  lie  on   a  circle  whose 

centre  is  0. 

Then  we  have  series  of  images 

as  follows  :  ^'^-  ^'^■ 

J.1  is  the  image  of  P  in  OA,       B^  is  the  image  of  P  in  OB 
A^        „  „      A,  in  OB,       B,        „  „      B,  in  OA 

A,        „  „      ^,  in  0.4,       B,        „  „      B,  in  OB 


Again  if  a,  /3  be  the  arcual  distances  of  P  from  A  and  B,  and 
Of  +  /3  =  i,  we  have 

PA,  =  2a 

PAo  =  B+  BA.,  =^  +  BA,=2^+2oi=  2i 

PA,  =  a  +  AA,  =  a  +  A  A,  =  2st  +  21 

PA,  =  j3  +  BA,  =  /3  +  BA,  =  2/3  +  2'jc  +  2i  =  4i 

PA,  =  a  +AA,  =  a  +  .4.4,  =  2a  -f  4t 
and  so  on. 

That  is,  there  is  a  set  of  images  A^,  Aj,  A^,...  at  angular 
distances  2a,  2a  +  2i,  2a  +  4i,  . . .  from  P  in  the  clockwise  sense  ; 
and  a  set  of  images  .42,  .44,  ^„,  ...  at  angular  distances  2i,  4t,  Qi,  . . . 
from  P  in  the  counterclockwise  sense.  These  sets  continue  until 
an  image  falls  on  the  arc  A'B'  behind  both  mirrors  and  then  stop 
since  rays  proceeding  from  such  an  image  clearly  cannot  undergo 
further  reflection  at  either  mirror.  The  image  Aon+i  falls  on  the 
arc  A'B  if 

PAA.,,+,>  PAB',  or  if  2a  +  2ni  >7r-/3, 
i.e.  if  (2n  +  1 )  ^  >  tt  -  a  or  2/i  +  1  >  (vr  —  a)/i. 

The  image  A.2n  falls  on  the  arc  A'B'  if 

PBA,n  >  PBA';  or  if  2ni  >  it  -  a, 
i.e.  if  2n  >{'Tr-  a)/i. 


12  THE    KALEIDOSCOPE  [CH.  II 

Honco  the  mnnbor  of  imagi's  in  this  .sori(>s  is  the  integer  next 
greater  than  (tt  —  a)i. 

In  the  same  way  there  is  another  series  i?,,  B.,,  B3,  ...  of  images 
I'ormed  by  taking  first  the  image  in  OB  and  the  number  of  these 
in  like  manner  is  the  integer  next  greater  than  (tt  —  l3)/i. 

If  i  =  Tj-jin  where  vi  is  an  integer,  the  integers  next  greater 
than  (77  —  a.)li  and  [tt  —  l3)/i  are  both  vi.  In  this  case  the  points 
PAoA^Ag...  BgB^B.  are  corners  of  a  regular  polygon  of  m  sides, 
and  the  points  A^A-^A^,  ...  B3B1  are  corners  of  an  equal  polygon, 
and  one  corner  of  the  first  or  the  second  polygon  lies  on  the  arc 
A'B'  according  as  m  is  even  or  odd.  Hence  the  two  final  images 
of  each  series  coincide  and  the  total  iiunibei-  including  the  bright 
point  P  is  2m. 

To  an  eye  situated  anywhere  between  the  two  mirrors  the 
images  that  fall  behind  one  mirror  only  will  all  be  visible.  But 
an  image  that  falls  behind  both  mirrors  is  not  visible  for  some 
positions  of  the  eye.  If  X  be  such  an  image  and  XO  be  produced 
to  A",  then  if  X  be  the  result  of  a  final  reflection  in  OA  it  will  not 
be  visible  to  an  eye  within  the  angle  50Z',  because  the  line  joining 
X  to  the  eye  would  not  intersect  the  mirror  OA.  Similarly  if  X 
be  the  result  of  a  final  reflection  in  OB,  it  will  not  be  visible  to  an 
eye  within  the  angle  AOX'. 

18.     The  Kaleidoscope. 

If  two  plane  mirrors  intersecting  at  an  angle  of  60°  are  fixed 
into  a  cylindrical  tube  with  its  axis  parallel  to  the  line  of  inter- 
section of  the  mirrors,  and  an  eye  looking  down  into  the  cylinder 
views  bright  objects  placed  wdthin  it  such  as  small  pieces  of 
coloured  glass,  the  eye  will  also  see  five  images  symmetrically 
ranged  round  the  line  of  intersection  of  the  mirrors.  By  shaking 
the  objects  can  be  rearranged  and  many  patterns  of  hexagonal 
form  can  be  obtained. 

More  elaborate  series  of  images  can  be  produced  by  using 
three  plane  mirrors  placed  in  the  form  of  a  prism  whose  cross 
section  is  an  equilateral  triangle. 

The  mirrors  might  be  placed  at  other  angles  than  60^^  but  in 
order  to  get  a  .symmetrically  placed  set  of  images  the  angle  must 
be  a  submultii^le  of  180'. 
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19.     Deviation  produced  by  two  plane  mirrors. 

By  deviation  is  meant  the  angle  through  which  a  ray  is  bent : 
thus  if  PQR  is  a  ray  bent  at  Q  the  ^  r 

deviation  is  the  angle  between  QR 
and  the  production  of  PQ,  not  the 
angle  PQR. 


Fig.  13. 
If  PARC ...  be  the  path  of  a  ray  in  a  plane  at  right  angles  to 
the  line  of  intersection  of  two  plane  mirrors  inclined  at  an  angle 
t;    and   PA    meet   RC  in   K,   the   deviation   produced    by   two 
reflections  is  the  angle  AKB  =  KRL-KAR 
=  2/3  -  2a 

=  2{ARX-BAO)  =  '2i. 
That  is,  each  pair  of  reflections  produce  a  deviation  equal  to 
twice  the  angle  between  the  mirrors. 

20.     Three-dimensional  problems. 

When  the  path  of  a  ray  does  not  lie  wholly  in  one  plane,  the 
principles  that  determine  the  direction  of  the  ray  after  a  number 
of  reflections  are  those  of  Arts.  10,  11,  i.e.  that  the  projections  of  an 
incident  and  reflected  ray  on  any  plane  through  the  normal  at  the 
point  of  incidence  obey  the  law  of  reflection,  and  that  an  incident 
and  reflected  ray  are  equally  inclined  to  any  straight  line  in  the 
tangent  plane  at  the  point  of  incidence. 

A  method  which  yields  simple  solutions  of  some  problems  in 
three  dimensions  is  based  on  the  use  of  a  sphere 
as  follows : 

If  OP  be  a  radius  of  a  sphere  drawn  parallel 
to  an  incident  ray  and  from  P  a  chord  PQ  of  the 
sphere  is  drawn  parallel  to  the  normal  at  the  point 
of  incidence,  then  since  the  angles  OPQ,  OQP 
are  equal  the  radius  OQ  must  be  parallel  to  the 
reflected  ray. 


Fig.   14. 
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21.  Example.  W/u-n  a  raj/  is  reflected  in  sKCcession  at  three  plane 
mirrors  mutualli/  at  right  angles  its  final  direction  is  parallel  to  its  initial 
direction. 


Fig.  15. 

The  ray  pqrst  strikes  the  mirrors  BOC,  CO  A,  AOB  in  succession  at  q,  r,  $. 
From  the  centre  Z  of  a  sphere  a  radius  LP  is  drawn  parallel  to  pq;  a  chord 
PQ  is  drawn  parallel  to  the  normal  OA  to  the  mirror  BOC,  and  therefore  LQ 
is  parallel  to  qr.  The  normals  OB,  OC  are  both  at  right  angles  to  OA,  so 
that  if  chords  QR,  RS  of  the  sphere  are  drawn  parallel  to  OB,  OC  they  must 
lie  in  the  plane  .section  of  the  sphere  at  right  angles  to  PQ,  and  since  BOC  is 
a  right  angle  so  is  QRS ;  therefore  QS  is  a  diameter  of  the  circle  QRS  and 
PS  is  a  diameter  of  the  sphere.  But  LR  is  parallel  to  rs  and  LS  to  st,  and 
PLS  being  a  straight  line  st  must  be  parallel  to  pq. 


EXAMPLES. 

1.  If  a  ray  falls  on  a  plane  mirror  which  turns  about  a  straight  line  at 
right  angles  to  the  ray,  shew  that  the  angle  turned  through  by  the  reflected 
ray  is  twice  the  angle  of  rotation  of  the  mirror. 

2.  If  a  ray  is  reflected  at  the  three  sides  of  a  triangle  ABC  so  that  its 
path  is  a  triangle  PQR,  shew  that  PQR  must  be  the  pedal  triangle  of  the 
triangle  ABC. 

3.  If  a  luminous  point  be  placed  at  the  focus  of  a  reflecting  ellipse,  shew 
that  after  two  reflections  any  ray  will  return  to  the  focus  from  which  it 
started. 

4.  Find  the  angle  between  two  plane  mirrors  if  a  ray  parallel  to  the  first 
becomes  after  two  reflections  parallel  to  the  second. 

").  Explain  how,  with  a  point  source  of  light,  a  plane  mirror  and  a  vertical 
rod,  a  horizontal  shadow  can  be  thrown  on  a  vertical  screen.     (M.  T.  i.  1908.) 
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6.  A  bright  point  moves  in  a  straight  line  between  two  plane  mirrors  ; 
shew  that  each  image  also  describes  a  straight  line.  (Coll.  Exam.  1909.) 

7.  Shew  by  a  diagram  how  a  man  by  means  of  two  mirrors  can  when 
looking  straight  in  front  of  him  see  the  back  of  his  head.  Trace  the  course 
of  a  pencil  of  rays  from  the  back  of  his  head  to  his  eye.      (Coll.  Exam.  1891.) 

8.  If  a  man  standing  at  the  centre  of  a  square  room  f^xces  a  corner 
formed  by  two  reflecting  walls  and  shuts  one  eye,  will  he  be  able  to  see  the 
reflection  of  the  whole  of  his  face?  (Coll.  Exam.  1912.) 

9.  The  inner  surfaces  of  the  sides  BC,  CD,  DA  of  a  square  A  BCD  can 
reflect  light,  and  E,  F  are  two  small  holes  in  AB.  Find  the  position  of  a 
point  P  outside  the  square  such  that  a  ray  PE  after  reflection  at  the  three 
sides  may  emerge  through  /'and  again  pass  through  P.  (M.  T.  1906.) 

10.  Two  persons  stand  at  places  ^4  and  B,  and  C  is  the  middle  point  of 
the  lower  edge  of  a  vertical  mirror  of  length  2c  which  rests  on  the  ground ; 
prove  that  each  person  can  see  the  other  in  the  mirror,  provided 

ah  sin  -^  <  c{a  sin  6  +  h  sin  0), 
■where  a,  b  are  the  lengths  of  AC,  BC,  B,  (f)  are  the  angles  they  make  with  the 
mirror,  and  >//■  is  either  the  sum  or  the  difference  of  these  angles  according  to 
circumstances.     (The  mirror  is  suppo.sed  to  be  sufficiently  high.) 

(M.  T.  1902.) 

11.  Shew  that  bj'  means  of  two  plane  mirrors  a  ray  of  light  may  be  made 
to  pass  through  any  given  point  in  any  given  direction  in  an  infinite  number 
of  ways.  (Coll.  Exam.  1889.) 

12.  A  ray  of  light  passes  in  a  plane  normal  to  two  inclined  plane  mirrors. 
Prove  that  the  straight  lines  of  which  its  path  consists  all  touch  the  same 
circle. 

13.  An  object  lies  between  two  mirrors  placed  at  right  angles.  An  eye 
observes  the  object  directly,  and  on  turning  through  a  right  angle  observes  it 
again  doubly  reflected.  Shew  that  the  eye  must  be  at  some  point  on  a  fixed 
sphere.  (Coll.  Exam.  1906.) 

14.  OA,  OB  are  the  sections  of  two  plane  mirrors  inclined  at  45°  by  a 
plane  perpendicular  to  both  and  a  luminous  point  P  is  placed  between  them 
so  that  PDA  =  10°,  find  the  whole  number  of  images  formed. 

Draw  the  pencil  by  which  an  eye  placed  within  the  angle  AOB  sees  the 
third  of  one  of  the  two  sets  of  images.  (Coll.  Exam.  1896.) 

15.  Shew  that,  if  the  angle  between  two  plane  mirrors  be  40°,  there  are 
always  9  images  formed  of  a  bright  point  between  the  mirrors ;  but  that,  if 
the  angular  distances  of  the  eye  from  the  mirrors  both  exceed  the  angular 
distance  of  the  bright  point  from  the  bisector  of  the  angle,  only  8  can  be 
seen.  (Trinity  Coll.  1890.) 
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Hi.  Two  jilanc  mirrors  are  inclined  at  an  angle  of  72°,  and  a  candle  is 
placed  between  them  at  an  angular  distance  of  12'  from  one.  Shew  that  an 
eye  placeil  at  random  between  the  mirrors  is  equally  likely  to  be  able  to  see 
throe  or  four  or  five  images  of  the  candle.  (M.  T.  1909.) 

17.  If  a  man  standing  in  a  given  position  between  two  mirrors  inclined 
to  each  other  at  an  angle  a  can  see  himself  full  face  after  three  reflections, 
tind  the  direction  which  he  must  face.  (Coll.  Exam.  1906.) 

18.  A  rod  of  length  2a  inclined  at  an  angle  0  to  the  horizon  is  viewed  by 
an  eye,  in  a  vertical  plane  through  the  rod,  directly  and  by  reflection  in  still 
water,  .so  that  the  rod  and  its  image  appear  to  be  of  the  same  length.  If  h 
and  X"  are  the  heights  of  the  centre  of  the  rod  and  the  eye  above  water-level, 
shew  that  the  horizontal  distance  of  the  eye  from  the  centre  of  the  rod  is 

h  tan  (9  ±  VA-  sec-e-k-+a^, 
where  both  values  are  admissible  if  the  image  can  be  seen. 

(Coll.  Exam.  1908.) 

19.  Two  parallel  mirrors  of  height  A  are  at  a  distance  6  apart,  and  a 
luminous  point  is  placed  at  the  foot  of  one.  A  screen  is  placed  perpen- 
dicularly to  the  mirrors  at  a  height  k  above  their  highest  points ;  shew  that 
ii  l->h,  there  will  be  on  the  screen  alternate  bright  and  dark  bars  of  breadths 
b{l+l::k)  and  b{klh-\)  respectively.  Shew  that  if  k<h,  but  >\h,  there 
will  be  brighter  and  darker  bars  of  breadths  h{\—klh)  and  b{Sklh  —  l)  re- 
.spectively.  (Trinity  Coll.  1891.) 

20.  A  man  in  a  rectangular  room  whose  walls  are  plane  mirrors  sees  his 
image  after  reflection  at  the  four  walls  in  succession.  Shew  that  if  he  walks 
towards  his  image  it  will  go  directly  away  from  him  and  will  move  at  the 
.same  rate  that  he  does.     Which  side  of  himself  will  he  see  1 

(Coll.  Exam.  1911.) 

21.  If  a  number  of  mirrors  form  the  faces  of  a  pyramid,  shew  that  if  a 
ray  is  reflected  successively  any  immber  of  times  by  the  mirrors,  all  the 
reflected  rays  touch  a  single  sphere.  (Coll.  Exam.  1902.) 

22.  If  a  ray  of  light  is  reflected  once  at  each  of  the  .six  faces  of  a 
rectangular  parallelopiped,  prove  that  its  final  and  initial  directions  are  the 
.same  no  matter  in  what  order  it  is  incident  on  the  faces.  (M.  T.  1903.) 

23.  One  end  of  a  rectangular  box  is  open,  a  ray  enters  and  is  reflected 
the  .same  number  of  times  at  each  side  of  the  box  and  once  at  the  clo.sed  end, 
prove  that  the  emergent  ray  makes  the  .same  angle  with  the  original  ray  as  if 
there  were  but  one  reflection  at  the  closed  end  of  the  box. 

(Coll.  Exam.  1898.) 

24.  f  Jive  a  geometrical  construction  for  the  path  of  a  ray  in  order  that  it 
may  be  reflected  at  the  faces  of  a  rectangular  paralleloi)ipcd  in  turn  at  the 
same  ix>ints  and  pass  through  a  given  point  within  the  parallelopiped. 

(Coll.  Exam.  1905.) 
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25.  If  a  ray  be  twice  reflected  in  such  a  way  that  the  three  directions  of 
the.  ray  are  equally  inclined  to  one  another,  then  the  normals  to  the  reflecting 
surfaces  at  the  points  of  incidence  must  be  inclined  at  an  angle  of  60°. 

(CoU.  Exam.  1901.) 

26.  A  ray  enters  a  polished  circular  cylinder  which  has  one  end  closed 
by  a  plane  reflector  at  right  angles  to  its  axis.     Prove  that  if  the  shortest 

distance  of  the  ray  from  the  axis  of  the  cylinder  be  cos  -  times  the  radius 

and  the  ray  emerges  after  2n  +  l  reflections,  its  direction  will  be  the  same  as 
if  it  was  reflected  once  at  the  closed  end.  (Coll.  Exam.  1903.) 

27.  Two  mirrors,  rigidly  connected  so  that  their  planes  are  at  right 
angles,  are  free  to  turn  about  the  line  of  intersection  of  their  planes.  Shew 
that,  if  a  ray  be  incident  on  one  of  the  mirrors  along  a  given  straight  line 
and  successively  reflected  between  them,  then,  as  the  mirrors  are  turned 
about  their  line  of  intersection,  all  the  reflected  rays  always  lie  on  the  same 
surface  of  revolution.  (Coll.  Exam.  1903.) 

28.  A  ray  of  light  is  reflected  successively  at  two  plane  mirrors  inclined 
to  one  another  at  an  angle  a ;  shew  that,  if  a  be  small  and  if  the  ray  be 
incident  very  nearly  normally,  whether  it  be  in  a  plane  perpendicular  to  both 
mirrors  or  not,  the  deviation  is  approximately  2a.  (St  John's  Coll.  1904.) 


CHAPTER  III 

REFRACTION 


22.     Laws  of  Refraction. 

Wheji  a  ray  of  light  parses  from  one  medium  to  another  the 
incident  and  refracted  rays  are  in  the  same  plane  with  the  normal 
to  the  interface  at  the  point  of  incidence  and  on  opposite  sides  of  the 
normal,  and  the  sines  of  their  inclinations  to  the  normal  bear  to  one 
another  a  ratio  which  is  constant  for  the  same  two  media  and  the 
same  kind  of  light*. 

If  XON'  is  normal  to  the  interface  XY  between  two  media 
and  PO,  OQ  are  the  incident  and 
refracted  rays;  the  angles  NOP, 
N'OQ  are  called  the  angles  of  in- 
cidence and  refraction,  and  denoting 
them  by  <^,  ^'  the  law  states  that 
OP,  OQ,  ON  are  coplanar  and 

sin  ^  =  /i  sin  ^', 
where  yu,  is  a  constant  depending  on 
the    nature   of   the   media   and   the 
kind  of  light. 


Fig.  16. 


23.  The  constant  yx  is  called  the  refractive  index  of  the  second 
medium  as  compared  with  the  first. 

According  to  the  undulatory  theory  refractive  indices  of  different 
media  are  inversely  proportional  to  the  velocities  of  light  in  the 
different  media.  If  we  take  air  as  the  standard  medium  for 
comparison,  then  the  refractive  index  from  air  into  any  other 
velocity  of  light  in  air 


medium,  say  glass,  = 


velocity  of  light  in  glass 


*  The  law  of  sines  appears  to  have  been  discovered  by  Willebrod  Snell,  of 
Leyden,  who  died  in  1626.  It  was  first  published  by  Descartes  in  1637,  but  he 
appears  to  Lave  obtained  it  from  Snell  and  the  authorship  of  the  discovery  was  the 
subject  of  much  controversy. 
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Similarly  the  refi-active  index  from  medium  A  to  medium  B 
,  .  velocity  of  liffht  in  medium  A 

may  be  written  ^/.^  =  velocity  of  light  in  medmnl^  ' 

and  in  like  manner  for  light  passing  from  medium  B  to  medium  A, 
velocity  of  light  in  medium  B 
"^^^  ~  velocity  of  light  in  medium  A  ' 

24.  This  leads  to  the  second  law  of  refraction,  viz.  the 
index  of  refraction  from  medium  A  to  medium  B  is  the  reciprocal 
of  the  index  of  refraction  from  medium  B  to  medium  A  ;  or 

At^B  X  Bf^A  =  1 ; 
which  is  also  equivalent  to  the  statement  that  if  a  ray  of  light  he 
reversed  it  will  retrace  its  path. 

Again  if  Va,  v^,  Vc  denote  the  velocities  of  light  in  media 
A,  B,  C  we  have 

Vb     Va  ,  vj^         ,     .      „    • 

SH-C^-    =~  ~  ~  =  Af^C^  AH'B, 

Va     Vc     vb 
which  may  be  read  as  follows,  taking  A  to  be  air : — the  index  of 
refraction  from  medium  B  to  medium  C  is  equal  to  the  index  of 
refraction  from  air  to  medium  G  divided  by  the  index  of  refraction 
from  air  to  medium  B. 

Hence  if  <^  is  the  angle  of  incidence  in  inedium  B  and  </>'  is  the 
angle  of  refraction  in  medium  C, 
then  sin  <^  =  bH'C  sin  ^', 

or  aH'B  sin  </>  =  aH-c  sin  <^'. 

^25.  When  reference  is  made  to  "a  medium  of  refractive 
index  /x"  without  specifying  any  other  medium  it  is  understood 
that  the  air  is  the  medium  of  comparison,  and  the  law  of  sines  is 

written 

'    sin  (^  =  /i  sin  <^' 

for  light  passing  from  air  into  the  medium  considered. 

In  the  same  way  if  light  is  passing  from  a  medium  of  refractive 
index  yu,  to  a  medium  of  refractive  index  yu,',  the  law  of  sines  is 
written 

yu.  sin  0  =  /i'  sin  (/>'. 

Speaking  generally  the  denser  the  medium  the  greater  the 
refractive  index.  For  ordinary  yellow  light  incident  in  air,  the 
refractive  index  of  crown  glass  is  150,  and  of  water  1'33.     We 
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shall  see  in  a  later  chapter  that  the  values  of  the  retractive  indices 
depend  on  the  colour  i)f  the  light. 

26.  Experimental  verifications. 

Thoro  are  many  ways  of  vorityin;j;  tlio  laws  of  refraction  experiincntally. 

The  Law  of  Sines. 

Place  a  rectangular  block  of  glass  on  a  sheet  of  pajier  on  a  horizontal 
t^ible.  Make  a  vertical  scratch  on  one  face — 
through  the  point  P  in  the  figure,  which 
represents  a  horizontal  section.  Place  the 
eye  at  E  so  that  the  scriitch  is  visible  through 
the  glass.  Stick  two  pins  Q,  It  into  the  table 
on  the  line  of  vision.  Mark  or  rule  on  the 
paper  the  position  of  P,  the  line  XY  which 
represents  the  surface  through  which  the  ray 
emerges,  and  the  line  QR  which  gives  the 
emergent  ray.  If  RQ  meets  XY  in  0,  then 
PO  is  the  path  of  the  ray  in  the  glass  and  the  angles  of  incidence  and 
refraction  can  then  be  measured  and  their  sines  compared.  Or  instead  of 
measuring  the  angles  cut  ofi"  equal  lengths,  say  OP,  OR,  and  then  the 
perpendiculars  PX,  RM  from  P  and  R  to  the  normal  will  be  found  to  be 
in  a  constant  ratio. 

27.  The  Law  of  Reversibility. 

Place  on  a  horizontal  table  a  block  of  glass  with  vertical  parallel  plane 
faces  standing  on  a  sheet  of  paper.  The 
block  is  represented  by  XY.  In  a  con- 
venient position  stick  up  two  pins  P,  Q 
and  place  the  eye  E  on  the  other  side  of 
the  block  so  that  the  pins  appear  to 
coincide.  Stick  up  two  more  pins  R,  S 
on  the  line  of  vision.  Rule  the  lines  P(^, 
RS  and  on  removing  the  block  they  will 
be  found  to  Ije  parallel.  And  the  faces 
of  the  block  being  parallel  the  angles 
made  with  the  normal  by  the  path  of  the 
ray  in  air  are  both  cf)  and  in  glass  both  (f)'. 

Hence  the  index  of  refraction  from  air  to  glass  being  sin  c^/sin  <^'  and  that 
from  glass  to  air  being  sinc^'/^i"*^)  ^hey  are  reciprocals  and  the  path  is 
reversible. 

28.  When  a  ray  traverses  a  series  of  parallel  plates  and  enters 
the  original  medium  again  the  emergent  ray  is  parallel  to  the 
incident  ray. 

Let  fia>  H^b,  H-o  f^a  be  the  absolute  refractive  indices  in 
succession. 


Fig.  18. 
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Then  denoting  angles  as  in  the  figure 
/Za  sin  <f)  =  fMb  sin  0', 
/Xb  sin  (j)'  =  fXc  sin  -v/r', 
fic  sin  i/r'  =  yua  sin  ■yjr. 
Whence  we  get  (f>  ==  ylr. 

This   is    clearly    capable    of 
simple  experimental  verification. 

29.     Total  Reflection.     Critical  Angle. 

Let  /x  be  the  refractive  index  of  a  medium  optically  denser 
than  air  {i.e.  /*>!)•  Then  if  (f>,  (/>'  are  inclinations  of  a  ray  to  the 
normal  in  air  and  in  the  medium 

sin  <f)  =  /J,  sin  </>'. 

Now  sin^  cannot  have  a  value  greater  than  unity,  therefore 
sin  (f)'  cannot  have  a  value  gi'eater  than  If/u,. 

Let  rays  proceed  in  all  directions  from  a  point  source  of  light 
0  in  the  denser  medium.  ON 
is  perpendicular  to  the  inter- 
face and  as  the  rays  diverge 
more  and  more  widely  from 
ON  the  angle  <f)'  increases  and 
so  does  the  corresponding  (p, 
until  a  position  is  reached 
indicated  by  OP3  in  the  figure 
for  which 

<^=00'   and 

This  ray  does  not  emerge  into  air,  but,  after  incidence  on  the 
surface  of  the  denser  medium,  proceeds  along  the  surface.     Rays 

for  which  <f>'  >  sin~i  -  are  totally  reflected,  as  for  example  OP^Qi  in 

the  figure. 

The  angle  sin"'  -  is  called  the  critical  angle*  for  the  given 

medium  in  relation  to  air ;  and  a  ray  incident  in  a  medium  denser 
than  air  at  the  critical  angle  will  then  proceed  along  the  surface, 
while  a  ray  incident  at  an  angle  greater  than  the  critical  angle 
will  undergo  total  reflection. 

*  Job.  Kepler,  Dioptrice,  Vienna,  1611,  trans.  Leipzig,  1904. 
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30.     Total  Reflection  Prism. 

Since  xhc  rotractive  index  of  glass  is  about  l"o,  the  critical 
angle  is  sin-'g  or  41°  47'.  If  a  glass  prism 
be  constructed  whose  section  is  an  isosceles 
right-angled  triangle,  rays  incident  normally 
on  one  of  the  two  perpendicular  laces  AB 
pa£!S  into  the  prism  without  deviation  and 
are  incident  on  the  slant  face  AC  at  an 
angle  of  45°  greater  than  the  critical  angle, 
consequently  they  are  totally  reflected  at 
the  face  AC  and  turned  through  a  right  angle*.  The  rays  then 
strike  the  face  BC  normally  and  emerge  without  further  deviation. 

The  use  of  such  a  prism  for  turning  a  beam  of  light  through  a 
right  angle  is  preferable  to  a  plane  glass  mirror  silvered  at  the 
back,  because  the  front  surface  of  the  glass  reflects  as  well  as  the 
silvered  surface  and  there  may  be  confusion  of  images  arising 
therefrom.  The  best  mirrors  are  silvered  on  the  front  surface,  but 
they  are  very  liable  to  tarnish. 

31.    Luminous  jet  of  water. 

All  experiment  +  which  exhibits  the  phenomenon  of  total  reflection 
effectively  consists  in  passing  a  nan-ow  beam 
of  light  into  a  vessel  of  water  along  the  line 
of  an  issuing  jet.  In  Fig.  22  the  jet  issues 
through  a  small  aperture  at  F  and  a  hori- 
zontal l:)eam  of  light  enters  through  glass  at 
E.  The  rays  that  enter  the  jet  of  water  are 
always  incident  on  the  surface  of  the  jet  at 
angles  greater  than  the  critical  angle  and 
therefore  never  emerge,  so  that  the  jet  is 
rendered  luminous  through  the  whole  of  its 
length.  The  jet  can  be  coloured  by  using 
coloured  glass  at  E. 

32.  Formation  of  Images  by  refraction  at  a  plane 
surface. 

Let  rays  diverge  from  a  point  P  and  pass  into  a  medium  of 
refractive  index  /a  with  a  plane  face  AR. 

Let  FRS  be  any  ray  and  let  the  refracted  ray  RS  be  produced 
backwards  to  meet  AF  at  right  angles  to  the  plane  in  Q.     Then 

*  Kepler,   oc.  cit. 

t  ColladoD,  Comptes  Rendus  de  VAcadeniie  des  Sciences,  t.  xv.  p.  800,  1842. 
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RPA,  RQA  are  equal  to  the  angles  of  incidence  and  refraction, 
and 

sin  RPA  =  /J,  sin  RQA  ; 

therefore       RQ  =  fiRP. 

For  rays  at  different  inclina- 
tions to  PA  the  position  of  Q  will 
vary,  but  for  rays  which  make 
small  angles  with  PA,  we  have  Fig.  23. 

RQ  =  AQ   and    RP  =  AP,  approximately, 

i.e.  neglecting  the  squares  of  the  circular  measures  of  the  inclina- 
tions of  the  rays  to  the  normal. 

Hence  for  rays  which  are  incident  nearly  normally  Q  is  a  fixed 
point  in  relation  to  P,  given  by 

AQ  =  fiAP, 

and  in  this  sense  we  may  call  Q  the  image  of  P.  But  it  must 
be  remembered  that  it  is  only  pencils  lohich  make  small  angles 
with  the  normal  that  will  diverge  from  a  point  after  refraction. 
Strictly  speaking  therefore,  if  rays  diverging  in  all  directions  from 
a  bright  point  are  refracted  by  a  plane  surface,  there  is  no  image 
point  through  which  the  refracted  rays  pass. 


h(^rizontal  table.     Make  a  scratch 


33.     .1  n  experiment  for  determining  the  refractive  index  of  a  rectangidar 
block  of  glass. 

Place  the  block  on  a  sheet  of  paper  on 
Q  on  one  face  of  the  block  and  stick  a 
pin  Pp  in  the  table  on  the  other  side  of 
the  block  so  that  the  head  of  the  pin 
is  the  same  height  above  the  table  as 
the  mark  Q.  Place  the  eye  ^  in  a 
convenient  position  slightly  above  the 
line  QP  and  move  the  block  to  and  fro 
until  the  image  of  P  seen  by  reflection 
in  the  front  surface  of  the  glass  appears 
to  coincide  at  P'  with  the  image  of  Q  as  seen  by  rays  refracted  at  the  same 
surface.  P'  is  then  the  image  of  Q  formed  by  refraction  from  glass  to  air,  so 
that 

ii  =  AQIAP'  =  AQiAP. 

The  distances  AQ,  AP  can  be  measured  and  thus  /i  is  determined. 


Fig. 
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34.  To  shew  that  when  rat/s  proceeding  from  a  point  under  water  emerge 
ohliquebi  and  enter  the  eye,  the  rays  that  enter  the  eye  all  intersect  two  short 
straiglii  lines  at  right  angles  to  one  another. 


Let  Pits,  PR'S'  be  two  neighbouring  rays  that  enter  an  eye  at  SS'. 
Let  SR,  S'R'  cut  the  normal  PA  in  §,  Q'  and  cut  one  another 


T. 


It  is  clear  that  all  rays  in  the  plane  of  the  paper  between  PRS  and  PR'S' 
will  intersect  PA  between  Q  and  Q. 

If  the  figure  is  rotated  about  the  line  PA  the  rays  describe  cones  about 
the  axis  PA  with  their  vertices  at  P,  Q,  Q'.  An  eye  at  *S'aS"  will  receive  a 
bundle  of  rays  lying  between  the  two  cones  whose  vertices  are  at  Q  and  Q' ; 
but  these  two  cones  intersect  in  the  horizontal  circle  described  by  the  point 
T  when  the  figure  is  rotated  about  PA,  therefore  all  the  rays  that  enter  the 
eye  intersect  a  small  arc  of  this  circle ;  small  because  of  the  width  of  the 
pupil,  and  approximately  a  straight  line.  This  line  at  T  and  the  cross 
section  of  the  pencil  at  Q  which  is  approximately  a  straight  line  are  called 
the  focal  lines  of  the  pencil  received  by  the  eye. 

The  i)osition  of  the  focal  lines  may  be  found  thus : 

If  ^,  (f>  +  8(f),  (f)',  <f>'  +  8<f>'  are  the  angles  made  by  the  rays  RS,  R'S',  PR, 
PR'  with  the  normal  to  the  surface,  then 

AQ  =  A R  cot  (^  =  AP  tan  (^'  cot  0, 
where  sin  0  =  /i  sin  0'.     So  that  if  AP  and  (^'  are  given,  AQ  is  determined. 

Again  if  RM,  RN  are  at  right  angles  to  R'S',  PR, 
TR8(I>=RM=RR' con  (}} 
and  PRb4>'  =  RN=  RR'  cos  t^' ; 


therefore 

But 
therefore 


TR=PR.'-^,% 
cos  9   80 


cos  (^  80  = 
TR-- 


fi  COS  (f}'8(f)' ; 
PR  cos2  0 

fX     008^0' ■ 
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35.     Image  formed  by  refraction  through  a  plane  plate 
of  glass. 

Let  fi  be  the  refractive  index  and  t  the  thickness  of  the  plate. 
Let  P  be  a  point  from  which  rays  proceed 
striking  the  plate  at  small  angles  with 
the  normal,  Pi,  P'  the  images  formed 
after  refraction  into  the  glass  at  the 
surface  A  and  out  again  at  B.     Then 

AP,  =  fJiAP, 


and 


BP'  =  -  BP 


Fig.  26. 


Hence  to  an  eye  on  the  other  side  of  the  plate  the  point  P 
will  appear  to  be  a  distance  PP'  nearer  the  plate  than  it  really  is, 

where 

1 


PP 


BP-BP'  =  t  +  AP 


(t  +  AP,) 


-.) 


That  is  the  displacement  depends  only  on  /j,  and  t  and  is 
independent  of  the  position  of  P.  Hence  also  the  images  of 
objects  viewed  directly  through  a  glass  plate  are  the  same  size  as 
the  objects. 

36.  The  deviation  produced  by  a  single  refraction 
increases  with  the  angle  of  incidence  and  at  an  increasing 
rate. 

By  differentiating  the  equation 

sin  d)  =  fx  sin  6' 


we  get 
therefore 


cos  (f) 


fi  cos  (f>' 


'^(#')"=^'^-''^''^' 


^ )  =  //,-  sec^<f>  —  tan-  <f) 
-    P^ 

=  (yLt2-l)sec^</)  +  l  (1). 

Now  assuming  that  0  >  ^',  we  must  have  yLi>  1,  and  therefore 
from  the  last  equation  ^^  >  1. 
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Hence  if  i)  =  (/>-(^'.  V_.^  >  ^  ; 

''9 

that  is  D  increases  with  <^'  ttr  with  </>. 

Again,  from  (1)   -T,  increases  with  <^, 

,        „  d{<h-4>')       dD  .  .  ,     , 

therefore  — -j.,       or  j-r,  nicreases  with  9; 

a<p  a<p 

that  is  D  increases  with  <^  at  an  increasing  rate. 

If  the  ray  be  passing  from  a  denser  to  a  rarer  meditim  we  have 
only  to  suppose  the  direction  reversed  and  the  argument  still 
holds. 

In  applying  this  theorem  to  examples  it  should  be  noted  that 
what  has  been  proved  is  that  if  the  sines  of  two  variable  acute 
angles  are  in  a  constant  ratio,  then  the  difference  between  the 
angles  increases  with  either  of  them  and  at  an  increasing  rate. 

37.     The  theorem  of  the  last  article  may  also  be  proved  geometrically*. 

C  is  a  j)oint  at  distance  fx  from  the  centre  0  of  a  circle  of  unit  radius. 

If  CPQ  cuts  the  circle  in  P,  q  and  the  angle  OCP=(p' ;  since 
sin  OPQ  :  sin  OCP=OC  :  OP=/x  :  1, 
therefore  Bin  OPQ =n  sin  (f)',  and  OPQ  =  <\> 

and  therefore  POC  =  (t>-(t)'  =  D. 

As  the  line  CP  revolves  roiuid  C  starting  from  the  position  CO  the  angle 
<f>  increases  steadily  from  0°  to  90°,  the  latter  value  corresponding  to  the 
position  in  which  CP  is  a  tangent  to  the  circle ;  and  it  is  ob\ious  that  D  also 
increases  steadily. 

Q' 

— -^  — ~0\^/ 

M 


Fig.  27. 

Again  if  CP'Q'hea  position  near  to  CPQ,  and  PCP'  =  8<p',  P0P'  =  8D,  and 
if  PM  be  perj>endicular  to  CP'  we  have 

8D  =  PP'  =  PM  sec  4>  =  CP  8(f)'  sec  0. 
*  P.  G.  Tait,  Light,  Edinburgh,  1884,  p.  90. 
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Hence  if  ON  be  perpendicular  to  CQ 

dP  ^   CP  ^  CP 

d(f)'      cos  <^  ~  PiV ' 
and  this  ratio  clearly  increases  as  <^'  or  0  increases.     Hence  B  increases  at 
an  increasing  rate. 

38.  Examples.  1.  The  sloping  bank  of  a  reservoir  partly  filled  with 
water  (/x  =  ^)  is  all  in  one  plane,  but  when  viewed  from  above  is  apparently 
bent  upwards  at  the  surface  through  an  angle  of  tan-^  } ;  find  its  inclination 
to  the  horizon,  the  image  being  formed  by  direct  pencils.    (Coll.  Exam.  1887.) 

2.  A  sheet  of  water  2  inches  deep  and  with  refractive  index  A  lies  on  a 
plane  reflecting  bottom.  Two  sources  of  light  are  placed  1  foot  above  the 
water  and  3  inches  apart  from  each  other  and  are  observed  by  an  eye  placed 
in  the  straight  line  joining  them.  If  the  image  of  one  source  formed  after 
one  reflection  at  the  bottom  appears  to  coincide  with  the  image  of  the  second 
source  formed  after  two  reflections  at  the  bottom,  shew  that  the  rays  of  light 
inside  the  water  make  an  angle  sin  ~ '  f  with  the  normal  to  the  surface  and 
that  the  eye  is  35  inches  from  the  nearer  source.  (Coll.  Exam.  1907.) 

3.  Shew  that  if  a  cube  (edge  of  length  a)  be  constructed  of  a  substance 
whose  index  of  refraction  from  air  is  ^,  a  small  object  at  the  centre  of  the 
cube  will  not  be  visible  if  an  opaque  circular  patch  of  radius  |a  be  placed  at 
the  centre  of  each  face.  (Coll.  Exam.  1900.) 

4.  Describe  the  directions  in  which  rays  from  outside  would  reach  a  fish 
inside  a  thin  glass  sphere  full  of  water,  when  its  distance  from  the  centre  is 
(i)  less,  (ii)  greater  than  a/fx.  Shew  that,  in  the  latter  case,  there  is  a  certain 
space  outside  the  sphere  from  which  no  ray  can  reach  the  fish.  fj.  is  the 
index  of  refraction  from  air  to  water,  and  a  the  radius  of  the  sphere. 

(Coll.  Exam.  1909.) 

5.  A  person  holds  a  candle  in  front  of  a  thick  plate-glass  window,  explain 
why  he  sees  several  images  of  the  candle  and  shew  that  their  distances  apart 
are  unaltered  by  moving  the  candle.  (M.  T.  1902.) 

6.  A  person  looks  into  a  mirror  consisting  of  a  plate  of  glass  of  thickness 
t  with  a  silvered  back.  If  his  eye  is  at  distance  u  from  the  front  surface  find 
the  distance  of  its  image  behind  the  back  surface.  (Coll.  Exam.  1913.) 

7.  An  object  viewed  (by  nearly  normal  rays)  through  a  thick  plate  of 
glass  seems  to  be  |  of  an  inch  nearer  to  the  observer  than  it  really  is;  how 
thick  is  the  glass  ?     (Take  /x  =  1  -5.)  (St  John's  Coll.  1906.) 

8.  From  a  point  Q,  whose  depth  beneath  the  surface  of  a  refracting 
liquid  equals  A,  a  ray  of  light  is  incident  on  a  plane  vertical  mirror  sunk  in 
the  liquid,  the  plane  of  incidence  being  vertical,  and  the  point  of  incidence  in 
the  same  horizontal  line  with  the  geometrical  focus  of  Q  for  direct  incidence 
on  the  surface  of  the  liquid ;  shew  that  if  after  reflection  the  ray  can  just 
emerge,  and  the  distance  of  Q  from  the  point  of  incidence  on  the  mirror 
equals  h  tan  a,  the  index  of  refraction  of  the  liquid  equals  sec  2a. 

(Coll.  Exam.  1887.) 
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9.  Riiys  incident  on  the  curved  snrftice  of  a  hemisphere,  in  a  direction 
perpendicular  to  its  plane  face,  pass  through  the  hemisphere.  Shew  that  the 
deviation  is  groiitest  for  the  rays  which  fall  most  obliquely  on  the  surface. 

(Coll.  P:xam.  1903.) 

39.  Prisms.  Any  portion  of  a  medium  bounded  by  two 
plane  laces  uhicli  meet  is  called  a  prism,  the  angle  between  the 
planes  is  called  the  refracting  angle  of  the  prism.  A  plane 
perpendicular  to  the  edge  or  line  of  intersection  of  the  plane  faces 
is  Ciilled  a  principal  phnie. 

40.  When  a  ray  of  light  passes  through  a  prism  which 
is  optically  denser  than  the  surrounding  medium  the 
deviation  is  always  away  from  the  edge. 


Fig.  28  (i). 


Fig.  28  (ii). 


The  path  of  the  ray  is  PBCQ  and  there  are  two  cases  to  be 
considered — (i)  when  the  path  of  the  ray  in  the  glass  BC  lies 
between  both  the  normals  at  B  and  G  and  the  edge  A  of  the  prism, 
in  which  case  the  ray  is  bent  nearer  to  the  normal  at  Bat  entrance 
and  further  from  the  normal  at  C  on  emergence,  so  that  both 
refractions  produce  deviation  away  from  the  edge  of  the  prism,  as 
in  Fig.  28  (i); 

(ii)  when  the  normal  at  one  of  the  points  B,  C  lies  between 
the  ray  BC  and  the  edge  A  of  the  prism,  as  in  Fig.  28  (ii). 
Denoting  the  angles  at  B  by  (j),  <}>'  and  at  C  by  -yjr,  yfr'  as  in  the 
figure,  it  is  easy  to  see  from  the  triangle  ABC  (Fig.  28  (ii))  that 

yfr'  —<f)'  =  I  the  angle  of  the  prism. 

The  deviation  at  B  is  0  -  <^'  towards  the  edge,  and  at  C  it  is 
y{/  —  ^jr'  away  fnjrn  the  edge,  but  -v/r'  >  <^',  therefore 

yfr  — -yjr'  >  (f)  -  (f)' , 

and  on  the  whole  the  deviation  is  away  from  the  edge. 
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41.     The  path  of  a  ray  through  the  prism. 

In   Fig.  28  (i)   if  the   normals  at  BG  meet  in  0,  the  points 
A,  B,  0,  0  are  concyclic,  whence  it  follows  that 

<t>'  +  ir'  =  i (1), 

and  the  angles  are  further  connected  by  the  relations 
sin  </)  =  /x  sin  <^'| 


,,  (2) 

sm  yj/  =  /Lism-v/r  ( 

and  the  deviation  D=(^  —  ^'-\-^  —  y\r' 

=  <^  +  y\r  —  i. 

In  Fig.  28  (ii)  we  have  as  before 

^'-f =^' {'^y 

and  D  =  yfr  -  yjr'  —  ((f)  —  (f)') 

—  ■^Ir  —  (f)—  i, 
and  equations  (2)  still  hold. 

From  equations  (1)  and  (1)'  it  is  clear  that  if  the  angle  of  the 
prism  exceeds  twice  the  critical  angle  either  (f)'  or  yfr'  must  exceed 
the  critical  angle  and  no  ray  of  light  can  get  through  the  prism. 

42.  The  deviation  is  a  minimum  when  a  ray  passes 
symmetrically  through  a  prism. 

We  have  sin  (f>=fi  sin  (f)', 

and  sin  -^^  fi  sin  -v/r' ; 

therefore  by  addition 

sin  \{<^-\--\\r)  cos  ^  (^  —  -v/f)  =  /Li  sin  ^  (<^'  +  y\r')  cos  ^  (</>'  —  i/r'). 

But  (f)  +  ylr-  i  =  D    and    cf)'  +  ^fr'  =  i, 

1        /•  •     1  / 1^      •.  -1  .  cos  A  (6' — -vlr') 

therefore  sm  i(Z)  + ^)  =  m  sm  it ^rV; V^  • 

-     cos  ^  (<^  -  i/r) 

Hence  when  <j)=-\jr   and    <^'  =  yjr', 

then  sin  |(i)  4- 1)  =  /i  sin  |  i. 

But  if  (f>>ir, 

then  <f>  -  <f>'  >  yfr  -  f ,         (Art.  36) 

or  (f)  —  yjr  >  (f)'  —  yfr', 

so  that  COS  ^  (^  —  -^l^)  <  cos  ^  (</>'  —  yjr'), 

and  sin  ^  (i)  +  i)  >  /x.  sin  i  z. 

The  same  inequality  can  be  shewn  to  hold  if  yfr  xf). 

Hence  the  minimum  value  of  D  is  given  by 
sin  ^  (i)  +  i)  =  yLi  sin  ^i, 
and  it  occurs  when  (j)  =  yfr. 
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43.     Use  of  concentric   circles  to  construct  the  path  of  a 
ray  through  a  prism  in  a  principal  plane. 

Draw  (.•i.m-entrio  circ-los  of  radii  unity  and  fi.  Draw  a  radius  C^.l  of  the 
inner  circle  in  the  direction  of  the  incident  ray. 
Fnim  A  draw  a  parallel  to  the  normal  to  the  surfixce 
on  which  the  ray  is  incident  meeting  the  outer  circle 
in  B.  If  BA  makes  angles  cf),  (f>'  with  OA,  OB  as  in 
the  figure,  then  sin  4>=ft  sin  <^'  because  OB=fiOA,  so 
that  OB  must  be  parallel  to  the  i)ath  of  the  ray  inside 
the  prism.  From  B  draw  a  line  BC  parallel  to  the 
second  surface  of  the  prism.  Then  the  angle  ABC  is 
?",  the  angle  of  the  prism,  and  OBC=i  +  (f>',  —  or  + 
according  as  BA,  BC  are  on  opposite  sides  or  on  the 
sjime  side  of  OB.  In  either  case  OBC  is  \/^',  the  angle  of  incidence  in  the  glass, 
and  if  BC  meets  the  inner  circle  in  C  it  makes  with  00  an  angle  ^  given  by 
sin  >/^  =  /x  sin  \|/-',  so  that  OC  is  the  direction  of  the  emergent  ray.  If  BC  does 
not  meet  the  inner  circle  the  ray  does  not  emerge  from  the  prism. 


Fig.  HO. 


44      Field  of  view  through  a  prism. 

If  a  i.s  the  critical  angle  neither  (f>'  nor  y^r'  can  exceed  a. 

Hence,  since  (f)'  +  -\jr'  =  i, 
•we  have  yp-  :f>  a, 

and  therefore     i  —  cb'  '^  a, 
or  (f)'  'i:  i  -  a. 

Therefore 
sin  ^  or  fi  sin  </>'  <i:  /x  sin  {i  -  a), 
or  (/)  <^  sin~'  [fj,  sin  {i  —  a)]. 

Similarly  we  must  have 

i/r  <|:  .sin~'  \/jl  sin  (i  -  a)]. 

Calling  this  angle  90°  - /3,  we  draw  planes  AM,  AN  through 
the  edge  A  of  the  prism  making  angles  XAM=  YAN  = /3  with 
the  faces  AX,  A  Y.  Only  objects  within  one  of  these  angles  will 
be  visible  on  the  other  side  of  the  prism  and  the  eye  that  is  to 
view  the  object  through  the  prism  must  lie  within  the  other 
angle. 

45.     Images. 

In  general  rays  diverging  from  a  point  and  passing  through 
a  prism  do  not  all  pass  through  the  same  point  on  emergence, 
but  if  a  small  pencil  of  rays  diverging  from  a  point  P  passes  with 
minimum  deviation  near  the  edge  of  a  prism,  the  rays  near  to  the 
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mean  ray  which  passes  symmetrically  will  make  approximately 

the  same  angles  with  the  mean  ray 

on  emergence   as   on  incidence,  and, 

as  the  mean  ray  is  symmetrical  with 

regard  to  the  prism,  if  the  emergent 

rays    are    produced   backwards    they 

will  pass  through  a  point  P',  and  P..  P' 

will  be    equidistant    from    the  plane 

that  bisects  the  angle  of  the  prism.  ^^"-  ^^' 

The  same  argument  will  hold  for  all  the  points  of  a  small 
object  at  P  viewed  by  an  eye  E  with  its  centre  on  the  mean  ray, 
and  the  image  at  P'  will  appear  to  have  the  same  size  as  the  object 
would  have  if  viewed  directly  at  the  same  distance. 

46.  Examples.  1.  Calculate  the  deviation  produced  in  a  ray  by  a 
glass  prism  of  angle  60%  when  the  ray  passes  through  symmetrically  and 
yoi  =  l-54.  (St  John's  Coll.  1910.) 

2.  Calculate  the  deviation  produced  in  a  ray  by  a  glass  prism  of  angle  50° 
when  the  ray  passes  symmetrically  and  /x  =  l-54.  Calculate  also  the  angular 
breadth  of  the  field  of  view  of  the  prism.  (Coll.  Exam.  1911.) 

3.  The  minimum  deviation  of  a  ray  passing  through  a  prism  of  angle  40° 
is  found  to  be  32°  40' ;  find  the  refractive  index  of  the  medium  of  the 
prism. 

Find  also  the  deviation,  if  the  angle  of  incidence  of  the  ray  is  half  what  it 
is  in  the  position  of  minimum  deviation.  (Coll.  Exam.  1908.) 

4.  The  angle  of  a  gla.ss  prism,  refractive  index  f,  is  60"  and  the  angle  of 
incidence  is  45° ;  find  the  diflPerence  between  the  deviation  in  this  case  and 
the  minimum  deviation.  (M.  T.  i.  1913.) 

5.  Plot  a  graph  to  shew  the  deviation  Z)  at  a  single  refraction  as  a 
function  of  the  angle  of  incidence  ^  when  the  refraction  is  from  water  (/x  =  ^) 
into  air.  (St  John's  Coll.  1911.) 

6.  Give  a  diagram  shewing  the  possible  course  of  rays  in  a  principal 
plane  after  entering  a  prism  of  angle  60°  at  a  given  point— the  prism  being 
supposed  to  be  optically  more  dense  than  the  adjacent  media  and  the  critical 
angles  at  the  surfaces  of  incidence  and  emergence  being  respectively  30°  and 
45°.  (Coll.  Exam.  1913.) 

7.  Light  is  incident  on  one  face  of  a  prism,  of  which  the  refracting  angle 
is  60°,  in  a  plane  perpendicular  to  the  edge  of  the  prism.  The  index  of 
refraction  of  the  glass  is  1-5.  Find  the  range  of  angles  of  incidence  for  which 
light  is  transmitted  through  the  prism  without  internal  reflection. 

(M.  T.  i.  1908.) 
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8.  Shew  that  uo  ray  can  pass  through  a  prism  whose  angle  {  is  greater 
than  twice  the  critical  angle  t.  If  2t  >  i>f,  shew  that  if  a  ray  whose  angle 
of  incidence  is  <f)  can  pass  through  the  prism  then  <^>sin~^  (sin  i  cot  e  —  cosi). 

(Coll.  Exam.  1913.) 

9.  Shew  that  the  angular  extent  of  the  tickl  seen  thi-ough  an  equilateral 
glass  prism  (/*  =  |)  is  cos"*  {(v/15  -  2)/4}.  (Coll.  Exam.  1910.) 

10.  Shew  that  the  angular  breadth  of  the  field  of  view  in  the  principal 
plane  of  a  prism  of  given  angle  is  less  the  greater  the  refractive  index  of  the 
material  supposed  optically  denser  than  air.  (M.  T.  i.  1909.) 

11.  The  cross  section  of  a  prism  is  an  equilateral  triangle  ABC.  A  ray 
is  incident  on  AB,  is  internally  reflected  at  AC  and  BC,  and  emerges  from 
AB.  Prove  that  the  angle  of  incidence  reckoned  on  the  side  of  the  normal 
remote  from  A  must  be  greater  than 

sin  - 1  ^^"-"^^1-"  ^  .  (Coll.  Exam.  1 904.) 

12.  The  refractive  index  of  a  prism  whose  cross  section  is  an  equilateral 
triangle  is  TS.  Find  the  limiting  value  of  the  angle  of  incidence  when  a  ray 
passes  through  the  prism  in  a  principal  plane  without  internal  reflection. 

Calculate  the  greatest  deviation  that  can  be  produced  in  a  ray  of  index 
If)  that  is  once  totally  reflected  inside  the  prism.  (M.  T.  ii.  1910.) 

13.  Two  prisms  are  placed  with  their  edges  in  the  .same  direction  and 
adjacent  faces  in  contact ;  shew  that  if  the  angle  of  each  prism  exceed  the 
critical  angle  for  the  medium  of  that  prism,  no  ray  can  get  through. 

(Trinity  Coll.  1891.) 

14.  Shew  that  the  minimum  deviation  of  a  ^trism  formed  of  a  substance 
of  given  refractive  index,  continually  increases  with  the  angle  of  the  ])rism, 
until  that  angle  is  so  large  that  the  ray  can  no  longer  pass  through. 

(St  John's  Coll.  1884.) 
1.^).     Prove  that,  if  a  prism  is  right-angled,  and  the  least  and  greatest 
values  of  the  deviation  are  respectively  a  and  /3, 

cosa=/xcos^,         sina=sin2/3. 
Find  cosa  and  cos^S  when  n  =  \-4.  (M.  T.  i.  1912.) 

16.  A  prism  is  placed  between  the  eye  and  an  object  so  that  light  from 
the  object  falls  on  the  eye  after  refraction  in  a  principal  plane  of  the  prism. 
The  prism  is  placed,  initially,  so  that  the  light  falls  on  it  normally,  and  it  is 
then  rotated  slowly  about  an  axis  parallel  to  its  refracting  edge.  Shew  that 
the  image  appears  first  to  approach  the  object  and  then  to  recede  from  it,  and 
that  the  image  is  brightest  when  nearest  the  object.  (M.  T.  i.  1910.) 

17.  ABC  is  a  normal  section  of  a  triangular  prism,  whose  refractive  index 
is  J2.  The  face  AC  of  the  prism  is  silvered,  and  the  angle  A  is  60°.  A  ray 
of  light,  external  to  the  pri.sm  and  in  the  plane  ABC,  is  incident  at  an  angle 
of  45'  at  the  foot  of  the  perpendicular  from  A  to  BC.  If  30''<angle  C<45'', 
jjrove  that  the  direction  of  the  ray  on  emergi.ig  from  the  prism  is  at  right 
angles  to  its  direction  at  incidence.  (M.  T.  1905.) 
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47.     To  measure  the  angle  and  determine  the  refractive 
index  of  a  prism  experimentally. 

Place  the  prism  with  its  edge  A  vertical  on  a  sheet  of  paper  on  a 
horizontal  table.  Stick  up  a  pin  P 
opposite  to  the  edge  as  in  the  figure. 
Place  the  eye  in  a  convenient  position 
to  view  the  pin  P  by  reflection  on 
the  line  of  the  edge  A  and  mark  the 
line  of  sight  by  pins  Q,  Q'.  Move  to 
the  other  side  of  the  prism  and 
mark  a  similar  line  R'RA.  If  PA 
be  produced  to  D,  the  equality  of 
angles  of  incidence  and  reflection 
makes 

qAB  =  BAD  and  RAC^CAD, 
therefore     BAC=\QAR, 
and  this  angle  can  be  measured. 

To  find  the  refractive  index,  fix  the 
position  of  an  incident  ray  by  two  pins  P,  P'  and  by  viewing  them  through 
the  prism  the  path  of  the  emergent  ray 
can  be  marked.  Keeping  PP'  fixed,  rotate 
the  prism  slowly  and  the  deviation  TOS 
will  vary;  find  by  adjustment  the  position 
which  gives  least  deviation,  and  then 
measure  the  deviation  D,  and  having 
previously  found  the  angle  i,  the  re- 
fractive index  can  be  calculated  by  the 
formula  for  minimum  deviation 


Fig.  32. 


Fig.  33. 


ini(Z)  +  0  = 


hi. 


48.    Refracted  rays  in  more  than  one  plane. 

Three-dimensional  problems  can  be  solved  by  the  help  of  the  following 
propositions  : 

When  a  ray  is  refracted  at  the  surface  of  separation  of  tico  media  the  angles 
which  the  incident  and  refracted  rays  make  with  any 
plane  throiigh  tfie  normal  obey  the  law  of  refraction; 
and  the  projections  of  the  rays  on  any  plane  through 
the  normal  obey  a  modified  law  of  refraction. 

Along  the  incident  and  refracted  rays  PO^  OQ 
measure  off  lengths  such  that  PO  =  ii  and  OQ=ix, 
where  fx,  fi  are  the  refractive  indices  of  the  two  media. 
Let  PM,  QN  be  at  right  angles  to  the  normal  MOJV. 

Since  /x  sin  (f)=fi'  sin  <^', 

therefore  MP=NQ. 

If  P',  Q'  are  the  projections  of  P,  Q  on  any  plane 
through  MOiV,  the  angles  PP'M,  QQ'jV  are  right  angles 
H.  o. 


Fig.  34. 
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;ind  tho  angles  JWP',  Q^Q'  are  equal,  being  the  angle  between  tlie  two  planes 

POO,  POq.     Hence 

PP  =  Q(/   and    MP'^NQ'. 

Now  if  a,  a  are  the  inclinations  of  OP,  OQ  to  the  plane  P'OQ\ 

a  =  POP'    and       a' =  QOQ\ 

so  that  /^/''  =  ;isina  and    (<^(/  =  ;i' sin  a', 

therefore  fi  sin  a  =  /x'  sin  a. 

Again  if  P'OM^B   and   qON=e\ 

OP'  sin  ^  =  J//^'  =  Nq  =  0(/  sin  6', 

but  07"  =  /i  cos  a  and   0{^'  =  fi  cos  a' ; 

therefore  n  cos  a  sin  ^  =  /x'  cos  a  sin  ^'. 


Fig.  35. 


49.    Path  of  a  ray  through  a  prism  not  in  a  principal  plane. 

The  method  of  Arts.  20,  43  may  be  applied  as  follows,  using  concentric 
spheres  of  radii,  unity  and  ^.  Draw  a  radius 
OA  in  the  direction  of  the  incident  ray  meeting 
the  inner  sphere  in  A.  Let  OM"  be  j)arallel  to 
the  edge  of  the  prism.  A  2>lane  through  A 
parallel  to  a  principal  plane  cuts  the  spheres 
in  two  circles  and  meets  ON  at  right  angles 
at  iV,  the  common  centre  of  the  circles. 
Thro\igh  A  draw  AB  parallel  to  the  normal 
to  the  surface  on  which  the  ray  is  incident, 
meeting  the  outer  sphere  in  B,  then  since 

ii\nOAB  =  fjiii'mOBA, 
therefore  OB  is  parallel  to  the  ray  in  the  prism. 

Through  B  draw  BC  parallel  to  the  normal  to  the  second  face  of  the  prism 
meeting  the  inner  sjjhere  in  C,  then  since 

ain  OCB  =  ,xH[nOBC, 

therefore  OC  is  parallel  to  the  emergent  ray. 

Since  the  normals  to  the  faces  are  at  right  angles  to  the  edge,  the  points 
A,  B,  C  lie  in  the  plane  section  at  right  angles  to  0A\ 

It  is  evident  therefore  that  the  incident  and  emergent  rays  are  equally 
inclined  to  the  edge  of  the  prism. 

Again  NA,  NB,  NC  are  the  directions  of  the  projection  of  the  path  on  a 
principal  plane  ;  and  if  Z>  be  the  actual  deviation  and  Z>o  the  deviation  in  the 
projected  path,  D  =  AOC  and  Z)^  =  A  NC. 

Therefore  2A0  ii\n\D  =  AC=iAN  »\nUl^, 

Tjut  A  NjA  0  =  sin  A  ON  ^  sin  ^,  say, 

where  6  is  the  inclination  of  the  incident  ray  to  the  edge  of  the  prism. 

Hence  sin  };D  —  sin  6  sin  .^ Z),j  • 
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EXAMPLES. 

1.  If  a  ray  traverses  a  shell  of  glass  bounded  by  concentric  sjiheres,  the 
inner  and  outer  medium  being  air,  shew  that,  assuming  that  the  ray  always 
enters  the  cavity,  the  deviation  increases  with  the  angle  of  incidence. 

(M.  T.  1903.) 

2.  Shew  that,  when  a  prism  is  more  highly  refractive  than  the  surrounding 
medium,  the  greatest  value  of  the  minimum  deviation,  for  varying  angles  of 
the  prism,  is  (7r-2y),  where  y  is  the  critical  angle  for  refraction  from  the 
surrounding  medium  into  the  prism.  (Coll.  Exam.  1902.) 

3.  Three  right-angled  prisms,  of  refractive  indices  m,  y.^,  ns,  are  fitted 
together  so  that  the  faces  of  the  middle  prism  are  in  contact  each  with  one  of 
the  faces  of  the  outside  prisms,  the  edge  of  the  middle  one  being  in  the 
contrary  direction  to  the  edges  of  the  other  two.  Shew  that  any  ray  which 
passes  through  all  three  prisms  in  a  principal  plane  will  pass  without 
de\'iation  if 

(Coll.  Exam.  1894.) 

4.  A  pencil  of  parallel  rays  strikes  a  face  of  a  triangular  prism  in  a 
direction  perpendicular  to  the  edges  and  parallel  to  a  second  face.  It  suffers 
total  reflection  at  the  second  face  and  emerges  after  refraction  at  the  third  : 
find  the  condition  that  the  deviation  may  be  zero.  (Coll.  Exam.  1905.) 

5.  If  a  prism  of  angle  2a,  made  of  glass  whose  critical  angle  is  y,  has  a 
plane  base,  so  as  to  be  isosceles,  and  be  laid  with  its  base  on  a  printed  page, 
shew  that  an  eye  looking  into  the  prism  in  a  direction  making  with  the  base 
of  the  prism  an  angle  less  than 

a  +  sin~i  (cos  a-f  y/siny) 
cannot  see  the  print.  (Coll.  Exam.  1905.) 

6.  A  BCD,  DCEF  are  cross  section.s,  in  a  principal  plane,  of  two  square 
prisms  (refractive  indices  /xi  and  fx^,  where  /xj  >  /xj)-  A  ray  is  refracted  at  the 
faces  AD,  DC  and  CE,  the  first  angle  of  incidence  being  ^j  and  the  last  angle 
of  refraction  being  <^2 ;  shew  that  sin-  0i  must  be  greater  than  fi^  —  \io}  and  that 
for  a  minimum  deviation  0i  and  <^^  are  complementary.      (Coll.  Exam.  1908.) 

7.  A  ray  is  incident  in  any  direction,  not  necessarily  in  a  principal  plane, 
on  a  prism  of  glass  whose  cross  section  is  a  regular  polygon  with  an  even 
number  of  sides,  and  after  refraction  it  is  reflected  at  all  the  other  faces  in 
succession  and  then  emerges  through  the  first  face.  Prove  that  its  final 
direction  is  the  same  as  if  it  were  simply  reflected  at  the  first  face. 

(M.  T.  1904.) 

8.  A  person  holds  a  candle  in  front  of  the  bevelled  edge  of  a  mirror  on 
the  perpendicular  to  the  reflecting  surface  through  the  intersection  of  the  flat 
and  bevelled  surfaces  of  the  glass  ;  if  the  angle  between  the  latter  surfaces  is 
180°  -  i,  where  i  is  very  smaU,  and  the  distance  x  of  the  candle  from  the  glass 
is  such  that  the  incidence  may  be  considered  direct,  shew  that  he  can  see  two 
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liri>;lit   images  of  the  oaiulle  and  tliat  the  distanee  between  them  parallel  to 
the  mirror  is  2?'(/i-  1)  (.r  +     )  i  where  (  is  tlie  thickness  .if  the  slieet  of  glass, 

and  powers  of  /  above  the  first  are  neglected. 

Explain  why  other  less  distinct  images  appear  on  the  bevelled  surface  as 
the  candle  is  made  to  approach  the  glass.  (Coll.  Exam.  1899.) 

9.  Prove  that  if  a  refracting  surface  is  such  that  all  rays  parallel  to  a 
certain  line,  which  are  incident  on  it,  are  refracted  to  the  same  point,  the 
surface  must  be  a  prolate  spheroid,  whose  eccentricity  =  the  reciprocal  of  the 
index  of  refraction,  fi,  provided  that  fi  is  >  \.  (Coll.   Exam.  1905.) 

10.  A  conical  pencil  of  light  of  angular  bi-cadth  'Id  ivoin  a  vertex  A  is 
incident  directly  on  one  face  of  an  isosceles  rectangular  prism,  sutlers  total 
reflection  at  the  base,  emerges  from  the  second  face,  and  illuminates  a  screen 
parallel  to  the  second  face  at  any  distance  from  it.  Pro\e  that  the  breadth  of 
the  bright  part  of  the  screen,  in  the  principal  plane  through  the  axis  of  the 
pencil,  is  less  than  the  breadth  which  the  pencil  in  the  absence  of  the  prism 
would  have  at  a  distance  from  A  equal  to  the  length  of  the  path  of  the  axial 
ray  from  A  to  the  screen,  by 

^  r  cos  (9        1 

2c  tan  (9  ]l  -    ,7-,—  .  ..  A  , 

where  c  is  the  length  in  the  priiK-ii)al  plane  of  a  face  of  the  prism. 

(M.  T.   1901.) 

11.  Shew  that  the  deviation  of  a  beam  of  light  by  a  prism  of  small  angle 
is  approximately  independent  of  the  angle  of  incidence  <^  of  the  be;im,  when 
that  angle  is  small. 

Shew  that  when  that  angle  is  not  small,  the  deviation  is  approximately 

equal  to  the  angle  of  the  prism  multiplied  by 

:(^2_i)sec2<^  +  l}i-]. 

(St  John's  Coll.  1897.) 

12.  A  prism  of  refractive  index  fi  is  placed  between  two  media  of  refractive 
indices  /x,  and  ^2 ;  prove  that  for  minimum  deviation  the  angle  of  incidence 
(0)  is  connected  with  the  angle  of  emergence  (>//•)  by  the  equation 

f,;'  (/i./  -  /i'O  sin2  </,  - ,,./  (/x,'-'  -  /x'^)  sin-'  yfr  +  fi!'  (^/^  -  /x/)  =  0. 

(Trinity  Coll.  1904.) 

13.  A  prism  of  refractive  index  /x  separates  a  region  of  index  fi^  from 
a  region  of  index  n^-  A  ray  of  light  passes  from  the  /xi  region  through  the 
prism  into  the  /xj  region.  If  (/>'  and  ^'  be  the  angles  which  the  ray,  when  in 
the  prism,  makes  with  the  normals  to  the  first  and  second  faces  of  the  prism 
respectively,  prove  that 

(/x2  -  fl{')  COS^  ■f'  =  (/x2  -  11./)  COS^  (^', 

for  the  miniu)um  deviation  of  the  ray.  (Coll.  Exam.  1903.) 

14.  A  ray  is  incident,  in  a  plane  perpendicular  to  the  edges,  on  a  face  of 
a  prism  who.se  section  is  a  regular  polygon  of  2/i  sides,  and  after  internal 
reflection  at  each  of  the  other  faces  emerges  at  the  same  face  as  before. 
Prove  that  the  deviation  is  7r  +  2<^,  where  ^  i.^-  the  angle  of  incidence. 

(Coll.  Exam.  189G.) 
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15.  Two  prisms  with  refracting  angles  a^,  a.,  and  indices  m,,  /xj  are  placed 
with  their  faces  in  contact,  the  refriicting  edges  being  turned  opposite  ways. 
Shew  that  if  the  deviation  is  a  minimum  when  the  ray  passes  perpendicularly 
from  one  prism  to  the  other,  then 

sin2  ai(\-  ni^  cos2  a.y)  =  sin^  03  ( 1  -  n^^  cos"-  a, ). 

(Coll.  Exam.  1909.) 

1(5.  A  ray  is  incident  on  a  prism  so  that  it  is  internally  reflected  at  the 
second  face  ;  shew  that  the  number  of  internal  reflections  which  it  must 
undergo  at  the  two  faces  in  succession  cannot  be  more  than  the  integer  next 

greater  than  (^  —  a)  li,  where  i  is  the  angle  of  the  prism,  and  a  is  the  critical 

angle  of  the  material.  (Trinity  Coll.  1890.) 

17.  Shew  that  a  ray  of  light  emerges  from  a  prism  at  the  same  inclination 
to  the  refracting  edge  as  it  enters  it :  and  find  the  minimum  deviation  for 
a  ray  whose  inclination  to  the  edge  is  given.  (St  John's  Coll.  1896.) 

18.  A  ray  passes  through  a  prism,  not  necessarily  in  a  principal  plane. 
Shew  that  the  external  bisector  of  the  angle  between  the  incident  and  emergent 
rays  is  perpendicular  to  the  edge.  (St  John's  Coll.  1904.) 

19.  Adapt  the  construction  representing  the  directions  of  a  ray  refracted 
through  a  ^jrism  not  in  a  principal  plane  to  the  case  of  a  ray  reflected  at  two 
plane  mirrors  and  prove  that  the  deviation  is  2  sin ~^  (sin  a  sin  i),  where  a  is  the 
angle  the  incident  ray  makes  with  the  line  of  intersection  of  the  mirrors,  i  the 
angle  between  the  mirrors.  (Coll.  Exam.  1892.) 

20.  A  ray  is  incident  at  an  angle  2cos~i^/i  on  one  face  of  a  prism  of 
refractive  index  /x,  and  after  refraction  through  the  prism  it  emerges  at  the 
same  angle.  Prove  that  the  total  deflection  of  the  ray  is  equal  to  the  refracting 
angle  i,  and  that  in  the  course  of  its  passage  through  the  prism  the  ray  is 
inclined  at  an  angle 

COS"'  {i/xsecii} 
to  the  principal  plane.  '  '  (St  John's  Coll.  1895.) 

21.  Prove  that  when  a  ray  of  light  passes  through  a  prism  in  a  principal 
plane 

sm2j^-£)  sm^^lr-  f')  _  2  sin  (0-0')  sin  (^/. ->/.')  ^^^  .^  ^      _  ^^^       . 

sin^0'  sin2\//''                      sin  0' sin  t//'' 

and  shew  that  the  result  holds  also  when  the  ray  does  not  lie  in  a  principal 

plane.  (Coll.  Exam.  1902.) 

22.  A  ray  is  refracted  in  any  manner  through  a  number  of  homogeneous 
media  bounded  by  circular  coaxial  cylinders.  Prove  that  the  perpendicular 
distance  between  any  portion  of  the  ray  and  the  axis  is  proportional  to  the 
tangent  of  the  angle  which  it  makes  with  the  axis.  (Coll.  Exam.  1895.) 


CHAPTER  IV 

REFLECTION    AND    REFRACTION    AT   SPHERICAL   SURFACES 

50.     Definitions  and  Conventions. 

Let  a   pi'iicil    of   rays   diverge    from    a    p(jint    Q    and    fall    on 
a  spherical  surface  of  centre  0.    The 
line  QO  is  called  the  axis  of  the 
surface  and  the  point  A  in  which 

it  meets  the  sphere  is  called  the      '^l  "^  ° 

vertex.    In  general  in  what  follows  ^ig-  36. 

we  shall  only  consider  rays  which  make  with  the  axis  angles  so 
small  that  the  squares  of  their  circular  measures  may  be  neglected. 
The  incidence  of  such  rays  on  the  surface  is  said  to  be  direct. 

If  QR  be  such  a  ray  and  RQA  =  a  is  its  inclination  to  the  axis, 
a  is  called  the  divergence  of  the  ray. 

Let  RM  =  y  be  the  ordinate  of  the  point  R,  let  r  be  the  radius 
and  let  OR  make  an  angle  6  with  the  axis,  then  0  is  of  the  same 
order  as  a  and  its  square  can  be  neglected. 

Hence  AM=  A0(1-  cos  6)  =  0  to  the  first  order 

and  y  =  RiM=A0s'm6  =  rd  

=  arc  AR  

Also       RQ  =  MQseca  =  AQ  

In  what  follows  we  shall  use  AB  to  denote  a  length  in 
a  geometrical  sense,  i.e.  BA  =  —  AB;  we  shall  regard  the  light  as 
coming  from  right  to  left  in  the  standard  case  and  lines  drawn 
from  left  to  right,  i.e.  to  meet  the  incident  light,  as  positive. 
With  this  convention,  in  the  above  figure  AO,  AQ,  OQ  are  positive 
and  OA,  QO,  QA  are  negative. 
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51.     Reflection  at  a  spherical  mirror. 


Fig.  37  (ii). 

With  the  notation  of  the  last  Art.  let  the  ray  QR  be  reflected 
and  cut  the  axis  again  in  Q'.  Then  OR  bisects  the  angle  between 
the  incident  and  reflected  rays.  In  the  first  figure  the  mirror  is 
concave  and  in  the  second  convex  to  the  incident  light.  The 
figures  are  lettered  so  as  to  correspond  and  if  due  regard  is  paid  to 
the  convention  of  signs  any  formula  proved  for  either  figure  will 
also  hold  for  the  other.  Hence  in  proving  a  formula  connecting 
distances  measured  from  the  vertex  A  it  is  convenient,  though  not 
essential,  to  look  at  the  first  figure  in  which  all  lines  measured 
fi-om  A  are  positive,  and  in  proving  a  formula  connecting  distances 
measured  from  0  it  is  convenient  to  look  at  the  second  figure  in 
which  all  distances  measured  from  0  are  positive. 

Because  OR  bisects  the  angle  between  QR,  Q'R, 
therefore  Q' 0  :  OQ  =  RQ' :  RQ 

=  AQ':AQ. 

Hence  Q'O .  AQ  =  OQ .  AQ'   ...(1). 

If  we  express  this  in  terms  of  distances  measured  fi-om  A  we 
have 

(AO-  AQ')AQ  =  (AQ-AO)AQ\ 
or,  dividing  by  the  product  AO  .  AQ .  AQ', 

112 
AQ''^AQ^AO ^^^' 

If  we  denote  the  distances  AQ,  AQ',  AO  by  w,  v,  r  this  result 
may  be  written 

i  +  i  =  ^ (3); 

V      u      r  ^  ^ 
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and   in   using  this  formula  it   is  to  be  remeiiiberod  tliat  in  the 
second  figure  v  and  ?■  represent  negative  lengths. 

Again  (1)  may  be  written 

-OQ'.AQ  =  -OQ.Q'A, 

or  OQ'  (OQ  -  OA)  =  OQ  (OA  -  OQ'). 

By  dividing  by  OQ' .  OQ.  OA  this  becomes 

OQ'^  OQ     OA ^  '' 

or,  denoting  the  distances  OQ,  OQ',  OA  ])y  p,  q,  r  we  have 

112 

-  +  -=-  (5). 

q      p      r 

In  using  this  formula  it  is  to  be  remembered  that  in  the  first 
figure  q  and  ?'  represent  negative  lengths. 

Either  of  the  formulae  (2),  (4)  expresses  the  fact  that  (AQ'OQ) 
is  a  harmonic  range*,  from  which  it  follows  that  if  F  is  the  middle 
point  of  AO, 

FQ .  FQ' =  FO' =  FA' (6). 

52.     Geometrical  Focus. 

Since  Q'  is  a  definite  point  whose  position  as  determined  by 
(2),  (4)  or  (6)  depends  only  on  the  position  of  Q  and  not  on  any 
particular  ray,  and  since  all  rays  from  Q,  making  small  angles 
with  the  axis  within  the  meaning-  of  Art.  50,  after  reflection  pass 
through  Q',  Q'  is  called  the  geometrical  focus  of  Q ;  and  Q,  Q'  are 
called  conjugate  points  or  conjugate  foci. 

*  The  harmonic  property  is  evident  directly  from  the  consideration  that  R  is 

near  enough  to  A  for  the  angle  ORA  to  be  regarded  as  approximately  a  right  angle, 

so  that  RO,  RA  bisect  internally  and  externally  or  vice  versa  the  angles  of  the 

112 
triangle  Q'RQ  and  therefore  iAQ'OQ)  is  harmonic  and  -—>  +  77s  =  77:  as  before. 

A\j        A(^       AU 

The  result  (6)  may  be  deduced  from  (1)  thus  : 
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53.     Images  and  Magnification. 

We  have  seen  that  to  our  order  of  approximation  every  ray 
that  diverges  from  Q  will  after  reflection 
pass  through  a  point  Q'  on  QO,  and  in 
the  same  way  every  ray  that  diverges 
from  P  will  after  reflection  pass  through 
F    on    PO;     and    if    OP=OQ    then  ^'"- ^^• 

OP'  =  OQ'. 

Now  when  P  is  sufficiently  near  to  Q  the  line  PQ  is  approxi- 
mately at  right  angles  to  the  axis  A  0  and  in  like  manner  P'Q'  is 
at  right  angles  to  AO,  and  if  we  suppose  the  figure  rotated  round 
the  axis  AO  the  lines  PQ,  P'Q'  trace  out  small  plane  areas  at 
right  angles  to  the  axis  and  to  our  order  of  approximation  every 
ray  proceeding  from  a  point  on  the  area  at  Q  will  after  reflection 
pass  through  a  point  on  the  area  at  Q',  so  the  latter  is  called  the 
image  of  the  former. 

The  ratio  P'Q' :  PQ  is  the  ratio  of  the  linear  dimensions  of  the 
image  and  object  at  right  angles  to  the  axis  and  is  called  the 
linear  magnification. 

The  iiiagnilication  is  regarded  as  negative  when  the  image  is 
an  inverted  one.    Denoting  the  linear  magnification  by  m  we  have 


7)1  = 

P'Q' 
'  PQ' 

OQ 

-OQ- 

-1 
p 

OQ' 

Q'A 

V 

{ \ 

OQ- 

-AQ- 

u 

(A 

•(1); 


also,  since  -~=^  =    ,  -  = (Art.  51), 

therefore  m  = (2). 

54.     Longitudinal  Magnification. 

If  we  regard  the  object  as  possessing  thickness  denoted  by  ha 
in  the  direction  of  the  axis,  the  corresponding  thickness  of  the 
image  is  hv  where  the  relation  between  hv  and  hi  is  got  by 
making  small  variations  in  v  and  u  in  the  formula 


have 


V       a      r 

Thus 

we 

have 

V-      v.- 

So  if 

we 

denote 

longitudinal  magnification 

/      hv          V- 
VI  =  K-  =  — -  —  —  in: 

by 

m 
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55.     Principal  Focus. 

^A  small  pencil  of  rays  iiu-idi'iit  ])arallel  to  the  axis  will  after 
reflection  pass  through  F  the  luiddK-  point  of  .10.  For  in  this 
case  the  angle 

QRO  =  ROF, 

therefore  FRO  =  ROF, 

ami  FO  =  RF=AF, 

to  our  ordei-  of  approximation. 


This  is  othei-wise  obvious  from  the  formulae  of  Art.  51.  Thus 
if  in  (3)  we  make  u— >oo  we  get  v  =  ^r  or  Q'  coincides  with  F. 
In  the  same  way  if  in  (5)  we  make  p—><xi  we  get  q  =  ^r  or  Q' 
coincides  with  F.  Also  if  in  (6)  FQ  increases  to  infinity,  FQ'  must 
decrease  to  zero,  or  Q'  moves  up  to  F. 

The  point  F  is  called  the  principal  focus  of  the  mirror. 

Since  the  path  of  a  ray  is  reversible  it  is  clear  that  if  rays 
diverge  from  F  they  will  be  reflected  parallel  to  the  axes.  This 
also  follows  from  the  formulae  (3),  (-5)  which  shew  that  if  Q  moves 
up  to  F  so  that  u  =  p  =  ^r,  v  and  q  must  be  infinite,  and  from  (6) 
if  Q  moves  up  to  F,  Q'  must  move  away  to  infinity. 

From  equation  (6)  we  also  learn  that,  since  the  product  FQ.FQ' 
is  positive,  a  pair  of  conjugate  points  lie  on  the  same  side  of  the 
principal  focus. 

56.  A  plane  through  the  principal  focus  at  right  angles  to 
the  axis  is  called  the  principal  focal  plane  of  the  mirror ;  from 
Art.  53,  it  is  clear  that  any  small  pencil  of  parallel  rays  making  a 
small  angle  with  the  axis  will  after  reflection  converge  to  or 
diverge  from  some  point  in  the  principal  focal  plane. 

This  point  may  be  found  as  in  Fig.  40  by  taking  that  one  PA 
of  the  parallel  rays  that  strikes  the  mirror  at  the  vertex  A  and 
making  the  angle  FAP'  =  FAP.  If  AP'  meets  the  principal 
focal  plane  in  P'  then  the  parallel  rays  after  reflection  pass 
through  P'. 
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Otherwise,  it  is  obvious  that  the  ray  which  passes  at  incidence 
through  0  the  centre  of  the  mirror  will  retrace  its  path  after 
reflection,  therefore  the  ray  through  0  cuts  the  focal  plane  in  the 
required  point  P'. 


Fig.  40. 

The  length  AF  is  called  the  focal  length  of  the  mirror;  it  is 
positive  for  a  mirror  concave  to  the  incident  light  and  negative  for 
a  mirror  convex  to  the  incident  light. 

When  the  terms  "  focus "  or  "  focal  plane "  of  a  mirror  are 
used  they  are  understood  to  mean  principal  focus  and  principal 
focal  plane. 

57.     To  construct  the  image  of  a  small  object. 

Let  the  line  PQ  at  right  angles  to  the  axis  denote  a  small 
object  situated  at  Q. 


Fig.  41  (ii). 

If  a  ray  from  P  parallel  to  the  axis  meets  the  mirror  in  R  its 
path  after  reflection  is  the  line  RF  where  F  is  the  focus. 

Also  a  ray  PS  incident  in  the  direction  PF  is  reflected  parallel 
to  the  axis.  Thus  we  get  the  positions  of  two  reflected  rays,  and 
their  intersection  P'  must  be  the  image  of  P,  and  P'Q'  perpendicular 
to  the  axis  is  the  image  of  PQ. 
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Wo  hav.^  a  turtluM-  chock  that  a  ray  PO,  whon>  0  is  the  centre 
of  the  luiiroi-,  will  iciracc  its  patli  after  i-cHoction  and  therefore 
P'  nnist  lie  on  PO. 

Yyoxw  the  figures  we  can  (lc(hicc  fiirthcr  (.wpressions  for  the 
linrai-  magnification,  and  verify  fornmlac  already  established. 

Thus  we  ha\e 

_  P'J^  _^^FA^ 
'"  ~  PQ  "  PQ     FQ  ' 
,  P'Q'     FQ' 

This  iiicaiis  that  the  linear  magnification  varies  inversely  as 
the  distance  of  the  object  or  directly  as  the  distance  of  the  image 
from  the  focus  of  the  mirror. 

Generally  speaking  these  formulae  for  m  are  more  convenient 
to  use  than  g/p  or  —v/u,  because  they  only  involve  the  position  of 
object  07'  image,  whereas  the  use  of  q/p  and  —  v/u  involve  knowing 
the  position  of  both  object  and  image. 

From  the  formulae  just  obtained  we  see  that 

FQ.FQ'  =  FA\ 
as  in  Art.  51. 

58.  To  examine  the  changes  in  the  magnitude  and 
position  of  the  image  as  a  small  object  approaches  a 
concave  mirror. 


Fig.  42. 

As  in  the  last  Article,  if  PQ  is  the  object  and  we  draw  a  ray 
PR  parallel  to  the  axis,  the  image  P'  of  P  li(!S  on  the  line  RF  and 
also  on  the  line  PO. 

As  PQ  approaches  the  mirroi-  the  line  RF  is  unchanged  in 
position  but  the  line  POP'  turns  round  the  point  0.  The  figure 
shews  a  number  of  positions  and  makes  it  clear  that 
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(1)  SO  long  as  the  distance  of  PQ  from  the  mirror  is  greater 
than  the  radius  the  image  P'Q'  is  real,  inverted  and  smaller  than 
the  object; 

(2)  when  PQ  is  at  the  centre  0,  the  image  is  real,  inverted 
and  equal  to  the  object ; 

(3)  when  PQ  lies  between  0  and  F,  the  image  is  real,  inverted 
and  larger  than  the  object ; 

(4)  as  the  object  approaches  the  focus  the  image  recedes  from 
it,  increasing  in  magnitude  ; 

(5)  when  PQ  is  at  F,  the  image  is  infinite  in  size  and  at  an 
infinite  distance ; 

(6)  as  soon  as  PQ  passes  F,  the  image  becomes  a  virtual  erect 
image  decreasing  in  size  as  PQ  moves  up  to  the  mirror,  and 
becoming  equal  to  and  coincident  with  the  object  when  the  latter 
reaches  the  mirror. 

These  changes  are  easily  seen  by  looking  into  a  concave 
mirror.  At  a  distance  from  the  mirror  an  inverted  image  of  the 
face  of  the  observer  is  seen  and  as  the  observer  approaches  the 
focus  the  image  becomes  too  large  for  the  part  of  it  within  the 
field  of  view  to  be  distinguishable ;  then  as  soon  as  the  focus  is 
passed  the  image  suddenly  changes  to  an  erect  one  which  diminishes 
continually  until  the  mirror  is  reached. 

The  case  in  which  the  incident  rays  are  converging  towards  a 
point  P  behind  the  mirror  may  be  considered  in  like  manner,  the 
object  in  this  case  being  "  virtual "  and  the  image  lying  between 
the  mirror  and  the  focus. 

The  same  problem  for  a  convex  mirror  may  be  treated  similarly, 
and  it  appears  that  in  a  convex  mirror  the  image  of  a  real  object 
is  always  erect  and  virtual,  but  rays  converging  to  a  point  behind 
the  mirror,  i.e.  to  a  "  virtual  object,"  will  have  a  real  erect  image  if 
the  virtual  object  lie  between  the  focus  and  the  mirror,  and  a 
virtual  inverted  image  if  the  virtual  object  lie  beyond  the  focus  of 
the  mirror. 

59.  Examples.  1.  A  candle  is  placed  7  inches  in  front  of  a  concave 
spherical  mirror  of  radius  1  foot.     Find  the  position  of  the  image. 

2.  Where  must  a  small  object  be  placed  in  relation  to  a  concave  spherical 
mirror  of  radius  2  feet  in  order  that  an  image  magnified  three  times  may  be 
formed  ?  Shew  that  there  are  two  solutions  according  as  the  image  is  erect 
or  inverted.     Are  the  images  real  or  virtual  ? 
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3.  Iftlio  focivl  length  of  a  conaive  niirror  lio  1.")  ins.  tind  the  position  and 
height  of  the  image  of  an  object  3  ins.  high  placed  12  ins.  from  the  niirror. 
Is  the  image  real  or  virtual  I 

4.  Find  the  position  and  magnitude  of  the  image  of  a  disc  3  ins.  in 
diameter  placed  at  right  angles  to  the  axis  of  a  convc.\  mirror  of  radius 
6  feet,  according  as  the  distance  of  the  disc  from  the  miri-or  is  (!)  1  foot, 
(2)  3  feet,  (3)  9  feet. 

5.  Work  the  same  question,  wlien  the  mirror  is  concave. 

6.  An  object  5  cms.  high  is  placed  at  a  distance  of  10  cms.  from  a  spherical 
mirror,  and  a  virtual  image  1  cm.  high  is  formed.  Find  the  radius  of  curvature 
of  tho  mirror.     Is  it  concave  or  convex  ? 

7.  A  man  walks  up  to  a  spherical  mirror,  vnitil  his  face  is  close  to  it. 
Describe  the  changes  in  the  reflection  he  sees  of  liiniself,  both  when  the  mirror 
is  convex  and  when  it  is  concave.  (Coll.  Exam.  1907.) 

8.  Assuming  that  the  sun's  diameter  subtends  at  the  earth  an  angle  of 
half  a  degree,  calculate  the  approximate  size  of  the  image  of  the  sun  formed 
by  a  concave  spherical  mirror  of  2  ft.  radius.  (St  John's  Coll.  1906.) 

60.     Refraction  at  a  spherical  interface. 

Let  QRS  ]k'  the  path  of  a  i-ay  passing  from  a  medium  of 
refractive  index  fi  to  one  of  refractive  index  fju'. 


Fig.  43(1).  Fig.  43(ii). 

Let  the  refracted  ray  RS  meet  the  axis  AOQ  in  Q',  let  a,  a  be 
the  angles  of  divergence  of  the  rays,  i.e.  the  angles  RQA,  RQ'A, 
and  let  ROA  =  6  positive  when,  as  in  the  first  figure,  it  is  measured 
in  the  same  sense  as  a  regarded  as  positive,  and  negative  when  as 
in  the  second  figure. 

Then  /x  sin  (^  — a)  =  / sin(^ -a'), 

or,  to  our  order  of  approximation, 

therefore  fx'a'  -  /^a  =  (/x  —  fx)  6  =  '^— -  -    y (1), 

where  r  is  the  radius  AO  and  y  is  the  ordinate  at  the  point  R. 

The  expression  {/m  —  /x)/r  is  called  the  power  of  the  refracting 
surface;  it  is  positive  ii'  /j,'  >  /x  and  the  surface  is  concave  to  the 
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incident  light,  or  if  /x'  <  fi  and  the  surface  is  convex  to  the  incident 
light. 

Since  a'  =  ylAQ  and  a  =  y/AQ,  equation  (1)  may  be  written 

AQ'      AQ    .  AO    ^"^' 

or  if  AQ  =  u,  and  AQ'  =  v, 

f/_fi^f/-ji,         

V      u  r 

Again  we  may  obtain  a  similar  formula  connecting  distances 
measured  from  0.     From  the  law  of  refraction  we  have 

fi  sin  ORQ  =  /i'  sin  ORQ' 
and  dividing  both  by  sin  ROQ,  we  get 

fjLOQ/RQ  =  fji'OQ'/RQ', 
or,  to  our  order  of  approximation, 

^OQ.AQ'=fi'OQ'.AQ (4)*. 

From  this,  if  we  express  all  lengths  as  distances  from  A  we  get 
result  (2) ;  and  in  terms  of  distances  from  0, 

fj^OQ  {Oq  -0A)  =  fx'OQ'  {OQ  -  OA). 
Dividing  by  OQ .  OQ' .  OA  this  gives 

/  H'     _H''-H'  /rN. 

OQ     0Q'~    OA     ^^^' 

or  if  OQ  =p,  OQ'  =  q  and  OA  =  r, 

p      q  r 

In  applying  the  foregoing  formulae  due  regard  must  be  paid 
to  the  convention  of  signs ;  and  it  is  to  be  remembered  that  in 
(3)  r  means  AO,  but  in  (6)  r  means  OA. 

61.     Principal  Foci  and  Focal  Planes. 

From  (2)  it  is  clear  that  if  the  ray  after  refraction  becomes 
parallel  to  the  axis  so  that  AQ'  =  30 ,  the  incident  ray  must  cross 

the  axis  at  a  point  F^,  such  that  AF^  =  —    ,  --    , 

or  AF,:F,0  =  -fju:fji'. 

*  It  may  be  observed  that  nf/j.'  is  one  of  the  values  of  the  cross  ratio  of  the  range 
{AQOQ'),yiz.AQ.OQ'IQ'A.QO. 


.(6). 
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In  like  nianiuT  a  lay  which  is  parallel  to  the  axis  at  incidence, 
i.e.  a  lav  tor  which  AQ=  x  .  will  after  retraction  cut  the  axis  at  a 

point  F...  such  that  AF.  =  —, " 
t  -  ti  -  fi 

or  AF..:F.X)  =  -  fx'  \iJi. 

The  points  Fi,i^o  are  called  the  first  and  second  principal 
foci  of  the  refracting  surface. 

If  Q,  Q'  are  any  pair  of  conjugate  points,  we  have 
F,Q.  F,Q  =  {AQ-  AF,)  {AQ  -  AF,) 

~  {/jl'  -  fi)-\     r  u)  \     r  V 


ri.c::)^::)'^™"*^) 


UV) 

-  fifj,'  r 


=  F,A-F,A. 
I'lanes  through   F,,  F.,  at  right  angles  to  the  axis  are  called 
the  first  and  second  principal  focal  planes  of  the  refracting 
surface. 

62.     Images  and  linear  magnification. 

Images  are  formed  in  the  manner  explained  in  Art.  53  and  we 
have    the    following   expressions    for 
the  linear  magnification  '"' 

FQ      OQ~p' 
also  since 

fiOQ  .AQ'  =  fx'OQ' .  A  Q,     Art.  60  (4), 

therefore  m=    ,';     =-'-7-- 

AQ/fi      ti/fi 

A  distance  divided  by  the  corresponding  refractive  index  is 
commonly  called  a  reduced  distance,  so  the  linear  magnification  is 
the  ratio  of  the  distances  of  the  image  and  object  from  the  centre, 
or  the  ratio  of  their  reduced  distances  from  the  vertex  of  the 
interface. 
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63.     Longitudinal  Magnification. 

In  the  same  sense  as  in  Art.  54  we  have 

,      8v         ,  u       a      Li  —  /ii 

m  =  K-  ,    where  — 


so  that  '^ '~r-  =  0> 

and  therefore  in  = 


Cll  V 

'8v       fJihu 
v^  u- 

^^      At'     o 
—  =  —  m-. 
fi  u-      fl 

64.  An  incident  pencil  of  parallel  rays  making  small  angles 
with  the  axis  after  refraction  passes  through  a  point  on  the  second 
focal  plane. 

For  if  PO  be  that  ray  of  the  pencil  which  passes  through  the 
centre  0,  for  this  pencil  we  may 
regard  PO  as  the  axis  of  the 
interface  and  after  refraction 
the  pencil  will  pass  through  a 
point  F.2    on  PO  such  that  ^'°" 

OF.^  =  OF,. 
To  our  order  of  approximation  this  makes  OFoFJ  a  right  angle  and 
F2'  a  point  on  the  second  focal  plane. 

Similarly  a  pencil  which  before  refraction  passes  through  a 
point  near  to  the  axis  on  the  first  focal  plane  will,  after  refraction, 
become  a  pencil  of  parallel  rays. 

65.  We  observe  that  when  /x'  >  yu,  and  the  surface  is  concave 
to  the  incident  light  F^  falls  on  the  left  and  F.^  on  the  right  of  A, 
since 

AF,  =  -fMAO:(fx-fx)   and   AF.  =  fi'AO/ifj.'  -  fi). 

But  \{  fj,'  >  fjL  and  the  surface  is  convex  to  the  incident  light  F^ 
falls  on  the  right  and  ^2  on  the  left  of  A. 

The  effects  produced  on  an  incident  pencil  of  parallel  rays  are 
to  produce  divergence  in  the  former  case  and  convergence  in  the 
latter,  as  is  clear  from  the  figures. 


Fig.  46  (i).  Fig.  46(ii 
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66.     To  construct  the  image  of  a  small  object. 

Lot   PQ  be  ;i  small  object  represented  by  a  stiaii;ht   line  at 
riq;ht  angles  to  the  axis  at  Q. 


Fip.  47(ii). 
PR  parallel   to   the   axis  proceeds  after  retraction  in 


A  ra} 
a  direction  through  the  second  principal  focus  Fo. 


A  ray  PS 

incident  in  direction  PF^  after  refraction  proceeds  parallel  to  the 
axis.  If  the  two  emergent  rays  intersect  in  P'  then  P'  is  the 
image  of  P,  and  P'Q'  perpendicular  to  the  axis  is  the  image  of  PQ. 
There  is  a  further  check  that  the  line  PP'  must  pass  through 
0  the  centre  of  the  interface. 

The  two  figures  illustrate  the  cases  of  refracting  surfaces  which 
produce  divergence  and  convergence  respectively  in  pencils  of 
parallel  rays. 

If  m  denote  the  lineai-  magnification  we  have 
_  PV     SA  ^  F,A 
"'~  PQ~PQ~  F,Q' 
,  P'Q'     F,Q' 

^^^^  =ra  =  f;a- 

This  means  that  the  linear  magnification  varies  invei-sely  as  the 
distance  of  the  object  or  directly  as  the  distance  of  the  image  from 
the  con-esponding  principal  focus. 

From  these  formulae  we  get 

F,Q.F.jQ'  =  F,A.F,A, 
as  in  Art.  61. 

Since  the  product  FiA.F.^A  is  a  negative  quantity,  it  follows 
that  conjugate  foci  Q,  Q'  lie  on  opposite  sides  of  the  corresponding 
principal  foci,  also  that  if  one  of  the  points  Q,  Q'  is  moved  the 
other  will  move  in  the  same  direction. 
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^6' 


67.     Helmholtz's  formula  for  linear  magnification. 

If  /,  V  denote  the  linear  magnitudes  of  a  small  object  at  Q  and 
its  image  at   Q' ;    and   a,   a!  the  p, 

angles  of  divergence  of  the  same 
ray  in  the  two  media  whose 
refractive  indices  are  /x,  yu,',  the 
refraction  taking  place  at  a 
spherical  interface,  then, 

H-l  sin  Of  =  /aT sin  a. 
l__OQ_qQ    OR      sin  ORQ      sin  a^ 
''  l'"  OQ'~OR'OQ'~     sin  a    'sin  ORQ' 

_  fu,'  sin  a 
fisin  a. 
Therefore  /xl  sin  a.  =  fxT  sin  a.', 

or,  to  our  order  of  aj)proximation, 

fila.  =  ^'I'oL. 
It  follows  that  if  any  number  of  media  are  separated  by 
spherical  surfaces  with  their  centres  on  the  same  axis  and  are 
traversed  by  rays  making  small  angles  with  the  axis  proceeding 
from  a  small  object  in  one  of  the  media,  then  fila.  is  constant, 
when  I  denotes  the  linear  dimensions  of  the  image  formed  in  the 
medium  of  refractive  index  fx,  and  a  the  divergence  of  that  part  of 
a  ray  that  lies  in  this  medium*. 

EXAMPLES. 

1.  A  man  holds  half-way  between  his  eye  and  a  convex  mirror,  3  feet 
from  his  eye,  two  fine  parallel  wires  so  that  they  are  seen  directly  and  by 
reflection  in  the  mirror.  Prove  that  if  their  apparent  distance  apart  as  seen 
directly  is  five  times  what  it  is  as  seen  by  reflection,  the  radius  of  the  mirror 
is  3  feet.  (M.  Sp.) 

2.  A  scale  divided  into  equal  parts  is  placed  at  a  distance  a  from  a 
concave  mirror  at  right  angles  to  its  axis  :  to  an  eye  at  a  distance  b  beyond 
the  scale,  n  divisions  of  the  scale  appear  to  cover  («  + 1)  divisions  of  its  inverted 
image.     Find  the  focal  length  in  terms  of  n,  a,  b.  (Coll.  Exam.  1905.) 

3.  A  man  holding  a  finely  graduated  rule  between  his  eye  and  a  convex 
mirror  and  looking  at  the  rule  and  its  image  by  direct  reflection,  notices  that 
when  the  former  is  3  feet  from  his  eye,  one  graduation  on  it  appears  as  large 
as  three  on  the  image,  and  that  when  the  rale  is  4  inches  nearer,  one  gradua- 
tion appears  as  large  as  four  on  the  image  :  find  the  radius  of  the  mirror  and 
the  distance  of  its  centre  from  his  eye.  (Coll.  Exam.  1909.) 

*  H.  von  Helmholtz,  Handhuch  der  physiologischeii  Optik,  1867,  p.  50. 
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4.  Two  spherical  mirrors  of  the  same  radius  /•,  one  concave  and  the 
other  convex,  are  placed  on  a  common  axis  ;  their  reflecting  faces  are  opposite 
to  one  another  and  the  distance  between  them  is  2r.  A  small  circle  of 
diameter  d  is  drawn  on  the  convex  mirror  about  its  pole  as  centre.  Shew 
that  the  diametei-s  of  the  first,  second  and  third  images  of  the  circle  are 
respectively  i,  -,\,  A"  of  d.  (M.  T.  i.  1911.) 

5.  A  bright  point  is  placed  between  two  concentric  equal  concave 
mirroi"s  ;  shew  that  the  distances  from  the  centre  of  successive  images  decrease 
in  harmonic  progression. 

G.  An  eve  in  front  of  a  concave  mirror  wliose  radius  is  2  feet  sees  an 
upright  image  of  itself  at  a  distance  of  10  inches.  Shew  that,  if  the  diameter 
of  the  pupil  is  ^rd  of  an  inch,  the  apparent  angular  semi-diameter  of  its 
image  is  tan -1  3^.  (M.  T.  1893.) 

7.  Two  spherical  mirrors,  one  concave  of  radius  15  inches,  the  other 
convex  of  radius  3  inches,  face  one  another  at  a  distance  of  9  inches,  and 
a  small  ring-shaped  object  is  placed  midway  between  them.  Find  the  sizes 
of  the  images  formed  by  successive  reflections.  (St  John's  Coll.  1905.) 

8.  Two  concave  spherical  mirrors,  i-adii  It  and  r,  are  placed  face  to  face, 
their  distance  along  the  principal  axis  being  ^{R  +  r).  A  ray  from  a  point  on 
this  axis  at  a  dist;ince  ^R  from  the  first  mirror  is  incident  on  this  mirror, 
making  a  small  angle  a  with  the  axis.     Shew  that  after  2n  reflections  its 

inclination  will  be 

aR'^jr".  (Coll.  Exam.  1902.) 

9.  A  plane  and  a  concave  mirror  are  placed  ojjposite  one  another  on  the 
same  axis  at  a  distance  apart  greater  than  the  radius  of  the  mirror  ;  a  person 
.standing  with  his  back  to  the  plane  mirror,  close  to  it,  observes  the  three 
brightest  images  of  a  candle  he  holds  in  his  hand.  He  moves  the  candle 
forward  till  it  coincides  with  the  nearest  image  ;  prove  that  the  other  two 
images  will  coincide  at  the  .same  time.  He  then  moves  the  candle  .still 
further  forward  a  distance  x  till  it  coincides  with  another  image  ;  find  at  this 
instant  the  position  of  the  first  image,  and  prove  that  if  a  be  the  distance 
between  the  mirrors,  the  radius  of  the  concave  mirror  is 

h  {a  +  2x±^f{a^-4ax)}. 

(Coll.  Exam.  1906.) 

10.  A  thin  pencil  diverging  from  a  point  in  air  at  distance  tt  in  front  of 
a  block  of  glass,  of  refractive  index  n,  is  directly  refracted  into  the  glass. 
The  sTirface  (jf  the  glass  is  concave  and  of  radius  r.  The  cross  sections 
of  the  refracted  pencil  and  of  the  prolongation  of  the  incident  pencil  by  a 
lilane  at  distance  t  behind  the  interface,  are  circles  of  radii  p'  and  p.    Prove  that 

p'-p^(fi-l)t{u-r) 
p  pr{t  +  u) 

(M.  T.  i.  1909.) 

11.  A  cubical  block  of  gla.ss  has  a  concentric  spherical  cavity  and  a  small 
object  in  the  cavity  on  a  diameter  perpendicular  to  a  pair  of  opposite  faces  of 
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the  cube  is  viewed  successively  through  these  faces.     Prove  that  the  distance 
apart  of  the  images  seen  is 

2     1_-Ua+ 


-^)f 


where  r  is  the  radius  of  the  sphere,  2a  the  edge  of  the  cube,  c  the  distance  of 
the  object  from  the  centre,  and  /x  the  refractive  index  of  glass  ;  the  medium 
inside  the  cavity  being  the  same  as  that  outside  the  cube. 

(Coll.  Exam.  1904.) 

12.  At  each  point  of  the  axis  of  a  spherical  refracting  surface  an  ordinate 
is  erected  to  represent  the  distance  of  the  point  from  its  conjugate  point : 
prove  that  the  curve  of  its  extremity  is  an  hyperbola  and  determine  the 
maximum  and  minimum  values  of  the  distance.  (Coll.  Exam.  1892.) 

13.  Prove  the  following  construction  for  the  geometrical  focus  g-,  of  a 
small  pencil  emergent  from  a  point  $,  and  directly  refracted  at  the  point 
J  of  a  spherical  surface  whose  centre  is  C,  and  refractive  index  /x  :  join  an 
arbitrary  point  0  to  A  and  C ;  draw  a  line  parallel  to  OQ  to  cut  <9J,  OC  in 
A'  and  C  respectively  ;  produce  A'C  to  §■',  so  that  C'q'  =  A'C'l{fjL-  1) ;  then  q 
is  on  Oq'.  (M.  T.  1897.) 

14.  Having  given  two  ])airs  of  conjugate  foci,  for  direct  refraction  at 
a  spherical  surface,  and  the  vertex  of  the  surface,  find  a  geometrical 
construction  for  the  centre  of  the  spherical  surface  and  the  principal  foci. 

(Coll.  Exam.   1902.) 

15.  Draw  a  curve  to  shew  the  relation  between  the  linear  magnification 
of  an  object  of  refraction  at  a  spherical  surface  separating  media  of  refractive 
indices  n,  fi  and  the  distance  ^i  of  the  object  from  the  refracting  surface,  for 
positive  values  of  u,  considering  the  two  cases  /x'>/i  and  fi  <ti. 

(M.  T.  1907.) 

16.  An  eye  is  placed  close  to  the  surface  of  a  sphere  of  glass  (^=1-5) 
which  is  silvered  at  the  back  ;  shew  that  the  image  which  the  eye  sees  of 
itself  is  three-fifths  of  the  natural  size. 

17.  If  r  be  the  radius  of  a  spherical  refracting  surface,  I  the  least  distance 
between  two  conjugate  foci,  the  refractive  index  is  ( -; — -\  . 

(Coll.  Exam.  1888.) 

18.  If  after  refraction  at  a  concave  spherical  interface  of  radius  r  between 
two  media  there  be  direct  reflection  at  a  concave  coaxal  mirror  of  radius  -^  + 1 

at  distance  t  behind  the  first  surface  and  then  refraction  back  again  into  the 
first  medium,  shew  that  the  total  effect  is  the  same  as  a  single  reflection  at  a 
plane  mirror  properly  placed.  (Coll.  Exam.  1906.) 

19.  A  glass  tumbler  is  very  nearly  a  cylinder ;  prove  that  if  a  pattern  on  the 
back  is  viewed  through  water  (/x  =  ^),  the  image  is  double  the  size  of  the 
pattern.  Find  the  position  of  the  image  and  whether  it  is  erect  or  inverted. 
Obtain  the  corrections  to  be  made  if  the  thickness  of  the  glass  is  allowed  for, 
assuming  its  refractive  index  to  be  f  and  the  thickness  to  be  l/nth.  of  the 

nternal  radius.  (St  John's  Coll.  1911.) 
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20.  A  soli«1  glass  homisphcre  has  the  inside  of  its  plane  face  silvered 
except  over  a  very  small  part  at  the  centre,  and  light  is  incident  on  the 
convex  surfiice.  Shew  that  the  images  seen  (by  eyes  in  suitable  positions)  by 
refraction  through  the  sphere,  and  by  two  refractions  and  a  reflection  occupy 
the  siinie  position,  provided  the  origin  of  light  be  disttint  from  the  surface  of 
the  si»bere  <■«/•,  where  ;•  is  the  radius  of  the  sphere  and  S  is  the  coefficient  of 
refraction  from  air  to  glass.  (Coll.  Exam.  1891.) 

21.  An  observer,  who  cannot  see  objects  at  a  distance  less  than  o?,  views 
his  own  face  in  a  convex  mirror  of  radius  /•.  Prove  that  the  magnification 
cannot  exceed  ii{d+\/d-  +  r-\.  (M.  T.  1899.) 

22.  A  solid  circular  glass  cylinder  has  a  concave  spherical  end  to  which 
the  axis  of  the  cylinder  is  normal.  Arranged  along  this  axis  at  distances  from 
the  end  which  are  in  arithmetical  progression  are  specks  in  the  glass  which 
all  appear  of  the  same  size  when  seen  through  the  spherical  end.  Prove  that 
their  actual  sizes  are  in  arithmetical  progression.  (M.  T.  1900.) 

23.  A  concave  glass  mirror  bounded  by  two  concentric  spheres  is  silvered 
at  the  back ;  shew  that  the  displacement  of  an  image,  due  to  the  thickness 
t  of  the  glas.s,  is  approximately 

2.rV-l 

towards  the  centre  of  curvature,  where  .i-  is  the  distance  of  the  image  from 
that  point  and  r  is  the  radius  of  curvature.  (M.  T.  1887.) 

24.  A  ray  strikes  the  plane  face  of  a  glass  hemisphere  of  refractive  index 
fj.  nearly  normally  and  is  directed  at  incidence  towards  the  vertex  of  the 
hemisphere  ;  the  ray  is  partly  refracted  and  partly  reflected  at  the  curved 
surface,  the  two  parts  emerging  at  the  curved  and  plane  surfaces  respectively  ; 
prove  that  their  angles  of  divergence  are  in  the  ratio 

fi--fi-i-l  -.jj.- 2fi:^.  (M.  T.  ] 904. ) 
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68.  Definition.  A  lens  is  a  portion  of  a  transparent  refractive 
medium  bounded  by  two  spherical  surfaces.  The  line  joining  the 
centres  of  the  spheres  is  called  the  axis  of  the  lens. 

We  shall  confine  our  attention  to  rays  which  make  small  angles 
with  the  axis  and  adopt  the  approximations  and  conventions  of 
sign  of  the  last  chapter. 

The  thickness  of  a  lens  is  the  portion  of  the  axis  intercepted 
between  the  surfaces,  and  the  points  in  which 
the  axis  cuts  the  lens  are  the  vertices.  In 
this  chapter  we  shall  confine  our  calculations 
to  thin  lenses,  i.e.  to  lenses  whose  thickness 
is  negligible  compared  to  the  radii  of  the 
spheres  that  bound  them. 

Small  portions  of  the  surfaces  at  the 
vertices  are  approximately  parallel  planes,  so  that  a  ray  passing 
through  the  lens  at  or  very  near  to  the  vertices  will  not  undergo 
any  deviation  but  will  pass  through  the  lens  as  through  a  plane 
sheet  of  glass. 


69.     Formulae  for  a  thin  lens. 

Let  fM  be  the  refractive  index  and  r, 
second  surfaces  on  which  the  light  falls 
reckoned  positive  when  the  surfaces 
are  concave  to  the  incident  light. 

If  a  small  object  be  placed  at  a 
point  Q  on  the  axis,  rays  from  it 
undergo  two  refractions,  from  air  into 
glass  forming   an   image    at    Qi   and 


s  the  radii  of  the  first  and 


Fig.  50. 


from  glass  into  air  again  forming  an  image  at  Q'.     It  is  the  final 
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imago  at  Q'  that  concerns  us.  the  intermediate  one  at  Qi  being 
only  a  connecting  link  between  the  object  and  the  final  image. 

It'  0,  0'  are  the  vertices,  for  a  thin  lens  00'  is  neglected. 

Let  OQ  =  u,  OQi  =  Vi  and  OQ'  =  v,  all  reckoned  positive  when 
drawn  to  meet  the  incident  light. 

For  the  refraction  from  air  to  glass  we  have 

fj-      1      /^  —  1 

i\      u         r     ' 

and  for  the  refraction  from  glass  to  air,  measuring  from  0'  or  0 
(since  00'  is  negligible), 

1  /X  _  fX—1 

V       Vi  s      ' 

Hence  by  addition 


V        H  \7'        S  J  ^ 


The  points  Q,  Q'  are  conjugate  foci. 

If  Q'  be  at  an  infinite  distance,  that  is  if  the  rays  from  Q 
emerge  parallel  to  the  axis,  we  must  put  v  =  oo  in  (1) ;  this 
determines  a  position  F^  for  Q  given  by 

-07,  =  <^-'>C--j) <2^- 

Similarly  if  the  incident  rays  are  parallel  to  the  axis,  v,^e  must 
put  u  =  y:   in  (1) ;  this  determines  a  position  F.,  for  Q'  given  by 

0Fr^^-'4-l) <«>■ 

The  points  F^,  F.,  are  called  the  principal  foci  of  the  lens. 

The  expression  (fi—  1)( )  is  called  the  power  of  the  lens  and 

\r      s ; 

its  reciprocal /is  called  the  focal  length*. 
Equation  (1)  may  now  be  written 

'-'-  =  \ (4). 

Since  /x  >  1  the  sign  of  the  focal  length  depends  on  that 
of  1/r  -  l/.s. 

*  It  must  always  be  remembered  that  because  of  our  convention  about  small 
quantities  this  expression  for  focal  length  refers  to  the  central  part  of  the  lens  only. 
A  better  expression  will  be  found  in  Art.  152  below. 
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Hence  the  following  cases  occur : — 

(1)  r  and  s  both  positive  and  r  <s  make  /  positive.     This  is 
the  type  shewn  in  Fig.  50,  C  and  C" 
being  the  centres. 

(2)  r  and  s  both  negative  and  r  >  s       -^. ^ 

make  /  positive.  This  is  a  lens  of  the 
type  shewn  in  Fig.  50,  but  reversed  so 
as  to  be  convex  to  the  incident  light.  ^"'  ^^^ 

(3)  r  positive  and  s  negative  make  /  positive.     This  type  is 
she^^^l  in  Fig.  51. 

(4)  r  and  s  both  positive  and  r>  s  make  /  negative.     This  is 
the  type  shewn  in  Fig.  52  (i). 


Fig.  52  (i). 

(5)     r  negative  and  s  positive  make  /  negative.     This  is  the 
type  shewn  in  Fig.  52  (ii). 


Fig.  52  (ii). 

Since  Oi^i  =  — /and  OF..  =  f,  therefore  Avhen  /  is  positive  the 
first  principal  focus  F^  lies  behind  the  lens  and  the  second 
principal  focus  Fo,  lies  in  front  of  it,  meaning  by  the  front  of  the 
lens  the  side  turned  towards  the  incident  light.  We  also  see  that 
when  /  is  positive  the  principal  foci  are  virtual  foci,  for  the  actual 
paths  of  the  rays  do  not  pass  through  the  foci. 

The  opposite  holds  when  /  is  negative ;  and  in  this  case  the 
foci  are  real. 
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70.  Lenses  are  thus  divideil  into  two  main  types  according  as 
their  focal  lengths  are  positive  or  negatiw.  If  we  consider  the 
et^'ect  of  both  types  oi\  a  ray  incident  parallel  to  the  axis  we  see 


Virtual  foci 

Focal  length  positive 

Divergent  lens 


Real  foci 

Focal  length  negative 

Convergent  lens 


Fig.  b'A  (ii). 


that  after  passing  through  the  lens  the  ray  diverges  from  or 
converges  towards  the  axis  according  as  the  focal  length  is  positive 
or  m'i;ative.  For  this  reason  the  names  divergent  and  con- 
vergent are  applied  to  lenses  according  as  their  focal  lengths 
are  positive  or  negative. 

The  names  concave  and  convex  are  frequently  used  instead  of 
divergent  and  convergent,  but  there  is  no  apparent  reason  why 
the  term  concave  should  be  applied  to  the  lens  of  Fig.  50  and  the 
term  convex  to  that  of  Fig.  52  (i),  and  the  terms  divergent  and 
convergent  are  preferable. 

71.  A  lens  is  divergent  or  convergent  according  as  its 
thinnest  or  thickest  part  is  on  its  axis. 

This  is  apparent  froin    the  figures  f(jr  the  different  types  of 


Fig.  .54. 
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lenses  according  to  the  classification  we  have  made.  It  also  follows 
from  the  fact  that  a  ray  passing  through  a  lens  may  be  regarded 
as  passing  through  a  prism  bounded  by  the  tangent  planes  to  the 
lens  at  the  points  of  incidence  and  emergence,  and  the  edge  of  the 
prism  will  be  towards  or  away  from  the  axis  of  the  lens  according 
as  the  lens  has  its  thinnest  or  thickest  part  on  the  axis.  But  the 
deviation  produced  by  a  prism  is  always  away  from  the  edge, 
therefore  a  ray  parallel  to  the  axis  is  bent  away  from  the  axis  of 
a  lens  that  is  thinnest  at  the  axis  and  towards  the  axis  of  a  lens 
that  is  thickest  at  the  axis,  so  the  former  is  a  divergent  and  the 
latter  a  convergent  lens. 

72.  Opticians'  measure  of  power. 

In  practical  optics  a  lens  is  of  unit  power  if  it  brings  parallel 
rays  to  a  focus  at  a  distance  of  one  metre.  This  unit  of  converging 
power  is  called  the  diopter.  Thus  a  lens  is  said  to  be  of  power 
+  ID  if  it  is  a  convergent  lens  of  focal  length  1  metre,  of  power 
+  4<D  if  it  is  a  convergent  lens  of  focal  length  25  cms.,  of  power  —  4<D, 
if  it  is  a  divergent  lens  of  focal  length  25  cms.  and  so  on.  It  will 
be  observed  that  opticians  count  the  focal  lengths  of  convergent 
and  divergent  lenses  as  positive  and  negative  respectively  in 
contrast  to  the  usage  in  books  on  theoretical  optics. 

73.  Relation  connecting  distances  of  conjugate  points 
from  corresponding  foci. 

If  Q,  Q'  are  a  pair  of  conjugate  points,  we  have 

F,Q.F,Q'=^(OQ-OF,)(OQ'-OF.;) 

=  ('^ +/)(«-/) 
1      1^ 


Therefore     F,Q.F,Q'  =  -f\ 

Hence  the  conjugate  points  Q,  Q'  are  on  opposite  sides  of 
corresponding  foci  and  if  one  moves  the  other  moves  in  the  same 
direction. 
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74.     Construction    of    the    image    of    a    small    object. 
Linear  magnification. 


Virtual  foci 
Divergent  lens 
f  positive 


Fig.  55  (i). 


Real  foci 
Convergent  lens 
f  negative 


Fig.  55  (ii). 


Let  PQ  be  a  small  object  represented  by  a  straight  line  at 
right  angles  to  the  axis  at  Q.  A  ray  PR  incident  parallel  to  the 
axis,  after  refraction  proceeds  in  the  direction  F^R  or  RF.,,  and 
a  ray  PS  incident  in  the  direction  PF^  after  refraction  proceeds 
parallel  to  the  axis.  If  these  two  emergent  rays  intersect  in  P', 
then  P'  is  the  image  of  P  and  P'Q'  at  right  angles  to  the  axis  is 
the  image  of  PQ.  We  have  the  further  verification  that  since 
a  ray  passes  through  the  vertex  of  a  lens  without  deviation  when 
the  lens  considered  is  thin,  therefore  P,  P'  are  on  a  line 
through  0  the  vertex  of  the  lens. 

For  the  linear  maornification  we  have 


P'Q' 
PQ  ' 

,SY)      F,0 
PQ     i\Q' 

P'Q' 
MO  " 

F.,0- 

also 

That  is  the  linear  magnification  varies  inversely  as  the  distance 
of  the  object  or  directly  as  the  distance  of  the  image  from  the 
corresponding  focus. 

From  the  above  we  deduce  at  once  Newton's  formula 
F,Q.F,Q'  =  F,O.F,0  =  -f\ 
as  given  in  the  last  article. 
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Another  expression  for  the  linear  magnification  is 

'''  -  PQ~  OQ      u  • 
Planes  at  right  angles  to  the  axis  through  F,,  F.  are  called 
principal  focal  planes. 

75.  By  placing  the  object  PQ  at  F^,  the  foregoing  construction 
makes  the  image  infinite  and  at  an  infinite  distance.  Hence  if 
rays,  at  incidence  on  a  divergent  lens,  are  converging  towards 
a  point  P  in  the  first  focal  plane  they  emerge  as  a  pencil  of 
parallel  rays ;  and  if  rays,  at  incidence  on  a  convergent  lens, 
are  diverging  from  a  point  P  in  the  first  focal  plane  they  emerge 
as  a  pencil  of  parallel  rays ;  the  direction  of  the  emergent  pencil 
being  given  in  both  cases  by  the  ray  OP  which  undergoes  no 
deviation. 


Fig.  56  (i). 


Fig.   0(5  (ii). 


76.  We  can  now  investigate  the  position  and  magnitude  of 
the  image  of  a  small  object  on  the  axis  of  a  thin  lens  for  different 
positions  of  the  object. 

For  a  divergent  lens  referring  to  Fig.  55  (i)  we  see  that,  for 
a  real  object,  since  F^Q  must  be  greater  than  F^O,  therefore  FoQ 
must  be  less  than  F^O  and  object  and  image  being  on  opposite 
sides  of  Fi  and  F.2  respectively,  it  follows  that  the  image  will  always 
be  virtual  and  erect  lying  between  0  and  F^.  When  the  object  is 
at  the  lens  the  image  coincides  with  it  and  as  the  object  moves 
away  through  Fc^  to  an  infinite  distance  the  image  moves  from  0  to 
F,^,  gradually  decreasing  in  size. 

For  a  convergent  lens  we  see  that  for  a  real  object  beyond 
the  first  focus  F^,  there  is  a  real  image  behind  the  second  focus 
F2.  As  the  object  moves  up  to  F^,  the  image  increases  in  size 
and   recedes   from   F2,  becoming   infinite  in   size   and   infinitely 
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distant  wlion  tlie  object  reaches  /V  As  soon  as  the  object  passes 
}\,  since  F^Q  is  then  less  than  F^O,  therefore  FA}'  must  be  greater 
than  FM  which  means  that  \hv  image  will  be  in  front  of  the  lens, 
erect  and  virtual.  When  F^Q  is  \orv  small  FJ/  must  be  very 
gi'eat,  so  that  as  Q  passes  Fi  in  its  approach  to  the  lens  the  virtual 
image  is  at  lirst  very  large  and  very  distant.  As  Q  approaches  0, 
F^Q  increases  and  therefore  F.Q'  decreases ;  so  the  image  decreases 
and  moves  nearer  and  this  continues  until  the  object  reaches 
0  where  the  image  coincides  with  it. 

This  investigation  may  also  be  made  by  observing  that  m 
Figs.  55,  for  ditierent  positions  of  the  same  object  PQ,  the  emergent 
ray  BF.  is  fixed  in  position,  and  the  point  P'  of  the  image  is  got 
as  the  intersection  of  PO  and  RF.. 

77.  Angular  magnification.  When  a  lens  is  used  for 
viewing  an  object,  the  ratio  of  the  angles  subtended  at  the  eye 
by  the  image  and  the  object  is  called  the  angular  magnification. 

78.  Longitudinal  magnification. 

\\  e  have  m  =  ^    ,    where =  ^, 

bit  V      u     J 

so  that  -^-u^  =  ^' 

and  therefore  m  =  -„  =  m-. 


EXAMPLES. 

1.  Light  converging  towards  a  point  .1  is  intercepted  before  reaching  A 
by  a  lens  at  0,  and  after  passing  through  the  lens  converges  to  B.  If  OA  =  6  in., 
and  0B  =  \2  in.,  find  the  nature  and  the  focal  length  of  the  len.s. 

(St  John's  Coll.  1907.) 

2.  The  two  surfaces  of  a  thin  double  convex  lens  for  which  fi  =  \-b  are  of 
the  same  radius  and  rays  diverging  from  a  bright  point  at  6  inches  from  it 
appear,  after  passing  through  the  lens,  to  diverge  from  a  point  at  15  inches 
from  it.     Find  the  radius  of  each  .surface.  (Coll.  Exam.  1909.) 

3.  An  object  and  its  image  formed  by  a  thin  lens  are  32  inches  apart ; 
the  image  is  inverted  and  its  Hnear  dimensions  are  3  times  tho.se  of  the  object. 
Find  the  po.sition  and  the  focal  length  of  the  lens.  (St  John's  Coll.  1908.) 

4.  A  thin  convergent  lens  is  found  to  give  an  inverted  image  of  an  object 
the  same  size  as  the  object  when  this  is  20  cms.  from  the  lens.  An  image 
formed  by  reflection  from   the  second  surface  of  the  lens  is  found  to  be 
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coincident  with  the  object  when  the  object  is  6  cms.  from  the  lens.  Calculate 
the  radius  of  curvature  of  the  second  surface  of  the  lens,  and,  assuming  /i  =  1  -5, 
find  the  radius  of  curvature  of  the  first  surface.  (;M.  T.  i.  1908.) 

5.  In  a  magic  lantern  the  image  of  a  shde  is  thrown  upon  a  sheet  by 
^means  of  a  thin  convex  lens.     Shew  that  the  adjustment  for  focussing  is 

always  possible  provided  that  the  distance  from  the  slide  to  the  sheet  is  not 
less  than  four  times  the  focal  length  of  the  lens  and  that  the  lens  may  move 
in  its  tube  to  a  distance  of  twice  its  focal  length  from  the  slide. 

(Coll.  Exam.  1907.) 

6.  A  thin  convergent  lens  casts  a  real  image  of  a  candle-flame  on  a  screen  : 
the  lens  is  displaced  through  a  distance  c  (the  candle  and  screen  remaining 
fixed)  until  the  image  on  the  screen  is  again  shar^).  Prove  that  the  focal 
length  of  the  lens  is 

where  d  is  the  distance  from  the  candle  to  the  screen. 

(St  John's  Coll.  1909.) 

7.  A  person  handling  a  lens  notices  that  by  reflection  at  the  nearer 
surface  he  sees  objects  which  are  situated  about  6  ft.  behind  him,  upright 
and  apparently  diminished  to  ^^  of  their  actual  linear  dimensions  ;  looking 
through  the  lens,  he  sees  objects  that  are  about  6  ft.  beyond  it,  inverted  and 
diminished  to  ^  of  their  actual  linear  dimensions.  Find  the  radii  of 
curvature  of  the  feces  of  the  lens,  assuming  /x  =  #  for  glass. 

(St  John's  Coll.  1904.) 

8.  It  is  desired  to  concentrate  the  sun's  rays  at  a  point  on  the  axis  of 
a  convergent  thin  lens,  at  a  distance  c  from  the  lens  on  the  same  side  as  the 
sun.  Prove  that  this  can  be  done  by  the  aid  of  a  plane  mirror  placed  at 
a  certain  distance  behind  the  lens,  provided  that  /  does  not  lie  between  c 
and  2c.  (i[.  T.  i.  1910.) 

9.  A  person  holds  a  convergent  lens  of  focal  length  six  inches  at  a  distance 
twelve  inches  from  his  eye  to  examine  an  object  four  inches  beyond  the  lens. 
Account  for  the  magnifying  power  of  the  lens,  and  shew  that  its  numerical 
measure  is  two.  (St  John's  Coll.  1908.) 

10.  If  rays  are  passing  through  a  lens  and  at  incidence  are  converging 
towards  a  point  P  behind  the  lens  near  its  axis,  investigate  the  position  of 
the  image  of  P  corresponding  to  all  positions  from  contact  with  the  lens  to 
an  infinite  distance,  when  the  lens  is  (1)  divergent,  (2)  convergent. 

11.  A  photographic  camera  has  a  thin  lens  of  15  cm.  focal  length  and 
of  3  cm.  diameter.  The  camera  is  adjusted  so  that  an  object  on  the  axis 
of  the  lens  240  cm.  from  the  lens  is  in  perfect  focus  on  the  plate.  When  an 
object  point  P  lies  on  the  axis  at  a  distance  greater  or  less  than  240  cm.  from 
the  lens,  the  cone  of  rays  emerging  from  the  lens  is  cut  by  the  plate  in  a 
circle.  Shew  that  the  diameter  (c  cm.)  of  this  circle  and  the  distance  {p  cm.) 
of  P  from  the  lens  are  connected  by  the  relation 

5cp  =  |240-p| 
where  ]  x  \  denotes  the  magnitude  of  x  without  regard  to  sign. 

Find  the  two  values  of  jo  corresponding  to  c  =  0-01.  (M.  T.  i.  1914.) 
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12.  A  plane  mirror  is  placed  behind  a  convergent  lens  ;  prove  that  if  a 
needle  is  placed  at  the  tirst  focjvl  point  of  the  lens,  its  image,  as  seen  by  rays 
which  have  traversed  the  lens  twice,  will  coincide  with  the  needle  ;  and  that 
the  image  is  equal  to  the  object,  but  is  inverted.  (M.  T.  i.  1913.) 

13.  Shew  that,  if  a  convergent  lens  be  placed  at  a  distance  greater  than 
its  focal  length  from  a  convex  mirror,  there  are  two  positions  of  a  source  of 
light  for  e<ich  of  which  the  image,  formed  after  tlic  light  has  passed  twice 
through  the  lens,  is  coincident  with  the  object. 

Shew  that  for  one  position  the  image  is  inverted  and  for  the  other  it  is 
erect.  (M.  T.  i.  1908.) 

14.  A  thin  convex  lens,  focal  length  2  ft.,  is  placed  in  front  of,  and 
parallel  to,  a  plane  mirror,  so  that  a  real  image  of  the  lens  is  formed  by 
reflection  at  the  mirror  and  refraction  through  the  lens.  Shew  that  the 
least  distance  of  the  image  from  the  mirror  is  (3  +  2  ^2)  feet. 

(M.  T.  i.  1912.) 

15.  A  convex  lens  and  a  concave  mirror  each  of  focal  length  3  inches  are 
at  a  distance  of  8  inches  on  the  same  axis.  Find  the  linear  magnification  of 
the  image  of  the  lens  after  reflection  and  refraction  and  shew  that  it  is 
numerically  the  sjime  as  that  of  the  image  of  the  lens  after  reflection  alone, 
when  placed  at  a  distance  of  2^  inches  or  3A  inches  from  the  mirror. 

AVhich  of  the  images  are  inverted  and  which  erect?       (Coll.  Exam.  1913.) 

16.  The  numerical  value  of  the  focal  length  of  a  thin  convergent  lens  is 
/,  and  the  object  is  at  a  distance  u  in  front  of  the  lens  ;  also  a  plane  mirror 
is  placed  behind  the  lens  per^iendicular  to  the  axis  at  a  distance /from  the 
lens.  The  image  of  the  object  after  reflection  at  the  mirror  and  a  second 
refraction  through  the  lens  is  at  a  distance  v  in  front  of  the  lens.  Prove 
that 

«+«  =  2/.  (Trinity  Coll.  1904.) 

17.  A  small  object  is  placed  at  the  focus  of  a  thin  convergent  lens  of 
focal  length  /.  A  concave  mirror  of  focal  length  /'  is  placed  behind  the  lens 
with  its  focus  coinciding  with  the  second  focus  of  the  lens.  An  eye  on  the 
axis  at  distance  d  from  the  object  views  it  by  rays  passing  through  the  lens 
twice  with  an  intermediate  reflection.  Draw  the  paths  of  the  rays  and  prove 
that  the  angular  magnification  iaf'djf-.  (M.  T.  ii.  1910.) 

18.  A  concave  spherical  mirror  of  focal  length /is  placed  on  the  axis  of 
a  thin  convergent  lens  of  focal  length  /',  with  the  focus  of  the  mirror  at  the 
centre  of  the  lens.  Prove  that  the  combination  behaves  like  a  spherical 
mirror  of  focal  length  ff"^lW'^~P)i  s^^d  find  the  position  of  its  centre. 

(Coll.  E.xam.  1911.) 

19.  A  concave  mirror  A  and  convex  lens  C  have  the  same  focal  length 
/  and  a  common  axis  AC=f,  Q  is  an  origin  of  light  on  AC  produced  such 
that  C<^=2/;  shew  that  the  image  of  Q  after  refraction  through  the  lens, 
reflection  at  the  njirror,  and  refraction  back  tiirough  the  lens,  coincides  with  A. 

((JoU.  Exam.  1887.) 
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20.  Light  from  a  bright  object  A  passes  through  a  converging  lens  B,  is 
reflected  at  a  convex  spherical  mirror  C,  and  returns  through  the  lens.  Prove 
that,  if  the  position  of  C  be  so  chosen  that  the  final  image  coincides  with  A, 
but  is  inverted,  the  centre  of  the  sphere  will  be  at  the  position  of  the  image 
formed  by  B  when  the  mirror  is  removed.  Under  what  circumstances  would 
the  final  image  at  A  have  been  erect  ?  (St  John's  Coll.  1908.) 

21.  An  observer  holds  in  front  of  himself  a  thin  double  convex  lens, 
which  has  the  radii  of  curvature  (r)  of  its  faces  numerically  equal.  He  sees 
two  images  of  himself,  one  erect  and  the  other  inverted.  Explain  how  these 
images  are  formed  and,  taking  the  index  of  the  glass  to  be  |,  prove  that  he 
will  see  two  erect  images  if  the  distance  of  the  lens  is  less  than  ^r. 

(Coll.  Exam.  1904.) 

22.  A  plane  mirror  has  a  plate  of  glass,  protecting  the  quicksilver,  of 
thickness  t  and  index  of  refraction  fi.  A  small  picture  faces  the  mirror  at 
distance  u  from  the  first  surface  of  the  glass.  The  light  from  the  picture, 
after  nearly  direct  incidence  on  and  reflection  from  the  mirror,  is  received  by 
a  thin  lens  also  at  distance  u  from  the  first  surface,  which  produces  a  real 
image  of  the  picture  magnified  /i  times.  Prove  that,  neglecting  any  obliquity 
of  incidence,  the  similar  image  produced  by  light  reflected  at  the  first  surface 
is  behind  this  image  at  a  distance 

2nh(fxic  +  t)l^{fjLU-'nt).  (M.  T.  1901.) 

23.  A  pencil  of  light  diverging  from  a  luminous  point  is  refracted  at  one 
surface  of  a  thin  double  convex  lens,  reflected  at  the  other,  and  refracted  out 
again.  Shew  that  the  final  image  will  be  inverted,  except  when  the  distance 
of  the  luminous  point  from  the  lens  is  < rr'/2  (fir  +  /x-1 .  /)  where  r  and  /  are 
the  radii  of  the  two  surfaces  of  the  lens.  (Coll.  Exam.) 

24.  A  thin  concave  lens  of  focal  length /and  a  concave  spherical  mirror 
(jf  focal  length  F  are  placed  on  the  same  axis  at  a  distance  a  apart.  An  eye 
on  the  axis  sees  its  own  image  at  a  distance  d,  magnified  m  times  ;  prove 
that 

(St  John's  Coll.  1905.) 

25.  Shew  that  the  area  of  the  image  of  a  small  triangle  close  to  the  axis 
of  a  lens,  and  in  a  plane  through  it,  is  equal  to  the  area  of  the  original 
triangle  x  the  cube  of  the  linear  magnification.  (Coll.  Exam.  1906.) 


CHAPTER   VI 

COM  lU  NATIONS   OK   TWO   OR   MORE   THIN    LENSES 

79.     Two  thin  lenses. 

Let  there  hv  two  thin  lenses  of  focal  lengths/',/'  at  points  0, 
0'  on  the  same  axis  at  a  distance  a 
apart. 

Let  Q  be  a  small  object  on  the 
axis,  Qi  its  image  formed  by  the  first 
lens  and  Q'  the  image  of  Qi  formed 

by  the  second  lens.  Then  Q'  is  the  image  of  Q  formed  by  the 
combination  and  we  want  to  determine  the  position  of  Q'  when 
that  of  Q  is  given. 

Let  OQ  =  w,  OQi  =  i\,  O'Q'  =  i\  then  by  Art.  69 

111, 

we  have  v  ~  Ti^  }'  "      ^^^ ^  ^' 

and  --      ^   =^,  =  A:',say, (2), 

where  k,  /.;'  denote  the  powers  of  the  lenses. 

From  (1)  we  get  Vi  =  ii/{Jcu  +  1),  and  substituting  in  (2)  gives 

v~  '  '^  a  +  u/{lcu  +  l)      '      u{ak+l)  +  a' 

,,        „  u(ak  +  l)  +  a .ON 

thereiore  v=    Tin  ,  /   . "T'V", — //  ,  i  v^)- 

u  (akk  +  k  +  k)  +  ak  +1 


We  may  write  this  result 

_Ca  +  D 
''~  Au  +  B 


.(4)*, 


*  It  is  worthy  of  observation  that  if  we  assume  that  to  each  point  on  the  axis 
there  is  one  and  only  one  conjugate  point  the  rehition  which  connects  their 
distances  from  fixed  origins  on  the  axis  must  be  of  the  form  (4),  because  (4)  may 

be  written 

Auv  +  Bv-Cu-D  =  0, 

and  this  is  the  most  general  form  of  equation  which  gives  one  and  only  one  value 

of  V  in  terms  of  m  and  vice  versa. 
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where  A  =  akk'  +  ^'  +  k',  B  =  ak'  +  1,] 

G=ak-^1,  D=a;  \ ^■^^' 

and  A,  B,  C,  D  are  not  independent  because  by  multiplication 
BG-AD  =  \ (6). 

Result  (4)  connects  the  distances  of  the  object  and  final  image 
from  the  first  and  second  lens  both  measured  towards  the  incident 
light. 

The  focal  lengths/,/'  are  taken  algebraically  so  that  if  either 
lens  be  convergent  care  must  be  taken  to  give  its  focal  length  a 
negative  value  in  making  numerical  applications  of  the  formulae. 

80.     Principal  foci  and  focal  planes. 

The  combination  has  principal  foci  F-^,  F,  determined  as  the 
limiting  position  of  Q  when  Q'  is  at  infinity  and  the  limiting 
position  of  Q'  when  Q  is  at  infinity. 

To   make  v  infinite  we   must   have  Au  +  B  =  0,  hence  F^  is 

determined  by  OF^  ^~  a  ^^^' 

Again,  if  we  divide  numerator  and  denominator  of  the  right- 
hand  side  of  (4)  by  u  and  then  make  u  infinite  we  get  v  =  CjA 
so  that  F.2  is  determined  by 

o'^-i (2). 

The  principal  foci  possess  the  usual  properties,  namely,  rays 
directed  so  as  to  pass  through  F^  at  incidence  on  the  first  lens  will 
emerge  from  the  second  lens  parallel  to  the  axis ;  and  rays  incident 
on  the  first  lens  parallel  to  the  axis  will  emerge  from  the  second 
lens  in  directions  passing  through  F.,. 

The  planes  passing  through  the  principal  foci  at  right  angles 
to  the  axis  are  called  principal  focal  planes. 

If  Q,  Q'  are  any  pair  of  conjugate  foci,  we  have 
F,Q .  F,Q'  =  (OQ  -  OF,)  (O'Q'  -  O'F.^ 

Au  +  B  /Cu  +  D      C^ 


A       \Aii+B     A 
AD-BC 


from  Art.  79  (4) 


A' 


and  therefore  from  Art.  79  (6)  we  get 


F,Q^F.^'  =  -^^ (3). 
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Hence  conj  agate  foci  are  on  opposite  sides  of  the  corresponding 
principal  foci,  and  if  one  is  moved  the  other  moves  in  the  same 
direction. 

81.  Linear  magnification  produced  by  a  combination 
of  two  thin  lenses. 

If  m  denote  the  linear  magnification,  it  is  clearly  the  product 
of  the  two  linear  magnifications  due  to  refraction  through  the  two 
separate  lenses. 

Therefore,  from  Art.  74, 

I  _u   i\  +  a 
m      v^ '     V 


and  from  Art.  79  (2), 


so  that 


"jJ-''=l  +  k'(v,  +  a), 


1 

m 

=  'l{l  +  k'{v,+a)] 

=  -{l+k'a)  +  uk'. 

u 

=  1  +  ku ; 

And  from  Art.  79  (1) 

''I 

hence  ^  =  (1  +  ku)  ( 1  +  k'a)  +  ulc' 
rii 

=  u  {akk'  -\-k  +  k')  +  ak'  +  1  ;  or  from  Art.  79  (5) 

=  Au+B    (!)• 

This  gives  the  magnification  in  terms  of  the  distance  of  the 

object  from  the  first  lens ;  we  may  also  express  it  in  terms  of  v  the 

distance  of  the  image  from  the  second  lens.     For  from  Art.  79  (4) 

and  (6), 

Auv  +  Bv-Cu-D  =  0   and    EC- AD  =  I, 

therefore,  eliminating  D, 

A'uv  +  ABv  -ACu-BG+\  =  0, 

or  {Au-^B){G-Av)=\ (2). 

Hence  we  have  m  =  C -  Av (3). 

82.     Unit  points  and  planes. 

We  might  use  equation.«  (1)  and  (3)  of  the  last  article  to 
determine  the  position  of  a  pair  of  conjugate  points  for  which  the 
linear  magnification  m  had  any  assigned  value.     There  is  a  special 
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pair  of  conjugate  points  so  determined  which  are  of  great  import- 
ance, namely  those  for  which  the  linear  magnification  is  unity,  or 
m  =  1.  These  points  are  called  the  unit  points  or  points  of  unit 
magnification.  We  shall  denote  the  unit  points  by  H,  H'.  Thus 
a  small  object  placed  at  H  will  have  an  image  equal  to  itself  and 
similarly  placed  at  H'.  Planes  at  right  angles  to  the  axis  through 
the  unit  points  are  called  the  unit  planes*. 

To  find  the  points  H,  H'  we  have  that,  when  m=l,  Q  coincides 
with  H  and  Q'  with  H'.  Hence  by  putting  m  =  1  in  (1)  and  (3)  of 
the  last  article 

w^e  get  OB  =  u  =  — -j- 

c_i; (D- 

and  O'H'  =  v  =  — , — 

A 

83.     Focal  length  of  a  combination  of  two  thin  lenses. 

Combining  equations  (1)  and  (2)  of  Art.  80  w\i\\  (1)  of  the  last 
article,  we  get 

F,H=  OH -OF,  =i 
A. 

and  FM '  =  OH'  -  O'F.,  =  -\. 

A 

The  distance  F^H  is  called  the  focal  length  and  its  reciprocal 
A  is  called  the  power  of  the  combination. 

The  focal  length  is  positive  if  F^H  is  in  the  direction  opposite 
to  that  of  the  incident  light,  and  negative  if  in  the  same  direction. 

If  F  denote  the  focal  length  we  have 

-^=  A^k+k'  +  akk',  by  Art.  79  (5), 

therefore  =     +      +  ^, . 

As  a  special  case,  if  two  thin  lenses  are  in  contact  the  power  of 
the  combination  is  the  sum  of  the  powers  of  the  separate  lenses. 

*  The  use  of  these  planes  was  introduced  by  C.  F.  Gauss  :  Dioptrische  Unter- 
suchungen,  Goettingen,  1841,  or  Werke,  B.  v.  p.  243.  He  called  the  points  of  unit 
ma,gni&ca,tion  principal  lioints,  but  there  are  obvious  reasons  why  unit  points  is  a 
more  suitable  name. 
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84.  Formula  in  terms  of  distances  from  unit  points. 

Lot  HQ  =  p,  and  H'Q'=q,  where  Q,  Q'  are  any  pair  of  con- 
jug{\te  points. 

Since  F,Q  .FJ}' =  -  1/A% 

therefore  ( F,H  +  p)  (F.H'  +  7)  =  -  1^4^ 

\N  hence  we  set  =  A, 

*  <J     P 

1       1       1 
or  =T^. 

q      p       t 

85.  Divergent  and  convergent  combinations. 

The  ])rincipal  foci  and  the  unit  points  are  sometimes  called 
the  cardinal  points  of  a  lens  or  combination  of  lenses,  because 
when  their  positions  are  known  it  is  possible  to  determine  the 
point  conjugate  to  any  given  point  or  the  emergent  ray  corre- 
sponding to  any  incident  ray. 

We  observe  in  the  first  place  that  if  an  incident  ray  strikes 
the  first  unit  plane  at  a  given  distance  from  the  axis,  the  funda- 
mental property  of  the  unit  planes,  viz.  equality  of  object  and 
image,  requires  that  the  emergent  ray  shall  cut  the  second  unit 
plane  at  the  same  distance  from  the  axis  on  the  same  side  of  the 
axis. 


F  positive 


F  negative 


Fig.  58  (i). 


Now  let  a  ray  PR  parallel  to  the  axis  cut  the  first  unit  plane 
in  R,  then  the  emergent  ray  must  pass  through  F^  and  cut  the 
second  unit  plane  at  R',  such  that  H'R'  =  HR.  In  the  first  figure 
the  focal  length  is  po.sitive,  ^1  being  to  the  left  of  H  (with  the 
usual  convention  about  signs)  and  Fn  to  the  right  of  H'  and  the 
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emergent  ray  diverges  from  the  axis  as  it  leaves  F2.  In  the  second 
figure  the  focal  length  is  negative,  F^  being  to  the  right  of  H  and 
F^  to  the  left  of  H'  and  the  emergent  ray  converges  towards  the 
axis  as  it  approaches  F^^.  But  whether  the  rays  that  emerge  from 
the  second  lens  are  diverging  or  converging  depends  on  the  position 
of  F2.  with  regard  to  the  second  lens,  thus  in  the  second  figure  the 
emergent  pencil  will  be  convergent  or  divergent  according  as  the 
second  lens  is  to  the  right  or  left  of  Fo.  Hence  we  cannot  conclude 
as  in  the  case  of  a  single  lens  that  the  ultimate  divergence  or  con- 
vergence of  rays  incident  parallel  to  the  axis  depends  only  on  the 
sign  of  the  focal  length  ;  what  it  does  depend  on  is  whether  the  foci 
are  virtual  or  real,  and  it  is  possible  for  a  combination  of  two  lenses 
to  have  one  focus  real  and  the  other  virtual,  so  that  parallel  rays 
are  made  to  diverge  or  converge  according  as  which  lens  of  the 
pair  is  turned  to  meet  the  incident  light.  This  is  illustrated  by 
an  example  in  Art.  91  below,  wherein  it  is  seen  that  F^  is  a  real 
focus  and  F^  a  virtual  focus,  and  that  rays  parallel  to  the  axis  are 
made  to  diverge  or  converge  according  as  they  are  incident  first  on 
the  lens  at  0  or  first  on  that  at  0'. 

86.     To  construct  the  image  of  a  small  object  on  the 
axis. 


F  positive 
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>HQ' 

F? 

Q 

Fig.  59  (i). 
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P  negative 


Fig.  59  (ii). 

If  PQ  denotes  a  small  object  at  right  angles  to  the  axis  at  Q 
and  we  draw  rays  PR  parallel  to  the  axis  and  PS  directed  to  F^, 
meeting  the  first  unit  plane  in  R,  S  respectively,  the  emergent 
rays  pass  through  points  R',  S'  on  the  second  unit  plane  such  that 
H'R'  =  HR   and    H'S'  =  HS,  and  the  former  passes  through  F^ 


and 

F,Q  = 

--  OQ  -  OF,  = 

,..l 

m  = 

'  F,Q- 

1 
'  Au  +  B' 

and 

FX/- 

=  0'Q'-0'F, 

c 

m  = 

F,Q 
FM'' 

=  C-Av. 
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and  the  latter  is  parallel  to  the  axis.  These  two  emergent  rays 
intersect  in  P'  the  image  of  P,  and  P'Q'  per})endicular  to  the  axis 
is  the  image  of  PQ. 

From  the  figures  we  may  deduce  the  expressions  for  linear 
magnification,  for  we  have 

_P'Q  _SH_F,H 
'"-  PQ  ~PQ~  F,Q  ^^■>' 

F'Q'      F.Q' 
^^''^  -R-H'  =  FJ{'  (^> 

These  expressions  are  really  the  same  as  those  of  Art.  81,  for 

therefore 

Also   F.H'  =  -\ 
A 

therefore 

From  the  foregoing  expressions  for  in  we  deduce 

F,Q.FJ}'  =  F,H.F,H'  =  -F- (8), 

as  in  Art.  80. 

87.  Pencils  converging  to  or  diverging  from  a  point  on 
the  first  focal  plane  emerge  as  parallel  rays. 

It  is  clear  that  if  in  the  last  two  figures  we  move  PQ  to  F,  so 
that  the  incident  rays  may  be  regarded  as,  in  the  first  figure 
converging  towards,  and  in  the  second  figure  diverging  from, 
a  point  P  on  the  first  focal  plane  the  emergent  ray  F^R  is 
unaltered,  but  the  points  8,  S'  are  infinitely  distant  from  the  axis 
so  that  the  image  PQ'  becomes  infinite  and  at  an  infinite  distance. 
Hence  the  rays  incident  through  P  must  all  emerge  parallel 
to  F,R'. 

That  the  image  is  infinite  when  Q  is  at  F,  also  follows  from 
(1)  of  the  last  article,  and  that  it  is  at  an  infinite  distance  follows 
from  (3). 

88.  Having  given  an  incident  ray,  to  construct  the 
corresponding  emergent  ray. 

It  the  ray  hkm^Is  tlv-  first  unit  plane  in  R,  the  emergent  ray 
meets  the  second  unit  plane  in  R',  where  H'R'  =  HR. 


86-89] 


CONSTRUCTION   OF   EMERGENT   RAY 


Another  point  P'  on  the  emergent  ray  can  be  found  by 
constructing  the  image  of  any  point  P  on  the  incident  ray  as  in 
Art.  86,  and  then  R'P'  is  the  ray  required. 

Otherwise  we  may  make  use  of  the  properties  of  the  focal 
planes  proved  in  the  last  article. 


Fig.  60  (i). 


Fig.  60  (ii 


If  XR  is  the  incident  ray  meeting  the  first  unit  plane  in  R, 
we  take  a  parallel  ray  YTFy  or  YF^T  passing  through  the  first 
principal  focus  and  meeting  the  first  unit  plane  in  T.  This  ray 
emerges  as  T'L  parallel  to  the  axis,  cutting  the  second  focal  plane 
at  L.  But  since  the  two  incident  rays  are  parallel,  on  emerging 
they  must  both  pass  through  the  same  point  L  on  the  second 
focal  plane.  Hence  if  H'R'  =  HR  then  LR'  or  R'L  is  the  direction 
of  the  emergent  ray. 

89.     Equivalent  lens. 
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Fig.  61  (i). 
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Fig.  61  (ii). 
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A  comparison  of  the  two  accoinpanying  diagrams  which  shew 
tho  construction  of  the  image  of  a  small  object  (1)  formed  by 
a  combination  whose  cardinal  points  are  given,  (2)  formed  by  a 
thin  lens  of  the  same  focal  length  as  the  combination  placed  at  the 
first  unit  point  of  the  combination,  makes  it  clear  that  this  thin 
lens  produces  images  of  the  same  size  as  does  the  combination  but 
displaced  a  distance  H'H  towards  the  incident  light.  For  the 
only  dititerence  between  the  two  diagrams  is  the  omission  in  the 
second  of  the  blank  strip  between  the  unit  planes  in  the  first.  A 
thin  lens  of  the  same  focal  length  as  a  given  combination  and 
placed  at  its  first  unit  point  is  called  the  equivalent  lens  of  the 
combination.  It  is  only  equivalent  however  in  the  sense  indicated ; 
namely,  that  it  produces  the  same  linear  magnification  as  does  the 
combination  for  small  objects  on  its  axis. 

90.  Numerical  Examples.  For  the  i)urpose,s  of  working  numerical 
examples  it  is  neither  necessary  nor  desirable  to  quote  the  various  formulae 
that  liave  been  established  in  tlii.s  chapter,  but  it  is  important  to  remember 
the  main  facts  that  they  embody ;  namely,  the  existence  of  [)rincipal  foci 
and  unit  points  and  planes  and  their  chief  properties.  We  shall  illustrate 
tliis  fact  by  working  an  example  making  use  of  no  formulae  save  the 
formulae  for  refraction  and  magnification  produced  by  a  single  thin  lens. 

91.  Exam.ple.  An  eye-picci:  is  formed  of  two  thin  convergent  lenses  of 
focal  lengths  4  cms.  and  10  cms.  at  a  distance  7  cnu.  apart.  Calculate  the  focal 
length  of  the  eye-piece  and  draw  a  diagram  to  indicate  the  position  with  respect 
to  the  lenses  of  the  focal  and  unit  points  of  the  eye-piece. 

Draw  in  the  diagram  the  cozirse  of  a  ray  vMch,  strikes  the  first  lens  at  right 
angles.  (M.  T.  i.  1913.) 

Referring   to  Fig.  57   we  have  /=  -  4,  /'=  — 10   and   a  =  7.     Therefore 
formulae  (1)  and  (2)  for  refraction  through  the  lenses  become 
]       1  1 


•(1) 


and  1-     ^^=-1   (2). 

y      t',  +  7  10  ^  ' 

To  find  Fi ,  put  ;;=  x  ,  therefore  from  (2)  b\  +  7  =  10  or  o^  =  3.    Thus  from  (1 
1  _  1__1 
3      u~     4' 
therefore  OF^  =  «  =  J^  =  1 «  cms. 

Again  to  find  F2,  put  h  =  X),  therefore  from  (1)  Wj=  -4. 

Then  from  (2)  1  _  ^  =  _  \ 

'  ^  V      ?.         10' 

therefore  0' F.^^  =  <;  =  xyi  =  4  f  cms. 
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Again  if  m  denote  lineai'  magnification 
1  _  fi  +  7    u 


,  and  from  (2) 

,  _  Vi  +  1\  u  ^  (3  -  Vi)  u 
10    )  Vi  lOwi  ' 


lOv,      10 

^  10  V     V    10 


and  from  (1) 


10      40  ■ 
Now  when  //i  =  l,  ?(  is  0^,  therefore  0H=  -4. 
Therefore  the  focal  length  F^n=  OH-  OF^^-i-l 
Hence  F.2H'  =  bi,  but  O'i^,  =  4f  cms., 

therefore  O'iT'  =  10  cms. 


i  =  -r)2  cms. 
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Fig.  62. 

We  are  now  able  to  make  a  diagram  shewing  the  positions  of  the  lenses 
0,  (y  and  the  principal  foci  and  unit  points. 

If  a  ray  strikes  the  first  lens  at  right  angles  at  T  and  the  first  unit  plane 
at  R,  it  must  emerge  in  the  direction  R'F.i,  where  R'  is  on  the  second  unit 
plane  such  that  H'R'  =  HR.  If  R'F<^  cuts  the  second  lens  in  T',  the  path  of 
the  ray  between  the  lenses  is  TT'  and  the  emergent  ray  is  the  production 
of  R'T'. 

As  stated  in  Art.  85  F^  is  a  real  focus  and  F^  is  a  virtual  focus,  and  the 
combination  is  divergent  for  parallel  rays  falling  first  on  the  lens  of  focal 
length  4  cms.,  and  convergent  if  the  rays  fall  first  on  the  lens  of  focal  length 
10  cms. 

The  focal  length  might  of  course  have  been  obtained  at  once  by  the 
formula 

1 

f'' 


12  +  ^ 


92.     Any  number  of  thin  lenses  on  the  same  axis. 

Let  k^,  k.,  ...  kn  denote  the  powers  of  the  successive  lenses,  k^ 
being  the  nearest  to  the  incident  light ;  and  let  cti ,  a, . . .  a„_i  denote 
the  distances  between  them.  Let  u  be  the  distance  of  a  small 
object  on  the  axis  from  the  first  lens  0  and  Vi  the  distance  of  its 
image  from  0;  also  let  v.2,  v-i ...  v„_i,  v  denote  the  distances  of  the 
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second,  third,  etc.  images  from  the  second,  third,  etc.  lenses ; 
V  being  the  distance  of  the  final  image  from  the  final  lens,  and 
suppose  that  all  distances  are  positive  when  drawn  to  meet  the 
incident  light. 

Then  \vr  have  for  the  successive  refractions 

I-    '    =/■„ 

v.,      v..  +  a., 


'     =A-, 


V        Vn~i  +  «n- 
1,1  11 

\N  hence     -  =  A-,>  +      ,    or     v  =  , , 

V  Un-i  +  Vn-i  f^'n  +    «n-i  +  Vn-i 

1,1  11 

and  =  A„_i  H ,    or   Vn-i=  , ; 

Vn-i  an-2+Vn-2  /?n-i  +    O.n-^  ■\- Vn-2 

therefore  i'  =  ', , • 

k'n  +  ttn_i  +  fCn-i  +  an-->  +  Vn-i 

And  continuing  this  process  we  get  v  given  in  terms  of  u  by  a 
continued  fraction,  viz. 

1111  111 

i;  = _[-  — 

kn  +  On-l  +  A'n-i  +  a^-^  +    «i  +  /i',  +  U  ' 

If  CjA   and  DjB  denote  the  last  but  one  and  last  but  two 
convergents  of  this  continued  fraction,  avo  have 

Cu  +  D 


(!)• 


Au+B 

Also  since  C'jA  is  an  odd  convergent,  there  being  2?i  in  all, 
therefore  Br-AD=\ (2). 

93.     Linear  magnification. 

We  have  seen  in  Art.  78  that  for  a  single  thin  lens  the 
longitudinal  magnification  vi  is  the  square  of  the  transverse 
linear  magnification  m. 

Now  for  refraction  through  n  lenses 
m'  =  vi^rtum-l  ...  vi,^ 

=  m,-in.?mr  . . .  in  J  =  in\ 
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where  m,  m    are  the  transverse  and  longitudinal  magnifications 
due  to  the  whole  system  and 

wii,  nio,  ...  m,i,    and    m-[,  m^,  ...  111^ 
are   the   transverse   and  longitudinal   magnifications   due    to    the 
separate  lenses. 

,     ch     C(Au  +  B)-A(Gu  +  B)_Ba-AD 
iNow     m-^^^-  (Au+Bf  "(Au  +  By 

but  BC-AD  =  l; 

therefore  jn  =  +  — ^ , 

-  Au  +  B 

and  from  the  special  case  of  two  lenses  we  know  that  the  positive 
sign  is  correct,  hence 

"^=a,Ib <•**>• 

It  is  not  necessary  to  pursue  the  investigation  of  this  case 
further,  because  formulae  (1),  (2),  (3)  are  sufficient  to  determine 
the  principal  foci  and  unit  points  and  they  are  the  same  as  the 
corresponding  formulae  for  two  thin  lenses  in  Arts.  79  and  81, 
hence  the  whole  of  the  investigations  of  Arts.  79 — 89  apply  to  the 
case  of  n  thin  lenses. 

EXAMPLES. 

1.  Two  thin  lenses  both  of  focal  length  15  cms.  are  on  the  same  axis  at  a 
distance  10  cm.s.  apart.  Find  the  position  and  magnitude  of  the  image  of  a 
small  object  3  cms.  in  height  placed  at  right  angles  to  the  axis  50  cms.  from 
the  nearer  lens,  (1)  when  both  lenses  are  convergent,  (2)  when  the  nearer  lens 
is  divergent  and  the  further  convergent. 

2.  In  Ramsdeu's  eye-piece  two  convergent  lenses  of  focal  length  /  are  at  a 
distance  §/ apart.     Find  the  principal  foci  and  unit  points. 

3.  In  Huyghens'  eye-piece  two  convergent  lenses  are  of  focal  lengths  3/ 
and  /  at  a  distance  2/  apart  Shew  that  the  combination  is  convergent  or 
divergent  according  as  the  light  first  falls  on  the  first  or  second  lens. 

4.  If  a  pair  of  thin  lenses  are  convex  and  concave,  each  of  numerical  focal 
length  /  and  at  a  distance  if  apart,  give  a  diagram  from  which  the  positions 
of  conjugate  foci  and  the  magnification  can  be  found.  (M.  T.  i.  1911.) 

5.  Find  the  planes  of  unit  magnification  for  a  system  of  two  thin  convex 
lenses,  of  focal  lengths  2  inches  and  6  inches  respectively,  at  a  distance  of 
4  inches  from  one  another.  (St  John's  Coll.  1906.) 

6.  If  the  focal  lengths  of  two  thin  lenses  on  the  same  axis  are  6  inches 
and  3  inches  and  the  lenses  convex  and  concave  respectively,  find  when  the 
system  is  convergent  and  when  divergent.  (Coll.  Exam.  1908.) 
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7.  A  scale  is  placed  at  the  first  focal  point  of  a  lens  A,  and  is  viewed 
tlu-ough  A  and  a  second  lens  /i  ;  prove  that  the  image  is  formed  at  the  second 
focal  point  of  B,  and  that  the  magnitication  of  the  scale  is  equal  to  the  ratio 
of  the  foc{\l  lengths  of  the  lenses.     Is  the  image  erect  or  inverted  ? 

(M.  T.  i.  1913.) 

8.  An  object  is  viewed  through  two  thin  conve.x  lenses  of  focal  lengths  /' 
and  f  placed  at  a  distance  d  apart,  the  eye  being  close  up  to  the  latter. 
Prove  that,  if  the  distance  of  the  image  from  the  eye  is  A,  the  linear 
magnification  is 

1  +  ^  f  \  +  '.,  \  _  'iYi  +  ^,y  (Coll.  Exam.  1 893. ) 


(:-.;^K-; 


9.  A  convex  lens  of  focal  length  /  is  placed  in  front  of  a  luminous  point  P 
so  that  the  image  is  formed  at  the  shortest  possible  distance  from  P.  If  now 
a  concave  lens  of  very  long  focal  length  F  be  placed  in  contact  with  the  first, 

shew  that  the  image  will  be  shifted  a  distance  y  .        (St  John's  Coll.  1884.) 

10.  The  images  of  two  small  objects  P,  Q  placed  on  the  common  axis  of 
a  system  of  lenses  are  p,  q.  Prove  that  the  ratio  of  the  distances  pq,  PQ  is 
equal  to  the  product  of  the  magnifications  of  P,  Q.  (Coll.  Exam.  1901.) 

11.  Shew  that  the  size  of  an  image,  produced  by  an  optical  system  whose 
foci  and  unit  points  are  known,  is  increased  by  placing  a  plate  of  glass 
between  the  system  and  the  object  if  the  object  is  beyond  the  first  focus 
of  the  system.  (M.  T.  ii.  1911.) 

12.  An  eye-piece  is  to  be  formed  of  two  thin  convex  lenses,  at  distance  a 
apart,  and  with  its  principal  (or  unit)  points  at  distance  c  apart  (reckoned 
numerically).  Prove  that,  for  difterent  lenses  fulfilling  these  conditions  and 
such  that  the  eye-piece  is  equivalent  to  a  convex  lens,  the  greatest  focal 
length  possible  for  the  eye-piece  is  (a  +  c)2/4c.  (M.  T.  1901.) 

13.  The  erect  image  of  a  small  object  is  thrown  directly  on  a  screen  at 
distance  c  by  two  convergent  lenses  of  numerical  focal  lengths  /  and  /'. 
Prove  that  the  extreme  values  of  the  magnification  m  are  given  by  the 
quadratic  equation 

„,  + 1  _  2  =  ''-^{-~ ^■^'  c.  (M.  T.  1 909.) 

14.  Two  thin  lenses  of  focal  lengths  /  and /'  are  placed  on  the  same  axis 
at  a  distance  a  apart.  If  a  ray  from  a  point  on  the  axis  in  front  of  the  first 
lens  at  a  distance  u  from  it  be  incident  on  this  lens  at  a  small  distance  y 
from  the  axis,  shew  that  the  deviation  of  the  ray  is 

/I       1       a    ,    a\ 

the  focal  length  being  taken  positive  for  a  convex  lens.       (Coll.  Exam.  1902.) 

1.").     A  ray  parallel  to  the  axis  is  refracted  through  a  thin  convex  lens, 

reflected  at  a  plane  mirror,  and  passes  through  the  lens  again.     Find  the 

equivalent  lens  of  the  system.  (St  John's  Coll.  1897.) 
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16.  If  a  system  of  two  thin  lenses  is  such  that  a  single  thin  lens  can  be 
found  which  produces  an  image  of  any  point  on  the  axis  in  the  same  position 
as  the  system,  shew  that  the  distance  between  them  must  be  twice  the 
geometric  mean  of  their  focal  lengths.  (Coll.  Exam.  1905.) 

17.  Two  convex  lenses  of  focal  lengths  —a,-b  are  on  the  same  axis  at 
a  distance  a  +  b  apart.  Shew  that  u/a^-i-v/b'^=l/a  +  l/b  connects  conjugate 
foci,  where  u,  v  are  measured  from  the  first  and  second  lenses  respectively, 
and  estimated  positively  away  from  the  system. 

What  change  arises  in  case  a  third  convex  lens  ( -  c)  be  placed  at  a 
distance  a  from  the  first  lens  and  b  from  the  second? 

(St  John's  Coll.  1906.) 

18.  Two  thin  coaxial  lenses,  focal  lengths  t\,  f.^,  are  at  a  distance  apart 
equal  to  a.  Prove  (1)  that  if  «->  4/1/2  there  are  two  positions  of  a  point  on 
the  axis  such  that  the  point  coincides  with  its  conjugate;  (2)  that  these 
positions  are  equidistant  from  the  principal  foci,  and  (3)  that  the  magnifica- 
tions in  these  two  cases  are  the  roots  of  the  quadratic 


if. 


^j  +  l=0.  (Coll.  Exam.  1901.) 

19.  Given  in  an  optical  system  three  fixed  pairs  of  conjugate  foci,  give  a 
geometrical  construction  to  find  the  conjugate  of  any  variable  point. 

(St  John's  Coll.  1897.) 

20.  Shew  that  there  are  two  points  on  the  axis  of  a  symmetrical  optical 
instrument  such  that  each  coincides  with  its  own  image  and  that  their 
distance  apart  is  \^d'^  +  4,dF,  where  F  is  the  focal  length  of  the  instrument 
and  d  the  distance  apart  of  the  principal  points.  (Coll.  Exam.  189.5.) 

21.  An  optical  system,  consisting  of  any  number  of  coaxial  lenses,  is  so 
constituted  that  each  of  two  points  A,  B  is  its  own  image.  Prove  that,  if  Q 
is  any  point  and  Q'  its  image,  the  magnification  is 

'ixrll-  (Coll.  Exam.  1905.) 

22.  Two  thin  lenses  of  focal  lengths /i  and /a  are  placed  on  the  same  axis 
at  a  distance  a  apart.     Shew  that,  if  a  thin  lens  of  focal  length 

-/i/.(/i+/2  +  a)/(/i+/2)^ 
be  placed  between  them  so  as  to  divide  the  distance  in  the  ratio  of  the  focal 
lengths /i  and/2,  then  the  image  of  any  object  will  be  of  the  same  size  as  the 
object  and  at  a  constant  distance  a'^jifi+f^  +  o)  ft'om  it. 

(Trinity  Coll.  1891.) 

23.  A,  B,  C,  D  are  four  points  taken  in  order  on  an  axis  such  that  the 
lengths  of  AB,  BC,  CD  are  6,  6  and  8  inches  respectively.  At  A,  B,  C  axe 
placed  lenses  of  focal  lengths  4,  9  and  6  inches,  the  middle  lens  being  concave 
and  the  others  convex  :  i)  is  a  luminous  point.  In  what  positions  can  a 
screen  be  placed  perpendicular  to  the  axis  so  that  there  may  be  a  bright  spot 
on  it  ?  (M.  T.  1902.) 
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24.  Find  the  positions  of  tlie  cardinal  points  for  a  system  of  throe 
coaxial  lenses,  the  intermediate  lens  being  convex,  and  the  outer  lenses 
concave,  with  their  foci  coinciding  at  the  centre  of  the  intermediate  lens. 
Notice  partioilarly  the  case  in  which  the  nvmierical  values  of  the  three  focal 
Icugtlis  t^iken  in  order  are  in  harmonic  progression,  shewing  that  the  eftect  is 
to  produce  an  image  of  the  same  magnitude  as  the  object,  and  at  a  constant 
distiuice  from  it.  (Coll.  Exam.  1894.) 

25.  Three  convergent  thin  lenses,  of  focal  lengths  4*^,  a,  and  4rt  respec- 
tively, are  placed  in  order  along  an  axis  so  that  the  distance  between 
consecutive  lenses  is  4«.  Prove  that  this  combination  simply  inverts  every 
small  object  on  the  axis  without  change  of  magnitude  or  position. 

(M.  T.  1905.) 

26.  Two  thin  convergent  lenses  A,  Cof  focal  lengths  F,  G  are  placed  at 
a  distance  F+G  apart.  A  third  thin  convergent  lens  B  of  focal  length/  is 
I)laced  between  them  so  that  AB  =  F,  BC=G,  and  the  three  lenses  are  coaxial. 
Shew  that  the  magnification  of  any  small  object  is  independent  of  the  position 
of  the  object  and  of  the  value  of/  and  that  the  image  is  inverted. 

Shew  also  that  the  image  of  any  object  point  on  the  axis  will  be  at  a 
constant  distance  from  the  object  if  F=  G  and  that  the  distance  will  vanish 
\fF=G  =  4f.  (M.  T.  i.  1914.) 

27.  Find  the  power  of  the  lens  equivalent  to  four  lenses  of  equal  power, 
arranged  at  equal  intervals  along  a  common  axis.  What  is  the  distance 
between  four  such  lenses  of  given  powers,  when  the  power  of  the  equivalent 
lens  is  a  maximum  or  a  minitnuni '!  (Coll.  Exam.  1906.) 

28.  Four  convex  lenses,  focal  lengths  a,  b,  b,  a  respectively,  are  placed  on 
the  same  axis.  Prove,  by  geometrical  construction  or  otherwise,  that  if  the 
distances  between  the  first  and  second,  and  third  and  fourth  lenses  be  each 
tc  +  b,  the  linear  magnitude  of  any  object  near  the  axis  is  equal  to  that  of  its 
image.  Prove  also  that  if  the  distance  between  the  second  and  third  lenses 
be  2b{a  +  b)l{a  —  b),  a  being  >  6,  the  positions  of  the  object  and  image  will 
coincide.  (Coll.  Exam.  1894.) 

29.  If  ff^  /3",  /3"'  are  the  magnitudes  of  the  images  after  refraction 
through  a  system  of  lenses  on  the  same  axis  foi-  an  object  at  distances 
p'l  P"i  p"  from  the  first  lens,  shew  that 

/3"  /3"'  ip"  -  p")  +  0'"  a'  ( p"  -  p)  +  (i'  ^"  (;/  -p")  =  0. 

(Coll.  Exam.  1895.) 

30.  2«  thin  convex  lenses,  whose  focal  lengths  are/,  f^ /2m,  are 

placed  on  an  axis  so  that  the  distance  between  any  adjacent  pair  is  the 
numerical  sum  of  their  focal  lengths.  Shew  that  the  linear  magnification  of 
any  small  object  placed  anywhere  on  the  axis  and  perj)endicularly  to  it  is 

^  - 1)« .  /'^f* /""   .  (Coll.  Exam.  1 895.) 

/1/3 hn-l 
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THICK  LENSES 

KEFRACTIOX  THROUGH  A  NUMBER  OF  MEDIA  SEPARATED 
BY  COAXIAL  SPHERICAL  SURFACES 

94.     Direct  incidence  on  a  solid  sphere  of  glass. 

Before  discussing  the  general  thick  lens,  we  shall  consider  the 
case  in  which  the  two  refracting  surfaces  are  portions  of  the  same 
sphere.  In  this  case  and  in  every 
case  in  which  the  spherical  surfaces 
are  concentric  it  is  convenient  to 
use  formulae  involving  distances 
from  the  centre  of  the  sphere.  Fig.  63. 

Let  0  be  the  centre  of  the  sphere  and  //.  the  refractive  index. 
If  PQ  is  a  small  object  represented  by  a  straight  line  at  right 
angles  to  the  diameter  OQ,  the  successive  images  P^Q^  formed  by 
refraction  at  the  surface  A  and  P'Q'  formed  by  refraction  at  the 
surface  B  must  be  such  that  OQQiQ'  and  OPPiP'  are  straight 
lines.  In  the  figure  the  images  are  all  placed  on  the  right  of 
0  irrespective  of  their  actual  positions,  in  order  that  it  may  not  be 
necessary  to  consider  the  question  of  their  signs  in  writing  down 
formulae.  Thus,  if  r  be  the  radius,  by  Art.  60(6)  the  distances  are 
connected  by 

^JL  1      _/i,—  l_yLfc—  1 

0Q~UQ~    OA   ~~  T~  ' 

,  Jl M    _  1  — /x  _)"--! 

OQ,      OQ' "   OB   ~     r     • 

Therefore  ~ —=  -(^^-'^)  (^,^ 

ineretore  ^^     ^^,  ^^.        (i;. 

We  get  the  first  principal  focus  F^  as  the  limiting  position  of 
Q  when  Q'  is  at  infinity ;  so  that 

OF.  =     ^ .  (2) 
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In  like  inannor  the  soeoiul  principal  focus  F.  is  the  limiting 
position  of  Q'  when  Q  is  at  infinity  ;  so  that 

"'^^^I^ <«^- 

,     .     ,  ..    ,.  P'Q     OQ' 

Ai^am  the  magnihcation  ni  =  ~p~j  =  jjr-. . 

For  the  unit  points  we  require  that  m  shall  be  unity  or 
OQ'  =  OQ,  and  from  (1)  this  is  only  possible  when  Q  and  Q' 
coincide  at  0.     Therefore  the  unit  points  coincide  at  0. 

If  we  give  /j.  its  approximate  value  I'o  for  glass,  we  find 
OFi  =  iir/'l  and  Oi^,  =  -3r/2.     The  foci  are  therefore  real  foci. 

Since  the  unit  points  //,  //'  coincide  with  0,  the  focal  length 
F^H  is  negative,  behig  -  firj'I  (^t  -  1). 

The  sphere  acts  as  a  convergent  refracting  system,  and  the 
equivalent  thin  lens  would  be  a  convergent  lens  of  numerical  focal 
length  fxrj'Iiix-l)  placed  in  the  position  of  the  centre  of  the 
sphere. 

95.  Example.  A  concave  mirror  is  made  of  glass  |  inch  thick  {fi  =  l-b), 
silcered  at  the  back,  atid  the  radices  of  curvature  of  the  silvered  surface  is  2  feet. 
Find  the  position  of  the  image  of  an  object  6  ins.  from  the  silvered  surface  and 
the  magnification  produced.  Shew  that  the  image  is  %  inch  nearer  the  object 
than  it  icoidd  be  if  the  glass  were  indefinitely  thin  and  the  silvered  surface  in 
the  same  position  as  before.  (M.  T.  1913.) 

If  0  is  the  centre  of  the  surfaces  and  (^  is  the  object,  and  OQ  meets  the 
surfaces  in  B  and  A,  then  with  our  usual 
convention  al)Out  signs,  0^  =  -  24  ins.  and 
0Q=  - 18  ins.  and  if  we  denote  the  thick- 
ness by  <,  Oi?= -(24-0  ins. 

If  ^j,  Q.^,  Q'  denote  the  images  formed  '^  pjg_  q^ 

by  refraction  into  the  glass,  reBection  at 
the  surface  A  and  refraction  out  again  at  the  surface  B,  we  have 


(Art.  60  (6)), 


OQ    OQ,     on 

—  +  -^  -  .^.  ,      (Art.  .01  (4)). 
OQx      OQi      6»J'      ^  ^  " 


For  the  rcfracti(jn  out  from  the  glass  into  air  with  the  light  now  proceeding 
from  left  t<j  right,  if  we  regard  the  path  as  reversed  in  direction,  <"/  and  Q-i, 
will  still  be  conjugate  points  and  we  may  take  it  that  light  travelling  from 
right  to  left,  proceeding  from  V'?  'i^er  refraction  into  glass,  has  a  geometrical 
focus  at  $2>  hence 
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By  adding  these  equations,  we  get 

j^         i,    _2(;.-l)  2     . 

Oq  "^  OQ         OB      ^  OA' 
or,  putting  in  the  values, 

rs  _j^ ]_    _j_ 

oq      12~-24  +  <      12' 
Therefore  (9<^'  =  -  1  -5  (24  -  0- 

Hence  if  t  =  ^,     (;r/= -35f  ins. 

and  if  C  =  0,      ^(^'^ -36  ins.  ; 

shewing  that  q  is  nearer  to  $  by  |  in.  in  the  former  case  than  in  the  latter. 

For  the  magnification  we  have,  since  the  successive  images  of  the  same 
point  must  lie  on  a  straight  line  through  0, 

Og^  351^95 
OQ       18      48' 

96.  Examples.  1.  A  magnifier  is  formed  of  a  glass  sphere  2-5  cm. 
in  diameter,  for  which  yi=r5. 

Find  the  positions  of  the  image  of  an  object  whose  distance  from  the 
surface  of  the  sphere  is  (1)  -5  cm.,  (2)  -625  cm.,  (3)  1  cm.  Also  find  the  linear 
magnification  in  each  case.  (Coll.  Exam.  1911.) 

2.  Prove  that  a  sphere  of  refractive  index  %  produces  virtual  images  of 
small  objects  whose  distances  from  its  surface  are  less  than  its  radius. 

(Coll.  Exam.  1904.) 

3.  Prove  that  if  a  pencil  proceeding  from  a  point  passes  directly  through 
a  sphere,  the  incident  and  emergent  parts  of  each  ray  near  the  axis  intersect 
on  the  same  plane  through  the  centre  of  the  sphere  at  right  angles  to  the 
axis.  (Coll.  Exam.  1903.) 

4.  An  object  is  seen  by  direct  vision  through  a  sphere  of  radius  ^  inch 
and  refractive  index  1'5.  If  the  eye  be  placed  at  a  distance  of  |  inch  from  the 
centre  of  the  sphere,  find  where  the  object  must  be  placed  in  order  that  the 
image  may  be  12  inches  from  the  eye.  (M.  T.  i.  1910.) 

5.  Prove  that  the  focal  length  of  a  spherical  lens  is  to  that  of  a 
hemispherical  lens  of  the  same  radius  as  half  the  index  of  refraction  is  to 
unity.  (St  John's  Coll.  1896.) 

6.  A  thick  glass  globe,  of  inner  and  outer  radii  9  and  12  inches  respectively, 
is  filled  with  water.  Find  the  position  and  magnitude  of  the  images  of  specks 
on  the  glass,  as  seen  from  the  opposite  side.  (For  glass  fx  =  3/2,  for  water 
/x  =  4/3.)  (Coll.  Exam.  1910.) 

7.  A  magnifier  is  formed  of  a  glass  sphere  2  cm.  in  diameter,  for  which 
fi=\'b.  How  far  from  the  surface  should  an  object  be  placed  so  as  to  obtain 
an  image  25  cm.  from  the  eye,  which  is  placed  close  up  to  the  sphere,  on  the 
opposite  side  from  the  object  ?    Find  also  the  linear  magnification. 

(St  John's  Coll.  1909.) 
6—2 


where 
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8.  A  small  bright  object  i.s  in  front  of  a  .sphere  of  glass  of  radius  a  and 
refractive  index  /i  behind  whioli  is  a  concentric  spherical  mirror  of  radius  h. 
Rjiys  from  the  object  are  refracted  through  the  sphere,  reflected  by  the 
mirror  and  refracted  through  the  sphere  again.  Shew  that  an  image  of  the 
same  size  and  in  the  same  position  would  be  formed  by  a  mirror  of  radius  It 

-  =  "(\ — I-  ,;   and  show  li()w  the  mirror  must   be  placed,   and 

which  side  mvist  be  silvered,  according  as  the  distance  of  the  object  from  the 
centre  of  the  sphere  is  greater  or  less  than  R,  and  according  as  li  is  positive 
or  negative.  (M.  T.  1903.) 

9.  A  sphere  of  radius  ?•  is  silvered  on  the  back  surface.  A  pencil  issuing 
from  an  origin  at  a  distance  p  from  its  centre  is  incident  directly  upon  it, 
and  after  one  refraction  and  (2?)-l)  internal  reflections  is  refracted  out  at 
the  face  by  which  it  entered.  If  (?2„-i  l>e  the  distance  of  the  focus  of  the 
emergent  pencil,  prove  that 

— ^  =  -  .  (St  John's  Coll.  1884.) 

10.  A  spherical  globe  of  glass  is  filled  with  water.  A  pencil  of  parallel 
rays  is  incident  upon  it.  Find  the  geometrical  focus  after  passing  through 
the  glass.  If  the  external  radius  is  R,  and  the  absolute  refractive  indices  of 
the  glass  and  water  are  /n  and  fx,  and  if  the  thickness  t  of  the  glass  is  small, 
shew  that  the  distance  of  the  geometrical  focus  fi-om  the  centre  of  the  globe 
is  approximately 

11.  A  hollow  sphere  of  glass  (index  |)  has  its  internal  radius  2  inches 
and  its  external  radius  3  inches,  and  is  filled  with  water  (index  §).  A  small 
piece  of  metal  rests  at  the  lowest  point  of  the  water,  and  is  viewed  by  an  eye 
situated  vertically  above  the  centre  of  the  sphere.  Shew  that  the  image  seen 
is  greater  than  the  object  in  the  ratio  18:11,  and  determine  its  position. 

(St  John's  Coll.  1906.) 

97.     A  thick  lens. 

The  most  general  case  of  a  lens  bounded  by  spherical  surfaces 
that  we  can  consider  is  that  in  which  there  are  three  different 
media  separated  by  two  spherical  surfaces,  corresponding  to  a  lens 
with  different  media  on  opposite  sides  of  it. 

Let  fio,  fjia,  H-ii  be  the  refractive  indices,  r,  s  the  radii  of  the 
spheres,  and  T  the  distance  between  the  surfaces  measured  along 
the  axis  or  line  of  centres,  i.e.  T  is  the  thickness  of  the  lens. 

Let  the  surfaces  cut  the  axis  in  0,  0'  and  let  Q,  Qi,  Q'  be 
a  point  on  the  axis  and  its  successive  images. 
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Let  OQ  =  U,  OQi  =  V,  and  O'Q'  =  V,  all  counted  as  positive 
when  drawn   to  meet  the   incident  light  , 

which  is  assumed  to  come  from  right  to  ""^  / 

left  in  accordance  with  our  usual  conven- 
tion.  The  radii  r  and  s  measured  from 
0  and  0'  are  positive  Avhen  the  surfaces  ^^' 

are  concave  to  the  incident  light. 

The  formulae  for  the  successive  refractions  are 

Ml  _  /^_  Ml  —  ^0  /-|N 

V,      U~      r       ^^^' 

and  ^'  -  -  ^'-     -  ^■'  ~  ^'  (2) 

If  we  put  U  = /jLqU,  Vi  =  fjbiV^,  V  =  finV  and  T=  ix^t,  then  u,  Vi,  v 
are  called  "  reduced  distances  "  and  t  is  the  reduced  thickness ;  and 
if  we  denote  the  powers  of  the  refracting  surfaces  by  k  and  k',  we 
may  write  the  last  equations 

'--'-^k  (3), 

and ^  =  '^-'  C4). 

As  in  Art.  79,  these  lead  to 

xi{tk+  l)  +  « 


u  {tkk'  +  k-\-k')->rtk'  +1' 
Cu  +  D 


•(5), 
•(6), 


Au+B 

where  A  =  tkk'  +  k  +  k',  B  =  tk'  +  1  ] 

C=tk  +  1,            D  =  t 
and  BC-AD=l (7). 

98.     Principal  Foci. 

The  first  principal  focus  F^  is  the  limiting  position  of  Q  when 
Q'  is  at  infinity.     Putting  v  =  oo ,  we  get  u  =  —  B/A,  and  therefore 

W=-/^o| (1). 

The  second  principal  focus  Fo  is  the  limiting  position  of  Q' 
when  Q  is  at  infinity.  Putting  u  =  x  ,  we  get  v=ClA,  and 
therefore 

0'F,  =  f,,^ (2). 
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If  Q,  Q'  are  any  pair  of  conjugate  foci, 

i-'.Q .  W  =  (OQ  -  OF,)  {O'Q'  -  O'F.;) 
7A  /        C\ 


or,  as  in  Art.  80, 

KQ.F.,Q'  =  -^p GO- 

Hence  conjugate  points  lie  on  opposite  sides  of  corresponding 
principal  foci,  and  if  one  is  moved  the  other  moves  in  the  same 
direction. 

99.     Linear  magnification  produced  by  a  thick  lens. 

Since,  by  Art.  62,  the  linear  magnification  produced  by  a  single 
refraction  at  a  spherical  surface  is  the  ratio  of  the  reduced  distances 
of  the  image  and  object  from  the  surface,  therefore 
1      u   v,  +t 
m  ~  V, '     V 
and,  as  in  Art.  81,  this  may  be  reduced  to 

^  =Au  +  B (1), 

m 

or  m  =  G-Av (2). 

The  unit  points  H,  If  of  the  lens  are  obtained  by  putting  m  =  1 

in  these  last  results.     Hence  we  have- 

OH  =  IX^V  =  /Jin        A        ^'^)' 

C  —  1 

and  0' H' =  fj,.^v  =  fji,  -— p- (4). 

From  (3)  and  (4)  combined  with  (1)  and  (2)  of  the  last  article 
we  get 

FJf  =  OH-OF,  =  ^,      ^ 

'  '  A 

and  F,H'=0'H'-0'F,  =  -''2-  ^^ 

The  lengths  F^H  and  IFF.,  arc  then^fore  in  the  ratio  fi^  ■  fJ^>,  and 
are  equal  only  when  the  modiuni  on  both  sides  of  the  lens  is  the 
same.  They  are  called  the  focal  lengths  of  the  lens  for  the  given 
media  and  may  be  denoted  by  /,,  /,.  E(|uation  (3)  of  the  last 
article  may  now  be  written 

F,Q.F,Q'=^F,H.FM'  =  -M. 
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100.  The  construction  for  the  image  of  a  small  object  on  the 
axis,  given  in  Art.  86,  will  clearly  hold  in  the  case  of  a  thick  lens, 
with  the  reservation  that  F^H,  H'F.  are  not  equal  unless  the 
media  on  opposite  sides  of  the  lens  are  the  same. 

The  argument  of  Art.  87,  that  incident  rays  diverging  from  or 
converging  to  a  point  on  the  first  focal  plane  emerge  as  a  parallel 
pencil  also  clearly  holds  good. 

101.  The  distance  between  the  unit  points. 

We  have  H' H  =  T+OH-  O'H' 

=  T  +  (2-B-C)IA. 
For  a  lens  in  air  this  becomes 

t(k  +  k') 


H'H=T- 


k  -{-  k'  -\-  tkk' 


s  -  r  -  t{/x—l)' 
and  if  the  thickness  T  or  fit  be  small  compared  to  s  —  r,  we  have 
approximately 

H'H=T-t 

Thus  for  a  thin  lens  of  refractive  index  1"5, 
H'H  =  ^y  approximately. 

102.     Different  forms  of  lenses. 

With  the  foregoing  notation,  we  have  for  the  focal  length  /  of 
a  lens  of  refractive  index  /x  in  air 

IX      rs       ' 
and  the  positions  of  the  cardinal  points  are  given  by 

0H= ''^ OF  =  -r[f^s-T{,.-l)} 

f,(s-r)-{f,-l)T'  """^^     (^_i)i^(s-r)-(/.-l)T} 
and 

ryff>  ^  sT  ^ s[^.r^T{^.-\)] 

f^(s-r)-(,M-l)T'  "^    '     (^_l){^(s-r)-(/x-l)rr 

Also  E'EJ^-^^^y-^l^. 


h^-<-\) 
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I.     Double-convex  lens. 

In  this  case  r  is  negative,  and  the  focal  length  is  positive  or 
negative  according  as 

r>or<      ^  As-r). 

In  the  former  case  OH  and  OF^  are  positive  and  0' H'  and 
O'F.  are  negative,  i.e.  the  cardinal  points  are  all  outside  the  lens 
and  the  foci  lie  between  the  unit  points.  This  is  however  a  very 
exceptional  case,  for  the  condition  implies  that  the  thickness  is 
about  or  more  than  throe  times  the  sum  of  the  radii. 


Fz    o 


Fig.  60. 


In  the  ordinary  case,  when  T  <  — ^^  {s  —r),  the  "unit  points  fall 

/i  —  1 

within  the  lens  and  the  foci  outside  as  in  Fig.  67,  though   the 

relative  positions  of  the  points  H,  H'  will  be  as  in  the  figure  or 

interchanged  according  as  5  —  r  is  >  or  <  T. 


Fig.  (-.7. 

II.     Double-concave  lens. 

In  this  case  s  is  negative,  and  the  focal  length  is  positive; 
H,  H'  fall  within  the  lens,  H'H  is  positive,  and  the  foci  are  as  in 
Fig.  68. 


Fig.  08. 


III.     Meniscus. 

A  meniscus  lens  has  one  side  concave  and  the  other  convex. 
Since  the  power  of  a  lens  is  not  altered  by  reversing  it,  it  will  be 
sufficient  to  consider  the  case  of  r  and  s  both  positive. 
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If  r  >  s,  the  focal  length  is  negative.  The  second  surface  is 
more  curved  than  the  first.  OH,  O'H'  and  O'F..  are  negative  and 
OF^  is  positive  unless  we  have  an  exceptional  case  in  which 
T> fj,s/(fjb—  I).     The  general  form  is  shewn  in  Fig.  69. 


Fig. 

If  r  <  s,  the  focal  length  is  positive  or  negative  according  as 
T<  or  >   ^  -  (s-r). 

fX-l 

In  the  former  case  OH,  O'H',  and  O'F^  are  positive  and  OF^  is 
negative.     The  general  form  is  shewn  in  Fig.  70. 


H'H  is  positive  or  negative  according  as  .s— r>or<  T,  and 
the  foci  Fi,  F^  are  generally  at  a  considerable  distance. 

In  the  latter  case  OH,  O'H'  are  negative,  but  this  is  not  a  case 
of  any  importance. 

IV.     Lens  tuith  a  plane  face. 

When  the  first  surfece  is  plane  r  =  co  and  O'H  is  zero,  so  that 

a  unit  point  is  on  the  curved  surface.     Also  H'H  = T  so  that 

H  also  falls  within  the  lens. 

103.     Nodal  points. 

There  is  a  fixed  pair  of  conjugate  points  on  the  axis  of  a  lens 
such  that  every  ray  incident  through  the  first  emerges  through 
the  second  parallel  to  its  original  direction.  These  are  called  the 
nodal  points  of  the  lens. 


90 
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The  nodal  points  may  bo  found  by  a  geometrical  construction 
as  follows  : 


Let  a  ray  parallel  to  the  axis  cut  the  first  focal  plane  in  E  and 
the  first  unit  plane  in  R.  The  emergent  ray  is  then  R'F»_,  where 
H'R'  =  HR.  Draw  an  incident  ray  ENS  parallel  to  R'F.,  and 
cutting  the  axis  in  N  and  the  first  unit  plane  in  S.  The  emergent 
ray  cuts  the  second  unit  plane  in  S'  where  H'S'  =  HS  and  is 
parallel  to  R'F^,  because  the  two  incident  rays  emanate  from  a 
point  E  on  the  first  focal  plane.  Therefore  S'E'  is  parallel  to 
ENS  and  if  it  cuts  the  axis  in  N',  N  and  N'  are  the  nodal  points. 
That  they  are  fixed  points  is  clear  from  the  figure,  for  the  triangles 
EFiN  and  R'H'F,,  are  identically  equal  so  that  F,N  =  H'F.^ ;  and 
if  N'S'E'  cuts  the  second  focal  plane  in  E',  F.,E'  =  R'S'  =  RS,  so 
that  the  triangles  E'F^N'  and  SRE  are  identically  equal,  whence 
yfQgetF^N'  =  HF,. 

If  the  media  on  both  sides  of  the  lens  are  the  same,  .«o  that 
the  focal  lengths  are  equal,  it  is  clear  that  the  nodal  points  N,  N' 
coincide  with  the  unit  points  H,  H'. 

104.  We  may  also  obtain  the  nodal  points  by  using  Helmholtz's 
formula  for  linear  magnification.  Thus  if  ^o,  ^i,  l>  denote  an  object 
and  its  successive  images  and  a^,  a^,  a^  the  angles  of  divergence  of 
a  ray  crossing  the  axis  at  the  positions  of  the  object  and  the 
successive  images,  we  have 

For  nodal  points  a.,  =  %,, 
therefore  iju^L  =  fiak. 

But  /2//o  =  linear  magnification  =  1/(^4 u  +  B)  =  C  —  Av  ; 
therefore  ^,  =  /j.n(Aii  -^  B),    and    /x., {C  —  Av)  =  /x,^. 


Hence        ON  =  fi:,v  = 
therefore 


but  OF, 


A 


F,N  =  f^  =  H'F, 
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Also 


O'lV  =  H.V  =  ^ 


^loG  —  iin 


but  OX  =  ^, 


therefore 


A. 


It  follows  that  NN'  =  HH' ;  and  for  a  thin  lens  the  nodal  and 
unit  points  coincide  with  the  intersection  of  the  lens  with  the  axis. 

105.     Optical  centre  of  a  lens. 


Fig.   72  (ii). 

Let  X,  X'  be  the  centres  of  the  spherical  surfaces  of  a  lens 
with  the  same  medium  on  both  sides  of  it,  and  draw  parallel  radii 
XR,  X'R'.  Let  RR'  cut  the  axis  in  C.  Since  the  tangent  planes 
at  R,  R'  are  parallel,  a  ray  whose  path  in  the  glass  is  RR'  will 
undergo  the  same  deflection  at  R  and  R',  hence  any  ray  whose 
path  in  the  glass  passes  through  the  point  C  has  its  incident  and 
emergent  parts  parallel.  Again  C  is  a  fixed  point,  because  by 
similar  triangles 


CX 
CX' 


CR^ 
CR' 


jyY^,  therefore  also  =  -y^. 


or  OC:0'C=r:s. 

C  is  called  the  optical  centre  of  the  lens. 

Also  if  N,  N'  are  the  points  conjugate  to  G  with  regard  to  the 
first  and  second  refi^acting  surfaces,  a  ray  incident  through  N  passes 
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through  C  after  the  first  refraction  and  on  emergence  passes  through 
y  parallel  to  its  original  direction.  Therefore  N,  N'  are  the  nodal 
points. 

Hence  for  a  lens  in  air  the  unit  points  (which  coincide  in  this 
case  with  the  nodal  points)  are  the  points  conjugate  to  the  optical 
centre  with  regard  to  the  two  refracting  surfaces. 

106.     Linear  magnification  due  to  a  thick  lens. 


Fig.  73. 

If  we  make  the  usual  construction  for  the  image  of  a  small  object 
PQ  by  means  of  the  principal  foci  and  unit  planes ;  and  also  draw 
a  ray  PNT  through  the  first  nodal  point  N  cutting  the  first  unit 
plane  in  T,  the  emergent  ray  N'T'P'  passes  through  the  second 
nodal  point  N'  and  cuts  the  second  unit  plane  at  T'  where 

H'T'  =  HT. 
Then  we  have 

P'Q'     SH     F,H  ^ 


also 
also 
also 


PQ     PQ     F,Q 
PQ'  _  t\Q'  . 


N'Q' 
NQ 


by  similar  triangles ; 


H'Q'  X  P'H'Q' 
HQxPHQ 


but  by  Helmholtz's  theorem  since  an  object  and  image  at  H  and 
H'  are  equal 

fjL,PHQ  =  fi,P'H'Q'. 


Therefore 


H'Q'lj^, 
HQIfi, 
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Fig.  74. 


107.  Example.  Find  the  positions  of  the  principal  planes  and  principal 
foci  of  a  hemispherical  lens  vjhose  refrobctive  index  is  3/2.  (M.  T.  1912.) 

As  explained  in  Art.  90  it  is  not  necessary  to  remember  all  the  formulae 
we  have  established  for  a  thick  lens  in  order  to  work  out  a  numerical 
example  of  this  kind. 

If  P§  is  a  small  object  in  front  of 
the  jilane  face,  an  equal  image  Pi^i  is 
formed  by  refraction  at  the  plane  face, 
and  OQi^^fiOQ. 

A  refraction  then  takes  place  at 
the  curved  surface  and  if  P'Q'  is  the 
final  image,  using  the  formula  (6)  of 
Art.  60 

J^ M_^  Ll^=  ^  ~^ 

OQi     0(/      00'  ~    -?•  ' 

if  r  is  the  radius  of  the  hemisphere.     Therefore 

fiO<^      Oi^         r    ' 
Jl  3     _  1 

"^  zoq    wq~^r   ■• 

When  ^'  is  at  infinity  Q  is  at  i^i,  therefore  0Fx  =  %r\  also  when  Q,  is  at 
infinity  q  is  at  F.,,  therefore  OF^-- 

^FQ'  ^pq_ 

PQ      PyQ,      OQ,     ^OQ- 
Hence  for  the  unit  planes,  since  m  =  l,  we  must  have 
OH'=iiOH  or   'iOH'  =  WB, 

but  from  (1)  WH-WU'  =  \r- 

Therefore  OH=-'ir  and   OH'=-r. 


.(1). 


3?-.     Again  the  linear  magnification  m 

OQ'    oq 


108.     Examples.     1.     Shew  that  the  focal  length  of  a  double  convex 
lens  (of  radii  r,  s  and  thickness  t)  is  equal  to  rsl{fi-l)c,  and  that  the 
distance  of  the  first  unit  point  from  the  first  face  is  rt/fj.c,  where 
c  =  r  +  s-{l-l/fi)t. 

Calculate  the  focal  lengths  and  draw  diagrams  to  indicate  the  relative 
positions  of  the  unit  and  focal  points  in  the  following  lenses : 

(1)  r  =  4,     s=     6,     ^  =  1,     n  =  l-5, 

(2)  r=4,     s=-6,     t  =  l,     /x=l-5. 

(St  John's  Coll.  1910.) 


2.  Calculate  the  positions  of  the  unit  points  and  principal  foci  of  a  thick 
double-convex  lens,  the  radii  of  whose  surfaces  are  4  cm.  and  3  cm.,  the 
thickness  of  the  lens  being  2-5  cm.,  and  the  refractive  index  1-5,  and  draw  a 
figiare  shewing  the  path  of  a  ray.  (Coll.  Exam.  1912.) 
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3.  Obtain  the  necessary  radii  for  the  surfaces  of  a  converging  lens  of 
thickness  1  in.  and  refractive  index  l-fi  in  order  that  the  focal  length  may  be 
6  ins.,  and  that  one  principal  focus  may  be  at  a  distance  of  5  ins.  from  the 
nearer  surface  of  the  lens.  (St  John's  Coll.  1908.) 

4.  A  i>encil  of  radiiis  y  is  incident  parallel  to  the  axis  on  a  thick  lens ; 
prove  that  with  the  ordinary  tiotiition  the  angle  of  divergence  of  the  emergent 

pencil  is  (/i- 1)  r  -  7  -   '^  ~  ,     [  y,  <ini1  that  the  coefficient  of  y  is  the  power 
of  the  lens.  '      *  '"^'  (Trinity  Coll.  1890.) 

5.  A  thick  convex  lens  bounded  by  spherical  surfaces,  each  of  radius  a, 
is  such  tliat  the  centres  of  the  surfaces  lie  outside  the  lens.  Prove  that,  if 
fi  =  d/{d-a),  then  the  distance  between  the  principal  points  of  the  lens  is 
d-4f,  where  d  is  the  distance  apart  of  the  centres  and  /  is  the  numerical 
focai  length  of  the  lens.  (Coll.  Exam.  1903  ) 

6.  If  one  face  of  a  lens  is  plane,  shew  that  one  principal  point  is  on  the 
curved  face,  and  find  the  other  principal  point. 

Find  the  magnification  of  a  small  object  close  to  the  plane  face  in  terms 
of  the  radius  of  the  curved  face  and  the  thickness  of  the  lens. 

(Coll.  Exam.  1913.) 

7.  The  thickness  t  of  a  convex  lens  is  small  compared  with  its  focal 
length,  the  numerical  value  of  which  is  0.  Shew  that  the  least  distance 
between  an  object  and  its  real  image  formed  by  the  lens  is  approximately 

4d)  +  '^~^  t.  (Coll.  Exam.  1902.) 

8.  Prove  that  when  the  distance  between  an  object  and  its  real  image 
formed  by  a  thick  convex  lens  is  a  minimum,  the  image  is  inverted  and  of 
the  same  size  as  the  object.  (Coll.  Exam.  1900.) 

9.  If  a  lens  be  double-concave  of  radius  r,  and  the  object  at  distance  ?• 
from  the  first  surface,  prove  that  the  error  in  m  the  magnifying  power  made 

by  taking  the  lens  as  thin  is  "'^  (^-  1 ).  (Coll.  Exam.  1888.) 

10.  Prove  that  if  k^  and  k.^  are  the  powers  of  the  two  surfaces  of  a  lens, 
and  t  its  thickness,  the  condition  that  the  two  foci  coincide  is 

K,Kof^  +  {fl-\)  (k,  +  Ko)t-  2,X  =  0, 

where  ^J.  is  the  index  of  refraction.  (Trinity  Coll.  1910.) 

11.  Two  hemispherical  lenses  whose  refractive  index  is  |  are  placed  on 
the  .same  axis  with  their  curved  surfaces  in  contact.  Prove  that  the  focal 
length  of  the  combination  is  equal  to  the  radius.  (M.  T.  i.  1912.) 

12.  Three  media  are  separated  by  two  spherical  interfaces  on  a  common 
axis.  Prove  geometrically  that  the  first  principal  focus  for  refraction  at  the 
first  interface  only  and  the  second  i)rincipal  focus  for  refraction  at  the  second 
interface  only  are  conjugate  points.  (Trinity  Coll.  1904.) 
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13.  Find  the  positions  of  the  principal  planes,  nodal  points,  and 
principal  foci  for  a  double-convex  glass  lens  of  thickness  t,  whose  faces  are 
portions  of  spheres  of  radius  p,  let  into  the  side  of  a  vessel  full  of  water  and 
used  for  viewing  objects  in  the  water.  (St  John's  Coll.  1904.) 

14.  Shew  that  for  a  sphere  of  glass  of  radius  a  and  index  y.,  with  media 
of  index  /zj  and  fi^  on  the  two  sides  of  it,  the  values  of  the  focal  lengths  are 

afi^Jifii  +  fi2-  2/ii/:i2, V)  and  afi->l{fii  +  fi-y  -  2/ii^.2  >)• 

(St  John's  Coll.  1897.) 

15.  A  point  of  light  is  distant  22  inches  from  a  screen.  A  lens  directly 
between  the  two  throws  an  image  on  the  screen  when  in  either  of  two 
positions  6  inches  apart.  If  the  light  is  moved  to  29  inches  from  the  screen, 
the  two  positions  of  the  lens  are  15  inches  apart.  Calculate  the  focal  length 
of  the  lens,  and  shew  that  its  focal  points  are  one  foot  apart. 

(Coll.  Exam.  1906.) 

109.  Experimental  determination  of  the  focal  length  of  a 
thin  lens. 

First  let  the  lens  be  convergent.  We  know  that  if  /  be  the  numerical  focal 
length  of  a  thin  lens,  and  an  object  be  placed  at  a  distance  2/  from  the  lens, 
a  real  inverted  image  of  the  same  magnitude  is  formed  at  a  distance  2f  from 
the  lens  on  the  opposite  side. 


X 


h 


Fig.  75. 

The  lens  L  is  mounted  on  a  stand  the  foot  of  which  can  slide  along  a 
horizontal  graduated  ruler.  B,  B'  are  two  similar  semi-discs  of  ivory  or 
ground  glass  with  millimetre  subdivisions  marked  upon  them.  Light  is 
thrown  upon  5  by  a  lens  A  and  another  lens  A'  is  adjusted  on  the  other  side 
oi  B'  so  that  the  divisions  on  B'  are  clearly  visible  to  an  eye  at  E.  The 
relative  positions  of  the  pieces  are  then  adjusted  until  the  inmge  of  B,  which 
presents  the  appearance  B",  is  found  filling  up  the  lower  half  of  the  circle  B', 
the  division  marks  on  B"  coinciding  with  the  productions  of  the  division 
marks  on  B'.  The  distance  BB'  is  then  4/,  or  to  a  closer  approximation 
4f+lt,  where  t  is  the  thickness  of  the  lens  (Art.  101). 

110.  A  second  and  somewhat  similar  method  is  ba.sed  on  the  fact  that 
the  minimum  distance  between  an  object  and  its  real  image  formed  by  a 
conv'ergent  lens  of  numerical  focal  length  f  is  4f. 
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To  prove  this,  if  ./•  be  the  distance  between  object  and  image,  in  the 
fornuila 

1  _  1__1 

7-    >r  f 

wo  liave  v=  —(.v-v)  ; 

1  1       1 

so  that  y-  -  =  z- 

.r  —  H      u      t 

or  !<■-'  -  iix -\-f.v  =  0, 

and  for  a  real  \alue  of  n  we  must  have 

.f2  ^  4f.v 

or  .r  <t  4/. 

111.  Secondly,  7chen  the  lens  is  divergent,  it  may  be  placed  in  contact 
with  a  thin  convergent  lens  of  such  power  that  the  combination  is  convergent. 
The  power  of  the  combination  can  be  determined  by  the  foregoing  methods, 
and  also  that  of  the  convergent  lens  and  then  that  of  the  divergent  lens 
follows  from  the  fact  that  the  power  of  the  combination  is  the  algebraical 
sum  of  the  powers  of  the  two  lenses. 

112.  To  determine  experimentally  the  positions  of  the 
cardinal  points  of  a  system  of  lenses. 

Assuming  the  system  to  be  a  convergent  one,  the  distances  from  the 
lenses  of  the  principal  foci  F^,  F.^  can  be  found  by  bringing  parallel  rays  from 
a  distant  source  of  light  to  a  focus  on  a  screen  and  measuring  the  distance  of 
the  screen  from  the  nearest  lens. 

To  find  the  unit  points  //,  H'  we  may  observe  that  if  the  initial  and  final 
media  are  the  same,  they  coincide  with  the  nodal  points  N,  iV.     If  a  pencil 


Fig.  76. 

of  parallel  rays  from  a  distant  source  of  light  be  brought  to  a  focus  at  a  point 
P  on  a  screen  in  the  second  focal  plane,  that  one  of  the  rays  that  is  incident 
through  the  first  nodal  point  A'  emerges  parallel  to  its  original  direction  in 
the  line  iV'P.  If  the  system  of  lenses  undergoes  a  small  rotation  about  the 
point  N',  one  of  the  incident  i)arallel  rays  will  pass  through  Ni,  the  new 
position  of  ..V,  and  will  emerge  in  the  same  line  N'P  as  the  former  ray. 
Hence  the  position  of  the  point  P  on  the  screen  will  not  be  altered  by  small 
rotations  of  the  system  about  the  point  JV'.  This  gives  a  practical  method  of 
finding  the  position  of  iV.  The  combination  is  mounted  on  a  "  nodal  slide," 
that  is  a  carriage  sliding  on  rails,  which  rails  can  turn  about  a  vertical  axis. 
By  adjusting  the  carriage  the  nodal  point  of  the  system  can  be  brought  into 
the  vertical  axis  of  rotation.  Whenever  it  is  found  that  a  small  rotation  does 
not  alter  the  position  on  the  screen  of  the  image  of  a  distant  object,  then  N' 
is  on  the  axis  of  rotation. 
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113.    Another  method*. 


1^3^ 


Fig.  77. 

This  method  determines  the  focal  length  from  the  formula  for  the 
distances  of  conjugate  points  from  the  principal  foci,  viz.  F\Q.F2Q'=  -f'^. 

A  microscope  M  of  lojig  focal  length  is  used  for  observing  the  positions  of 
images.  It  must  have  a  well-defined  plane  of  observation  B  in  which  the 
images  that  are  viewed  by  it  are  located. 

Two  small  marks  arc  made  on  the  outer  surfaces  0,  0'  of  the  extreme 
lenses  of  the  system.  Let  S,  S'  stand  for  the  images  of  these  marks  0,  0' 
when  viewed  through  the  lenses.  The  system  is  mounted  on  a  graduated 
slide  and  arranged  so  that  light  from  a  distant  object  is  brought  to  a  focus  at 
B.  We  know  then  that  the  second  principal  focus  Fo  is  at  B.  The  system  is 
then  moved  up  towards  the  microscope  so  that  the  mark  (X  becomes  visible, 
i.e.  O  is  at  B.  The  difference  of  the  readings  gives  the  distance  FJ)'. 
The  system  is  moved  nearer  so  that  the  mark  0  is  visible  through  the 
microscope,  i.e.  S  is  at  B.  The  difference  of  the  last  two  readings  gives  the 
distance  O'S.  By  reversing  the  combination  the  distances  FiO  and  OS'  can 
be  determined  in  like  manner.  Then  we  obtain  two  determinations  of  the 
focal  length  from 

_/2  =  F, 0 .  FoS  =  F^S' .  FM', 

and  having  found  the  principal  foci  and  the  focal  length,  the  positions  of  the 
unit  points  are  determined. 

114.  Any  number  of  media  separated  by  coaxial 
spherical    surfaces. 

Lot  Mo>  /"■!,  •••  l^a  be  the  refractive  indices,  1\,  r^,  ...  Vn  the 
radii  of  the  successive  surfaces,  and  T^,  To,  ...  Tn-i  the  distances 
between  them.  Let  U,  V^  denote  the  distances  from  the  first 
surface  of  a  point  on  the  axis  and  its  image  formed  by  refraction 
at  the  first  surface,  and  let  Fg,  F3, ...  Vn-i,  F denote  the  distances 
of  the  succeeding  images  from  the  corresponding  surfaces,  with  the 
usual  convention  about  signs. 

Then  we  have 

fJ-i       H'o      H-i  -  /"o 


F,      U-      r, 

F      V,  +  T, 

fj^ 

/^n                 Mn-i 

/^n-i 

F     F,_,  +  r, 

r, 

A.  Coinu,  Journal  de  Physique,  t.  vi.  p.  276.    1877. 
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or  it' A'l,  A-.j,  ...  A-„  (lenoto  the  powers  of  the  surfaces  and  U=fioU, 
r^  =  fi^i\,  ...V=  fi,iV,  r,  =/Lii^,  T..  =  fiM,  ...  Tn-i-=  ^in-itn-i,  thsse 
equations  take  the  forui 


1       1 


^•i, 


1 1_ 

v»      v,  +  t 


=  L 


—  fttl 


V        Vn-i  +  tn-i 

As  in  Art.  92,  this  leads  to  a  result 
_Cu  +  D 
^~  Au+B' 
where  C/A  and  D/B  denote  the  last  but  one  and  last  but  two 
convergents  to  the  continued  fraction 

_  J 1 ^1      ^  _1 1_  1 

^  ~  bn  +  tn-l  +  h-1  +  tn-2  +  ■  .  ■  +  ti  +  k\  +  U  ' 

and  BC-AD  =  1. 

115.     Linear  magnification. 

As  in  Art.  93  it  may  be  shewn  that  the  linear  magnification  m 

C-Av. 


Au+B 

116.  As  the  relations  obtained  in  the  last  two  articles  are 
of  exactly  the  same  form  as  those  obtained  for  three  media  separated 
by  two  spherical  surfaces,  it  is  not  necessary  to  cany  this  investi- 
gation further.  All  the  results  and  formulae  deduced  for  that 
case  are  true  in  the  general  case  when  there  are  any  number  of 
media. 

117.  Combination  of  two  instruments  or  sets  of  lenses 
on  the  same  axis. 


Fig.  78. 


Let  the  instruments  be  represented  by  their  cardinal  points 
F„  F.„  H,  H'  QXiAfuU  ft,  k'.     Let  i^,/be  their  focal  lengths  and 
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c  the  distance  f^F..     Let  X^,  X^,  and  Y,  Y'  denote  the  principal 
foci  and  unit  points  of  the  combination. 

Rays  which  emerge  parallel  to  the  axis  must  be  directed 
through /i  before  they  pass  through  the  second  instrument,  therefore 
the  first  principal  focus  Xj  of  the  combination  must  be  the  con- 
jugate of/i  with  regard  to  the  first  instrument. 

Hence  F,X,.F,f\  =  - F'   or  F,X,  =  F^/c. 

Similarly  the  second  principal  focus  Xo  of  the  combination  is 
the  conjugate  of  Fo  with  regard  to  the  second  instrument,  so  that 
f,X,.f,F,=  -f   or  f,X,  =  -flc. 

Again  let  Q  denote  an  object  to  the  right  of  F^  of  which  the 
first  instrument  forms  an  image  Qi  between  /j  and  F^,  and  the 
second  instrument  forms  an  image  Q'  to  the  left  of  fo.  The  total 
linear  magnification  M 

F,R'-m: 

and  Q,  Q'  will  coincide  with  the  unit  points  Y,  Y'  of  the  combination, 
provided  Jf  =  1,  that  is,  if 

Q^F.J.Q.^    c 
F        f       F+f 

Therefore         F,Y  =  -  F'/F,  Q,  =  F(F  +f)!c, 
and  /.  Y  =  -f/f,  Q,  =  -f(F  +f)/c. 

Again,  the  focal  length  of  the  combination 
=  X,Y=F,Y-F,X,  =  Ffic. 

Thus  the  cardinal  points  of  the  combination  are  completely 
determined. 

EXAMPLES. 
1.  The  surfaces  of  a  concavo-convex  piece  of  glass  of  thickness  J  of  an 
inch  and  index  of  refraction  equal  to  f  are  of  equal  radius  6  inches,  and  a 
concave  mirror  is  formed  by  silvering  the  convex  surface.  Prove  that  the 
silvered  glass  mirror  is  optically  equivalent  to  a  simple  concave  mirror  of 
radius  approximately  equal  to  5797  inches,  placed  with  its  centre  of  curvature 
at  a  distance  from  that  of  the  front  surface  of  the  glass  approximately  equal 
to  0-367  inches. 

A  source  of  light  being  placed  on  the  axis  at  a  distance  8  inches  in  front 
of  the  front  surface,  mark  on  a  figure  di-awn  to  scale  the  images  formed 
(i)  by  refraction  at  the  front  surface,  (ii)  by  such  refraction  followed  by 
reflection  at  the  silvered  surface,  (iii)  by  the  complete  silvered  glass  mirror. 

(M.  T.  ii.  1912.) 
7—2 


100  EXAMPLES  [CH. 

■2.  A  thin  double-coiivox  glass  lens,  whose  surfaces  are  portions  of  spheres 
of  6  inches  radius,  is  held  in  the  surface  of  water  so  that  the  lower  face  is 
submerged.  Find  the  position  and  the  size  of  the  image  of  the  sun  formed 
bv  the  lens,  iissuming  that  the  sun  is  vertically  above  the  lens,  and  that  its 
diameter  subtends  at  the  ejxrth  an  angle  whose  circular  measure  is  0-009. 
[Take  the  index  of  glass  to  be  •^,  and  that  of  water  to  be  ^.] 

(St  John's  Coll.  1907.) 

3.  A  glass  sphere  of  radius  r  and  refractive  index  /a  is  half  immersed  in 
fluid  of  refractive  index  fx',  and  a  small  object  at  a  depth  z  vertically  below 
the  centre  is  observed  by  an  eye  vertically  above  the  centre.     Prove  that,  if 

Z^         fl^'j-l) 

r      2,.' -M  (/  +  !)' 
the  image  will  coincide  with  the  object.  (M.  T.  1909.) 

4.  A  sphere  of  glass  {fi  =  §)  of  diameter  2  inches  is  bisected  by  a  horizontal 
plane  and  the  upper  hemisphere  is  raised  a  distance  J  inch  above  the  lower ; 
prove  that  the  two  hemispheres  placed  thus  will  form  a  virtual  and  enlarged 
image  of  any  small  object  which  is  vertically  below  the  lowest  point  of  the 
lower  hemisphere  and  less  than  f  inch  from  it.  (M.  T.  1896.) 

5.  Two  hemispheres  of  radius  /•  are  placed  with  their  curved  surfaces 
towards  one  another  on  the  same  axis,  the  shortest  distance  between  the 
curved  surfaces  being  t,  and  the  refractive  indices  n,  n' ;  shew  that  the  linear 
magnification  of  a  small  object  on  the  axis  will  be  independent  of  its  distance 

i)i"ovided 

{^x-l){^l'-l)t  =  {|Ji  +  |Ji'-2)r.         (Coll.  Exam.  1898.) 

6.  A  glass  sphere  of  index  /x  is  cut  in  half  and  the  two  hemispheres  are 
•separated,  the  line  joining  their  centres  being  perpendicular  to  their  plane 
faces,  which  oppose  each  other.  Prove  that  if  u,  v  be  the  distances  of  two 
conjugate  foci  from  the  first  and  second  curved  surfaces  respectively,  then  the 
corresponding  magnification  is  (c  -  o)l{c  -  «),  the  radius  of  the  sphere  being 
(^-1)  c.     Find  also  the  magnification  when  u  =  c.  (St  John's  Coll.  1896.) 

7.  Two  equal  glass  hemispheres,  of  radius  r  and  refractive  index  ■^,  are 
placed  so  that  the  vertex  of  the  first  touches  the  centre  of  the  plane  base  of 
the  second,  and  the  arrangement  is  symmetrical  about  the  line  joining  the 
centres.  A  small  object  is  placed  on  this  line  at  a  distance  /•  beyond  the 
second  hemisphere.  Prove  that  a  real  inverted  image  is  formed  by  refraction 
through  the  system,  and  that  its  size  is  six  times  that  of  the  object.  Find 
also  the  position  of  the  image.  (M.  T.  1905.) 

8.  If  the  radius  of  a  sphere  is  one  inch  and  a  luminous  point  is  8  inches 
from  the  centre  of  the  sphere,  prove  that  the  position  of  the  geometrical  focus 
will  be  unaltered  if  the  sphere  be  cut  in  two  by  a  diametral  plane  perpen- 
dicular to  the  axis  of  the  pencil,  and  the  remoter  half  be  moved  back  a 
distance  b^^  inches ;  the  refractive  index  of  the  material  of  which  the  sphere 
con.si8ts  is  §.  (Coll.  Exam.  1902.) 
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9.  If  a  system  consists  of  two  thin  divergent  lenses,  each  in  contact  with 
a  sphere  whose  radius  a  is  equal  to  the  focal  length  of  either  lens,  prove  that 
the  equivalent  lens  is  a  divergent  lens  of  focal  length  -rj^ — S  P^^-ced  at  a 

distance  a/2  from  the  centre  of  the  sphere,  on  the  side  of  the  incident  light  : 
/x  being  the  refractive  index  of  the  sphere.  (M.  T.  1904.) 

10.  Shew  that  the  formula  ki  +  k2  +  «ki(C2  will  hold  fcr  the  equivalent  lens 
of  two  thick  lenses,  if  a  denote  the  distance  from  the  second  plane  of  unit 
magnification  of  the  first  lens  to  the  first  plane  of  unit  magnification  of  the 
second  lens,  K[  and  ko  being  the  powers  of  the  lenses.  (Trinity  Coll.  1891.) 

11.  If  there  are  two  thick  lenses  on  the  same  axis  whose  focal  lengths 
are  <^^  (p\  and  k  be  the  distance  between  the  second  principal  point  of  the 
first  and  the  first  principal  point  of  the  second,  shew  that  the  distances  of  the 
focal  points  of  the  combination  from  the  first  principal  point  of  the  first  and 
the  second  principal  point  of  the  second  are  in  the  ratio 

14-^:1  +  ^.  (Coll.  Exam.  1891.) 

12.  An  optical  system  consists  of  two  equal  hemispherical  len.ses  whose 
curved  surfaces  are  in  contact  and  plane  faces  parallel,  the  refractive  index 
and  radius  of  the  curved  surface  of  each  hemisphere  being  fi  and  a.  Shew 
that,  for  a  pencil  refracted  directly  through  the  .system,  the  magnification  m 
is  given  by  the  equation 

l/m  =  1  —  2Ka/n  -  2kw, 

where  K  —  (fi-  l)/a,  and  u  is  the  distance  of  the  object  from  the  nearest  plane 
face.  (Coll.  Exam.  1912.; 

13.  Two  equal  glass  spheres  of  refractive  index  n  are  in  contact  and  a 
ray  nearly  parallel  to  the  common  diameter  is  directed  towards  the  point  of 
contact  of  the  spheres.     Prove  that  the  ratio  of  the  inclinations  of  the  ray  to 


(-D- 


the  common  diameter  after  and  before  refraction  is  1  -  8  i 

(Coll.  Exam.  1901.) 

14.  Two  thin  convex  lenses  of  refractive  index  |  and  equal  power  l/2a 
are  placed  on  the  same  axis  at  a  distance  2a  apart.  A  sphere  of  the  same 
material  and  of  radius  a  is  placed  between  the  lenses  so  that  its  centre  lies  on 
the  axis  of  the  lenses.  Shew  that  the  minimum  distance  between  a  real 
object  and  a  real  image  of  it  is  4a.  (Coll.  Exam.  1906.) 

15.  A  plano-convex  glass  lens  of  index  /x  and  thickness  ;;,  having  a 
spherical  surface  of  radius  r,  is  held  so  that  its  plane  face  is  downwards  and 
is  just  in  the  surface  of  a  vessel  of  water  of  index  /.  Find  the  principal 
focal  lengths  of  the  instrument  so  formed,  and  the  positions  of  the  planes  of 
unit  magnification.  Shew  that,  if  the  sun  be  in  the  zenith  and  have  an 
angular  diameter  of  8  radians,  the  linear  diameter  of  its  image  formed  in  the 
water  is  rS/(/x- 1).  (M.  T.  ii.  1912.) 


102  EXAMPLES  [(VH.  VII 

U).  Prove  that  when  ;v  mirror  (^plane  or  curved)  is  placed  behind  a 
s\-uunetrical  instrument,  the  reflected  image  of  an  object  placed  in  front  of 
the  instrument  is  exactly  the  same  as  that  produced  by  a  single  mirror,  and 
determine  tlie  positions  of  the  centre  and  vertex  of  this  equivalent  mirror. 

(St  John's  Coll.  1911.) 

17.  A  mirror  has  its  front  face  flat,  and  its  silvered  back  is  part  of  a 
sphere  of  radius  /•;  the  thiimest  part  of  the  glass  is  in  the  centre  and  its 
refractive  index  is  ^.  Shew  that  the  radius  of  the  equivalent  mirror  is  ?•//*> 
and  find  its  vertex.  (St  John's  Coll.  1911.) 

18.  Prove  that  the  focal  lenL^'tli  /"  of  a,  thick  convex  lens  may  be 
determined  thus.  Taking  a  fixed  point  of  light  and  a  fixed  screen,  measure 
the  distance  c  between  the  two  positions  of  the  lens  in  which  it  gives  an 
image  of  the  light  focused  cm  the  screen.  I\Iove  the  screen  an  additional 
distance  k  from  the  light,  and  performing  a  similar  operation,  measure  the 
corresponding  distance  c'.     Then  /  will  equal 

{ -s{s-  h)  {s  —  c){s  —  c')}^/h, 
where  2s  =  k  +  c  +  c'.  (Coll.  Exam.  1891.) 

19.  If  n  equal  s^jheres  of  radius  a  and  refractive  index  sec- ^  are  placed 
in  contact  with  their  centres  on  the  same  straight  line,  shew  that  the  points 
of  unit  magnification  are  at  distance  a  (1  —  tann^cot  ^)  from  the  centres  of 
the  end  .spheres.  (:\I.  T.  1903.) 

20.  Light  is  refracted  through  a  series  of  n  concentric  .spherical  shells  of 
glass  of  refractive  index  /j..  If  the  radii  of  all  the  surfaces  form  a  harmonic 
progression,  R,  r  being  the  greatest  and  least,  prove  that  the  equivalent  lens 
of  the  system  is  /  where 

.h'^^G-;,)-        (Co...E...„.>B.e.) 

21.  Explain  what  is  meant  l)y  the  single  refracting  surface  equivalent  to 
a  .system  of  refracting  surfaces  disposed  along  a  common  axis  of  symmetry. 
Find  the  radius  of  curvature  of  the  equivalent  surface  for  media  /lij,  /L12,  /x.3,  /a4 
sejiarated  by  surfaces  of  radii  /'i,  r.,,  r-j,  at  distances  <j,  t^  apart,  the 
concavities  being  all  towards  the  medium  /X4.  What  takes  the  place  of  the 
equivalent  surface  if  ^i  =  fn]  (St  John's  Coll.  1903.) 

22.  Given  two  optical  sy.stems  on  an  axis  and  the  positions  of  the  pairs 
of  conjugate  points  for  which  the  linear  magnification  is  + 1  and  - 1 
respectively  for  each  system  separately,  construct  geometrically  the  positions 
of  the  corresponding  pairs  of  conjugate  points  for  the  combination  of  the  two 
sy.stems.  (Coll.  Exam.  1904.) 

23.  Two  .symmetrical  optical  instruments  are  placed  so  as  to  be  coaxial. 
An  incident  ray  parallel  to  the  common  axis  cuts  the  first  focal  and  first  unit 
planes  of  one  of  the  instruments  in  two  points.  Cive  a  geometric  construction 
for  the  images  of  these  jjoints  formed  by  the  combination,  having  given  the 
foci  and  unit  planes  of  each  instrument.  Hence  .shew  how  to  construct  the 
foci  and  unit  planes  of  the  combination.  (M.  T.  ii.  1913.) 


CHAPTER  VIII 

DISPERSION  AND   ACHEOMATISM 

118.  It  can  be  shewn  by  experiment  that  ordinary  sunlight 
is  composite  and  consists  of  the  superposition  or  blending  of  lights 
of  a  variety  of  colours  and  different  refrangibilities. 

We  shall  describe  a  few  of  the  historic  experiments  on  this 
subject  as  performed  by  Newton.  For  a  fuller  account  of  his 
investigations  the  reader  is  referred  to  his  own  writings*. 

119.  First  Experiment. 


Fig.  79. 


A  beam  of  sunlight  enters  a  darkened  room  through  a  small 
opening  i^  in  a  shutter  EFG  and  produces  a  bright  circular  spot 
Y  on  the  opposite  wall.  If  a  prism  ABC  is  inserted  in  the  beam 
with  its  edge  horizontal  downwards  and  parallel  to  the  wall, 
a  vertical  elongated  strip  VR  composed  of  horizontal  bands  of 
colour  of  the  same  width  as  the  spot  Y  is  formed  on  the  wall. 
The  colours  are  violet,  indigo,  blue,  green,  yellow,  orange,  red  in 
the  order  named,  the  violet  being  highest.  This  band  of  colour  is 
called  a  spectrum. 

*  Loc.  cit.  p.  2. 
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120.     Second  Experiment. 

This  experiment  is  ti)  prove  what  the  former  suggested, 
namely,  that  the  coloured  constituents  of  sunlight  are  of  different 
refi-angibilities.     A  second  prism  DH  is  interposed  in  the  beam, 


Fi^'.  80. 
with  its  axis  vertical.  The  vertical  strip  VR  is  displaced  and 
becomes  an  oblique  strip  VR'.  If  the  different  coloured  lights 
possessed  the  same  property  as  white  sunlight  the  violet  strip  V 
ought  to  be  dra^^^l  out  by  the  second  prism  into  an  elongated 
horizontal  strip  V'V"  and  similarly  the  red  strip  R  into  RR", 
and  the  intermediate  coloured  strips  in  the  same  way,  but  this 
does  not  happen,  and  the  formation  of  the  oblique  strip  VR' 
shews  that  the  coloured  lights  are  of  different  refrangibility,  the 
refrangibility  increasing  continuously  from  the  red  to  the  violet. 

121.     Third  Experiment. 

The  same  property  is  demonstrated  again  by  the  following 
experiment. 

Two  boards  BE,  de  with  holes  G,  g  are  placed  in  the  beam  of 
light  after  it  passes  through  the  prism  ABC,  so  that  the  central 
part  of  the  beam  passes  through  holes  at  G  and  g  in  the  boards. 
The  light  that  gets  through  these  apertures  then  traverses  a 
prism  ahc  and  produces  a  bright  spot  at  M  on  the  screen  MN. 


Fig.  81. 


By  keeping  the  boards   and    the   prisin   ahc  fixed   the  angle    of 
incidence  on  the  prism  ahc  is  fixed,  but  it  is  found  that  when  the 
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prism  ABC  is  rotated  the  spot  at  M  changes  position,  and  shews 
that  the  rays  which  are  most  refracted  by  the  first  prism  are  also 
most  refracted  by  the  second. 

122.     Fourth  Experiment. 

Another  experiment  in  verification  of  the  same  phenomenon 
is  based  on  the  property  of  total  reflection.  The  critical  angle 
sin~^  (1//^)  is  different  for  rays  of  different  reft-angibility  and  the 
violet  constituent  will  be  totally  reflected  at  an  angle  of  incidence 
in  glass  for  which  the  red  constituent  will  emerge. 


Fig.  82. 
Thus  if  a  beam  incident  from  S  on  the  face  ^C  of  an  isosceles 
prism  A  BC  emerges  from  the  base  BC  a  spectrum  VR'  is  formed. 
If  the  prism  is  slowly  rotated  so  as  to  increase  the  angle  of 
incidence  at  BC,  it  is  found  that  a  point  is  reached  at  which  the 
violet  rays  disappear  fi'om  the  spectrum,  being  reflected  internally 
and  emerging  in  direction  S'.  As  the  prism  is  rotated  further  in 
the  same  direction  the  other  colours  in  turn  disappear  from  the 
spectrum  VR',  and  as  the  rays  emergent  from  AB  make  the  same 
angle  as  the  rays  incident  on  AC  the  successive  colours  wall  be 
superposed  and  produce  white  light  in  direction  S'.  If  however 
another  prism  abc  be  inserted  in  the  beam  the  colours  are 
separated  and  as  ABC  is  rotated  the  different  colours  will  appear 
in  succession  forming  a  spectrum  V"R". 

123.  The  spectrum  described  in  the  foregoing  experiments  is 
not  a  pure  spectrum  as  it  consists  of  overlapping  images  of  the 
sun's  disc.  In  order  to  separate  the  colours  an  achromatic  lens  L 
may  be  placed  in  front  of  the  prism  (see  Fig.  83).  This  forms  an 
image  /  of  the  hole  or  slit  F  through  which  the  beam  of  light  is 
admitted,  and  if  the  prism  ABC  is  placed  so  that  the  mean  ray 
passes  through  it  with  minimum  deviation  a  series  of  distinct 
coloured  images  V ...  R  of  /  is  formed. 
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F»n-   more   precise   means  of  obtaining  a  pure  spectrum   the 
reador  is  referred  to  text-books  on  Physics  or  the  Spectroscope. 


Fig.  83. 

124.  When  a  pure  solar  spectrum  is  obtained  it  is  found  to  be  traversed 
by  certain  dark  lines.  The  explanation  of  the  dark  lines  is  found  in  the  facts 
that  there  are  three  kinds  of  spectra,  viz.  (1)  solar  and  stellar  spectra,  which 
are  continuous  save  for  the  interruption  of  definite  dark  lines ;  (2)  spectra 
due  to  incandescent  solids  and  liquids,  which  are  continuous ;  (3)  spectra  due 
to  incandescent  gases  which  consist  of  a  few  bright  lines  only. 

125.  It  is  found  that  some  substances  emit  certain  rays  to  the  exclusion 
of  others  and  that  every  such  substance  absorbs  the  same  kind  of  rays  as  it 
emits.  Thus  if  a  bright  source  of  light  be  giving  a  continuous  spectrum,  and 
an  incandescent  gas  be  interposed  between  the  source  of  light  and  the  point 
of  observation,  if  the  gas  be  not  so  bright  as  the  source  it  will  absorb  brighter 
rays  than  it  emits  and  the  result  will  be  some  dark  lines  in  the  otherwise 
continuous  spectrum.  If  the  bright  source  of  light  be  removed  and  the 
spectrum  due  to  the  incandescent  gas  alone  be  examined  it  will  be  found  to 
consist  of  just  those  lines  which  were  formerly  dark.  We  conclude  that  the 
sun's  light  arises  from  an  inner  nucleus  which  would  give  a  continuous 
spectrum  but  that  this  nucleus  is  surrounded  by  gases  which  absorb  certain 
rays  and  so  produce  the  dark  lines  in  the  spectrum.  Spectrum  analysis  is 
now  of  the  utmost  importance  in  the  .study  of  the  composition  of  the 
heavenly  bodies. 

126.     Dispersive  pov^er. 

When  a  ray  of  white  light  i.s  split  up  ov  dispersed  by  a  prism 
the  difference  of  the  deviations  of  two  colours  is  called  the  dispersion 
of  those  colours. 

To  measure  the  dispersive  power  of  a  substance  let  B  be 
the  deviation  produced  in  some  standard  ray  selected  out  of  the 
brightest  part  of  the  spectrum  produced  by  a  prism  of  small 
refracting  angle  i,  and  let  /u.  be  the  coefficient  of  refraction  of  that 
ray. 

Then  we  have  D  =  ifx-l)i.     (Art.  42.) 
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Now  if  Dj,  A  denote  the  deviations  of  coloured  rays  whose 
indices  of  refraction  are  /ij,  fio,  we  have 

D,={iJi,-\)i,   and   D,=  {fi,-l)i. 

Hence  ^^ —  = 1   > 

i>  A''  ~  ^ 

and  this  expression  is  called  the  dispersive  poiuer  of  the  substance 

for  the  two  selected  coloured  rays,  and  is  denoted  by  -cj. 

It  is  to  be  noted  that  the  value  of  ot  does  not  depend  on  the 

form  of  the  prism  but  that  it  does  depend  on  the  three  rays  with 

regard  to  which  comparison  is  being  made.     The  difference  /x^  —  /x.. 

may  be  denoted  by  S/j,,  where  8  denotes  the  increment  obtained  by 

changing  fi  from  fi^  to  /Xj,  and  then  -ar  —  8/A/(/t  —  1). 

127.     Irrationality  of  dispersion. 

This  means  that  the  ratios  of  the  dispersive  powers  of  two 
different  media  for  two  pairs  of  coloured  rays  are  not  equal. 

For  example  if  /a,  m  +  Bfj,  are  the  refractive  indices  for  two  rays 
A  and  B,  and  v,v  +  8v  are  the  refractive  indices  for  two  rays  C  and 
D,  in  crown  glass,  and  f/,  fi  +  8/j,',  v  ,  v  +  hv  denote  the  same 
quantities  for  flint  glass,  the  ratio  of  the  dispersive  powers  for 
crown  glass  is 


and  for  flint  glass  it  is 


8/Lt  hv 

/ti  —  1    '  V  —  \ 


fi  —  1     I*  —  1 

and  these  two  ratios  are  not  equal. 

This  property  of  irrationality  of  dispersion  was  overlooked  by 
Newton*  who  concluded  that  it  was  impossible  to  correct  dispersion 
without  destroying  deviation  of  the  rays  at  the  same  time,  and  he 
therefore  designed  and  made  a  reflecting  telescope  as  he  was 
convinced  that  "  the  improvement  of  Telescopes  of  given  lengths 
by  Refractions  is  desperate." 

128.     Achromatism. 

When    an    object    is    viewed  through   an   optical   instrument, 

owing  to  the  different  refrangibilities  of  lights  of  different  colour 

the  various  coloured  images  that  are  formed  are  generally  not  of 

the  same  size  and   not  in  the  same  position,  so  that  the  image 

*  Optics,  Prop.  VII. 
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appears  witli  a  tVini;t'  of  ooldtir.  This  defect  of  the  image  is  called 
chromatic  aberration,  a  C(nnl)inatioii  of  lenses  or  prisms  free 
from  this  defect  is  said  to  bo  achromatic. 

129.  Achromatic  combination  of  prisms. 

Let  there  bo  a  imnd)or  of  prisms  of  small  angles  i",  i',t"...  placed 
with  their  edges  parallel.  Let  their  refractive  indices  for  a  standard 
ray  bo  fi,  fx,  fi"  ... ,  and  for  a  ray  of  another  colour  //,  +  hjx,  fi  +  S/u.', 

/i'  +  hfjL,"   .... 

The  total  deviation  produced  in  the  standard  ray  is 
i)  =  (/A-l)i+(/x'-  l)r  +  (/i"-  l)i"  +  ... 
and  the  dispersion  of  the  two  rays  is 

hi)  =  i8fi  +  i' hfji  +  i" hfji"  -\-  .... 
The  condition  that  there  should  be  no  dispersion  is  therefore 

i  8fi  +  i'  Zfi  +  i"  Sfx"  4-  . . .  =  0. 
If  the  prisms  are  all  of  the  same  kind  of  glass,  we  have 

fM=  fl'  =fJ,"=... 

and  D  =  (fji-l)(i  +  i'  +  i"  +  ...). 

Also  the  condition  for  no  dispersion  is 

8/ji(i  +  {'  +  i"  -\-  ...)=0, 

/t-1 
Therefore  D  =  0,  that  is,  there  is  no  deviation.     Hence  with 
prisms  of  the  same  kind  of  glass  it  is  impossible  to  deflect  a  ray 
without  producing  dispersion. 

130.  By  suitable  choice  of  the  angles  of  two  prisms  of  different 
materials  it  is  always  possible  to  combine  two  rays  of  different 
colour.  For  the  condition  for  no  dispersion,  as  far  as  the  two 
selected  rays  are  concerned,  is 

i8fj.  +  tS/x'  =  0 (1). 

But  it  is  not  possible  with  the  same  two  prisms  to  combine  a 
third  ray  of  a  different  colour.  For  if  the  refractive  indices  for 
this  ray  in  the  two  prisms  be 

fi  +  d/ji    and    fju'  +  dfi', 
the  condition  that  there  shall  be  no  separation  between  this  ray 

and  the  first  is 

id/x  +  i'dfi'  =  0 (2), 
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and,  if  (1)  and  (2)  hold  simultaneously,  we  have 

/z—  lyu.'— 1       /w.  —  1    yu-'— 1' 
which  is  impossible  because  of  irrationality  of  dispersion.     Hence 
with  two  prisms  only  two  coloured  rays  can  be  combined.     With 
three  prisms  three  colours  can  be  combined  and  so  on. 

131.     Dispersion  produced  by  a  prism  of  finite  angle. 

With   the   usual   notation  fi  denotes  the  refractive  index   of 
a  standard  ray  and  the  angles  <f),  (/>',  ^fr,  yjr' 
in  this  figure  relate  to  this  ray.     Let 
^  +  8(f),  (f)'  +  8(})',  -^  +  3\/r,  yjr'  +  S-»|r'  de- 
note corresponding  angles  for  a  ray  of  / 

refractive  index  iU  +  Sii.  ^.     ^, 

Fig.  84. 

We  have 

sin  (/)  =  /A  sin  0',     sinyfr  =  /j,  sin  yjr' 
and  4)'  +  yfr'  =  i. 

Hence  cos  </)S<^  =  8/x  sin  0'  -\-  fx  cos  (^'  i^' , 

cos  y^h-^  =  hjJ,  sin  yfr'  +  fji  cos  yjr'  S-yjr', 
and  6</)'  +  S^jr'  =  0. 

Therefore 

cos  </)  cos  ^fr'8(j}  +  cos  (f)'  COS  -v/rS\|r  =  sin  {(j)'  +  -v/r')  8/Li 

=  sin  i .  dfM, 
giving   the    relation    between    the    dispersions    at    incidence    and 
emergence. 

If  the  rays  are  combined  at  incidence  Scf)  =  0 
sin  i  8fi 


and  8-^  = 


cos  (f)'  cos  yjr 


132.     Achromatism  of  lenses. 

An  image  formed  by  a  lens  is  affected  by  dispersion  in  two 
ways — (1)  the  different  coloured  images  are  distributed  at  different 
distances  along  the  axis;  (2)  their  magnitudes  are  different.  It 
is  not  always  possible  to  correct  both  defects  even  as  regards  the 
combination  of  two  colours.  When  only  one  defect  is  corrected  the 
achromatism  is  said  to  be  partial.  When  each  point  and  its  image 
lie  on  a  straight  line  passing  through  a  fixed  point  as  for  example 
the  centre  of  a  thin  lens,  then  if  all  the  coloured  images  are  brought 
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into  one  plane  they  will  all  have  the  same  size  and  the  correction 
of  tlu'  tirst  fault  will  also  correct  the  second. 

133.  Effect  of  dispersion  on  Focal  Length. 

Tho  loeal  length  t)f  a  lens  is  ditierent  for  ditierent  colours.  If 
fhe  the  focal  length  of  a  thin  lens  for  a  standard  ray  of  refractive 
index  /j,  and  r,  s  are  the  radii  of  the  stn-faces,  we  have 

--     ^(7)-K!--l)%-^ir-7^ 

or  if  k  denote  the  power  of  the  lens 
Bk  =  ^k. 

134.  Achromatism  of  two  thin  lenses. 

First  when  the  lenses  are  in  contact,  the  correction  for  size  of 
image  will  also  ensure  that  the  images  are  formed  in  the  same 
position  and  vice  versa. 

If  k,  k'  are  the  powers  of  the  lenses  and  ot,  ot'  the  dispersive 
powers  of  the  two  kinds  of  glass  for  the  colours  which  it  is  proposed 
to  combine,  we  get  from  equations  (1)  and  (2)  of  Art.  79, 

11,7' 

=  k->rk. 

V       u 

The  condition  for  achromatism  is  that  v  should  be  the  same  for 
the  two  colours,  hence  we  must  have 

8ik  +  k')=0 

or  ^k  +  zr'k'  =  0  (1). 

We  observe  that  this  condition  is  independent  of  the  position 
of  the  object,  and  that  if  the  power  A  of  the  combination  is  given 
the  required  powers  of  the  two  lenses  that  will  combine  the  two 
colours  are  given  by 

k  +  //  =  A 

-sjk  +  ■sr'k'  =  0. 
Also,  that  if  the  lenses  are  of  the  same  kind  of  glass  so  that 
-st'  —  -ST  the  condition  for  achromatism  becomes 

k  +  k'  =  0, 
shewing  that  it  is  impossible  to  make  an  achromatic  combination 
of  two  lenses  in  contact  possessed  of  any  power  if  the  lenses  are 
not  of  different  kinds  of  glass. 
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135.  Object-glasses. 

The  condition  (1)  shews  that  of  the  two  lenses  one  must  be 
convergent  and  the  other  divergent.  For  an  object-glass  we 
requu'e  convergence,  and,  as  flint-glass  produces  nearly  twice  as 
much  dispersion  as  crown-glass,  a  suitable  combination  consists  of 
a  convergent  lens  of  crown-glass  and  a  less  powerful  divergent  lens 
of  flint-glass.  The  latter  corrects  the  dispersion  produced  by  the 
former  but  leaves  the  combination  as  a  whole  convergent. 

136.  Secondly,  when  the  lenses  are  separated  by  a  distance  a. 
We  shall  see  that  it  is  impossible  in  this  case  to  effect  the 
corrections  for  both  size  and  position  of  image.  We  shall  find  the 
condition  for  achromatism  as  regards  the  magnitude  of  two  coloured 
images.  By  Helmholtz's  formula  it  will  follow  that  the  two 
selected  coloured  components  of  a  ray  proceeding  from  the  object 
emerge  parallel  to  one  another. 

If  m  be  the  linear  magnification,  we  have,  from  Art.  81  (5) 

—  =  u  {akk'  +  k  +  k')  +  ak'  ^  1 . 


Hence 


8  (  —  j  =u  \akk'  (ct  -f  tjt')  -\-  tJTk  +  -ct'//}  +  a-sr'k', 


so  that  the  condition  for  the  equal  magnitude  of  the  two  coloured 
images  is 

u  {akk'  (tsj-  +  ct')  +  -srk  +  r^'k']  +  am'k'  =0 (1). 

We  observe  that  this  condition  depends  on  the  position  of  the 
object,  and  can  only  be  independent  of  u  if 

aw'A-'  =  0 ; 
that  is,  if  a  =  0,  when  the  condition  reduces  to  that  of  Art.  134 ; 
or,  if  ar'  =  0  and  this  is  not  possible,  for  there  is  no  substance  which 
will  produce  deviation  without  dispersion. 

It  is  always  possible  to  choose  a,  k,  k'  so  as  to  satisfy  {V)  for  a 
prescribed  value  of  u,  but  this  is  a,  particular  rather  than  a,  general 
achromatism,  and  it  is  partial  in  that  it  only  secures  equality  of 
size  of  two  images  and  not  coincident  positions. 

In  order  to  secure  this  latter  condition  as  well,  we  must  have 
hv  =  (i  as  well  as  5  (  — )  =  0,  and  in  the  notation  of  Arts.  79 — 81 

—  = ^ so  that  we  must  have  hi\  =  0  and  this  would  mean 

that  the  first  lens  was  achromatic  of  itself,  which  cannot  be. 
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137.     Eye-pieces. 

For  an  ryr-picro  consisting  of  two  thin  lenses  made  of  the  same 
kind  of  ghiss,  condition  (1)  of  the  last  article  reduces  to 

(/  {k  +  k'  -f  lakk')  +  ah'  =0 (1). 

This  condition  is  independent  of  w  and  therefore  when  it  is 
satisfied  all  the  coloured  images  are  of  the  same  size.  It  depends 
however  on  the  value  of  u,  that  is,  on  the  position  of  the  object. 
In  a  telescope  in  iioinial  adjustnient  the  object-glass  forms  an 
image  in  the  common  focal  plane  of  the  object-glass  and  eye-piece 
(Art.  177).  But  the  eye-piece  has  different  focal  planes  for  different 
colours,  so  that,  though  the  object-glass  may  be  achromatic,  rays 
of  the  same  colour  will  not  emerge  from  the  eye-piece  as  parallel 
rays  unless  the  image  formed  by  the  object-glass  is  in  the  focal 
plane  of  the  eye-piece  for  that  particular  colour. 

If  we  make  the  above  condition  hold  for  rays  parallel  to  the 
axis,  i.e.  for  zt  =  x  ,  it  reduces  to 

/.■  +  //  +  ^lakk'  =  0, 

or  «  =  -i(/+/)  (2). 

This  rule,  that  the  distance  between  the  lenses  is  the  arithmetic 
mean  of  their  focal  lengths,  is  satisfied  by  Huyghens'  eye-jjiece 
(see  Art.  189). 

If  we  want  the  eye-piece  to  be  achromatic  for  a  ray  through 
the  centre  of  the  object-glass,  the  condition  (1)  becomes 

/.■  +  //  +  2akk'  +  -  k'  =  0, 
u 

where  u  is  now  the  distance  between  eye-piece  and  object-glass. 
In  most  telescopes  the  fraction  a/ a  is  small  and  the  condition 
reduces  to  (2)  as  before. 

138.     General  system  of  lenses. 

The  position  and  magnitude  of  the  image  depend  on  the 
positions  of  the  principal  foci  and  the  focal  length.  Hence  for 
achromatism  the  positions  of  the  principal  foci  and  the  power  of 
the  .system  ought  to  be  independent  of  colour.  These  depend  on 
the  constants  in  the  formula 

_  Cu  +  B 
^~  Av  +  B' 
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where  BC—  AD  ^  1,  so  that  there  are  only  three  independent 
constants.  Hence  three  quantities,  say  A,  B,  C,  are  to  be  inde- 
pendent of  colour.  We  must  therefore  have  three  variables  at  our 
disposal,  so,  if  the  powers  of  the  lenses  are  given,  we  must  have  at 
least  four  lenses,  and  adjust  their  distances  so  as  to  satisfy  the 
requisite  conditions.  The  calculations  however  prove  to  be  too 
complex  for  practical  use. 

If  a^,  a  are  the  inclinations  to  the  axis  of  an  incident  and 
emergent  ray,  and  u,  be  the  distance  from  the  first  lens  at  which 
the  incident  ray  crosses  the  axis,  we  have  by  Helmholtz's 
Theorem 

^  1  .  7> 

-  =  —  =  Au+B. 
©0      m 

Therefore  Sa  =  «« ( <i  S.4  +  BB). 

In  order  that  the  emergent  coloured  rays  shall  be  parallel  we 
require  Ba.  to  be  zero,  hence  we  must  have 
u8A  +8B  =  0. 

As  this  depends  on  the  position  of  the  object  it  is  usual  to 
make  8^  =  0  the  first  condition  to  be  satisfied,  or  in  words,  that 
the  poiver  shall  he  independent  of  colour.  Then  we  have  Za  =  a^BB, 
as  the  amount  of  the  remaining  dispersion,  and  owing  to  the 
smallness  of  «„  this  term  may  be  small  enough  to  neglect,  but  if 
not  we  must  endeavour  to  satisfy  BB  =  0  also. 

If  further  we  require  the  coloured  images  to  be  in  the  same 
position  as  well  as  of  the  same  size  we  must  also  satisfy  SG  =  0. 

EXAMPLES. 

1.  A  prism  of  60''  angle  is  constructed  of  glass  of  which  the  index  is  1-5 
for  a  red  ray  and  1  -56  for  a  violet  ray.  Find  the  angular  separation  produced 
by  it  on  these  rays,  when  a  narrow  parallel  beam  of  white  light  is  incident  at 
minimum  deviation.  At  what  distance  from  the  prism  would  the  spectrum 
produced  l)e  12  inches  long  from  red  to  violet  I  (St  John's  ColL  1903.) 

2.  A  beam  of  light  is  incident  on  a  glass  prism  of  angle  60°,  making  an 
angle  of  75°  with  the  normal  to  the  first  surface.  Calculate  the  deviation 
produced  in  the  colours  of  the  beam  for  which  /i  =  l-54  and  in  those  for  which 
/i=r56;  and  verify  that  the  angle  between  the  corresponding  emergent  rays 
is  about  r  30'.  (St  John's  Coll.  1909.) 

3.  An  equilateral  prism  is  held  close  to  a  small  hole  in  the  shutter  of  a 
dark  room  with  its  edges  perpendicidar  to  the  sun's  rays.  Describe  the 
appearance  of  the  patch  of  light  seen  on  a  white  screen  held  perpendicularly 

R.  o.  8 
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ti)  the  refracted  mean  ray  at  a  di^^tance  of  IT)  feet  fnmi  the  prism,  and 
ivilculatc  its  approximate  dimensions  when  the  ray  passes  through  the  prism 
with  minimum  deviation.  Take  the  indices  of  refraction  for  the  violet  and 
i-ed  rays  to  Ih)  r533  and  lol.'i,  and  the  sun's  angular  diameter  to  be  32'. 

A  patch  of  light  is  foraied  on  the  ceiling  of  a  room  by  light  from  the  sun 
which  liixs  lieen  internally  reflected  at  the  horizontal  base  of  an  equilateral 
prism.     Determine  the  position  and  describe  the  colouring  of  the  patch. 

(M.  T.  ii.  1913.) 

4.  Two  rays  of  different  colours  are  incident  at  the  same  point  in  the 
.s;ime  direction  on  a  plane  face  of  a  prism  of  angle  i ;  one  passes  through  with 
minimum  deviation  D,  and  the  other  with  a  slightly  greater  deviation  D  +  d; 
prove  that  after  emergence  they  cut  a  screen  at  right  angles  to  the  first  ray 
at  points  whose  distance  apart  is  approximately  equal  to 

(  r  +a  tan-     cot  cos  — —  j  d, 

where  r  is  the  length  of  the  path  of  the  first  between  tlie  i)vi,sm  and  the 
screen,  and  a  is  the  distance  of  the  point  of  incidence  from  the  edge. 

(St  John's  Coll.  1897.) 

5.  A  beam  of  light  enters  a  wide-angled  prism,  whose  cross  section  is  a 
triangle  ABC,  by  the  face  AB,  is  reflected  at  the  base,  and  emerges  at  the 
other  face  AC;  shew  that,  in  case  AB  in  greater  than  AC,  and  A  D  is  inflected 
on  the  base  so  as  to  be  equal  to  AC,  the  dispersion  of  colours  in  the  emergent 
l>eam  is  the  same  as  if  it  had  been  merely  refracted  through  the  prism  DAB 
of  smaller  angle.  (St  John's  Coll.  1900.) 

G.  Two  lenses  of  the  same  kind  of  glass,  one  convex  the  other  concave, 
and  each  of  3  inches  focal  length,  are  placed  8  inches  apart,  and  a  small  white 
object  is  placed  12  inches  beyond  the  convex  lens.  Shew  that  the  positions 
of  the  various  coloured  images  are  the  same.  (St  John's  Coll.  1905.) 

7.  An  objective  lens  consists  of  a  convergent  lens  (a)  and  a  divergent 
lens  (/3)  having  a  common  surface  of  radius  60  cms.  The  radius  of  the  other 
surface  of  (a)  is  56  cms.  and  the  other  surface  of  O)  is  plane.  The  mean 
refractive  indices  of  the  two  kinds  of  glass  are  (a)  1-5760  and  (/3)  1-6202  and 
the  dispersive  power.s,  measured  by  the  ratio  of  the  difference  of  the  indices 
for  two  different  rays  to  the  mean  index  minus  unity,  are  (a)  -015  and 
O)  "027.  Determine  whether  the  combination  is  over-  or  imder-corrected, 
and  shew  that  the  difference  of  focal  lengths  for  these  two  standard  rays  is 
approximately  2  mm.  (M.  T.  ii.  1910.) 

8.  A  divergent  and  a  convergent  lens  of  the  same  material  and  of  mean 
focal  lengths  /  and  —4/  are  placed  on  the  same  axis  at  a  distance  a.  Prove 
that  a  small  object  at  a  distance  afj{f-a)  outside  the  former  lens  has  an 
image  whose  position  is  the  same  for  rays  of  different  colours. 

(Coll.  Exam.  1906.) 
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9.  A  thill  convex  lens  of  focal  length  a  is  placed  midwaj*  between  two 
thin  concave  lenses  each  of  focal  length  ^a,  which  are  at  distance  2a  apart. 
All  three  lenses  are  of  the  same  material.  Shew  that  a  jiencil  of  rays,  which 
is  converging  towards  the  centre  of  the  middle  lens,  will  after  passing  through 
the  system  diverge  from  this  point  achromatically,  squares  and  cubes  of  the 
dispersive  power  of  the  material  being  neglected.  (M.  T.  1896.) 

10.  A  plano-concave  lens  and  a  plano-convex  lens  having  their  curved 
aurfeces  of  the  same  radius  r  are  placed  in  contact  on  the  same  axis  with 
their  plane  faces  outwards.  Shew  that  if  /xi,  fi-i  be  the  indices  of  refraction 
of  the  two  lenses  the  positions  of  the  focal  points  of  the  combination  will  be 
the  same  for  two  colours  if 

.8(i)=a(M=.<-'     ), 

where  a,  h  are  the  respective  thicknesses  of  the  lenses  measured  along  their 
axis.  (Coll.  Excxm.  1908.) 

11.  The  dispersive  power  of  the  substance  of  a  lens  for  two  given  colours 
is  C7,  and  its  focal  length  for  one  of  the  colours  is  /.  A  pencil  of  light 
consisting  of  the  two  colours  is  emitted  from  a  point  on  the  axis,  and  after 
refraction  its  focus  for  one  of  the  colours  is  at  distance  v  from  the  lens. 
Prove  that  the  smallest  ring  through  which  the  refracted  pencil  of  both 
colours  will  pass  is  of  radius  izjt/v/f,  where  y  is  the  radius  of  aperture  of  the 
lens.  (Trinity  Coll.  1904.) 

12.  Two  lenses  of  focal  lengths  /,,  f^  are  made  of  the  same  kind  of  glass 
and  an  object  placed  at  a  distance  u  from  /i  is  viewed  by  an  eye  placed  at  a 
distance  x-  from  /2 ;  shew  that  the  different  coloured  images  will  have  the 
same  angular  diameter  if 

{.v{-2a+fi+f2)  +  af.2'iU  +  axfi  =  0.       (Coll.  E.xam.  1896.) 

I'.i.  A  system,  composed  of  two  thin  lenses  of  the  same  glass  and  of 
powers  Ki  and  k-^  at  a  finite  distance  apart,  satisfies  the  conditions  of 
achromatism  of  an  eye-piece  for  parallel  rays.  An  object  is  placed  at  a 
distance  v  behind  the  second  lens,  shew  that  the  coloured  images  of  this 
object  will  appear  of  the  same  apparent  size  to  an  eye  situated  at  a  distance 
-  vk2,'ki  in  front  of  the  first  lens.  (M.  T.  1906.) 

14.  Two  thin  lenses  of  the  same  material,  and  whose  numerical  focal 
lengths  are  /  and  /'  (/'>/),  are  placed  on  an  axis  at  a  distance  apart  equal 
to  the  difference  of  their  focal  lengths,  the  former  being  concave  and  the  latter 
convex.  Shew  that  if  an  object  is  placed  at  a  distance  v  behind/'  its  coloured 
images  will  all  appear  of  the  same  angular  size  to  an  eye  jilaced  at  a  distance 
/»/(/'  -  v)  in  front  of  the  lens/.  (Coll.  Exam.  1904.) 

15.  Shew  that  if  a  convex  lens  be  placed  between  the  two  convergent 
lenses  (focal  length/,  distance  apart  §/)  of  a  Ramsden's  eye-piece  so  that  the 
distance  between  them  is  divided  in  the  ratio  X  :  1,  the  system  will  be 
achromatic  for  parallel  rays  if  the  focal  length  of  the  lens  Ije 

/(x- 1)2/2  (x+l)^ 

the  material  of  all  the  lenses  being  the  same.  (Coll.  Exam.  1905.) 

8—2 
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U).  Two  liotnisphorcs  of  glass,  of  index  fx  and  radius  /•,  arc  placed  with 
tlieir  |>lanc  siirfaee.s  opposed  at  a  distance  d.  Shew  that  the  combination  is 
achromatic  for  rays  parallel  to  its  axis  provided  d  =  rl{fj:-{fi-l)}. 

(St  John's  Coll.  1905.) 

17.  A  .sphere  of  glass  of  radius  /•  and  mean  refractive  index  jj.  has  the 
central  part,  lying  between  two  parallel  planes,  removed,  leaving  two  plano- 
convex lenses.  Prove  that  for  any  value  of  ft  not  less  than  {i  the  planes  may 
be  so  chosen  that  the  lens  combination  is  achromatic  for  rays  parallel  to  its 
axis,  and  that  the  power  <tf  the  combination  is  then 

-A{,i-\)lr{2fi+l).  (M.  T.  1909.) 

18.  A  refracting  sphere  of  radius  r  and  index  fi  is  cut  into  two  hemi- 
spheres which  are  placed  with  their  convex  surfaces  towards  each  other. 
Shew  that  the  combination  is  achromatic  for  rays  parallel  to  the  axis  if  the 
distance  between  the  convex  surfjices  is 

/•/V-1).  (Coll.  Exam.) 

19.  A  gla.ss  globe  of  external  radius  R  and  thickness  t  is  filled  with 
liquid.  Shew  that  the  whole  will  be  achromatic  for  a  direct  pencil  of  parallel 
rays  if  the  dispersive  powers  of  the  glass  and  liquid  are  in  the  ratio 

fX-  {^JL' -  \)  It    to    n'-^(fjL-])(, 
where  fi  and  /  are  the  refractive  indices  of  the  glass  and  the  liquid. 

(Coll.  ?:xani.  1907.) 

20.  If  two  spheres  whose  radii  are  r  and  r',  and  refractive  indices  /*  and 
fi',  have  dispersive  powers  -ui  and  ot',  and  if  a  be  the  distance  between  their 
centres,  shew  that  tlie  condition  of  achromatism  for  a  pencil  of  ])arallel  rays  is 

(Coll.  Exam.  1893.) 

21.  Prove  that  on  the  axis  of  an  eye-piece  formed  of  any  number  of 
lenses  of  the  same  material,  there  are  in  general  two  points  (not  necessarily 
real)  whose  conjugate  points  are  the  same  for  light  of  all  colours. 

(Trinity  Coll.  1904.) 


CHAPTER    IX 

ILLUMINATION 

139.  Intensity  of  Emission. 

Light  is  a  form  of  energy  :  if  we  imagine  a  source  at  a  point  to 
be  radiating  energy  in  the  form  of  light  waves  in  all  directions 
uniformly  around  it,  the  quantity  of  light  within  any  cone  whose 
vertex  is  at  the  point  where  the  source  is  situated  is  clearly 
proportional  to  the  solid  angle  of  the  cone*.  If  dQ  be  the 
quantity  of  light  emitted  from  any  source  within  a  cone  of  small 
solid  angle  d(o,  then  dQ'dw  is  the  intensity  of  emission  in  the 
direction  of  the  axis  of  the  cone. 

The  quantity  of  light  emitted  in  a  given  direction  from  an 
element  of  a  uniformly  bright  surface  is  proportional  to  the  area  of 
the  surface  and  to  the  intensity  of  emission  in  the  given  direction. 

140.  It  is  an  experimental  fact  that  a  bright  sui'face  appears 
equally  bright  from  whatever  angle  it  is  viewed,  thus  the  moon's 
disc  appears  to  be  flat,  and  if  a  mass  of  glowing  metal  be  viewed 
in  a  dark  room,  only  the  contour  and  not  the  shape  of  the  mass 
will  be  discernible.  From  this  fact  it  follows  that  the  intensity  of 
emission  in  any  given  direction  from  an  elentent  of  a  bright  surface 
is  2)roportional  to  the  cosine  of  the  angle  hetiveen  the  given  direction 
and  the  normal  to  the  surface. 

Imagine  a  tube  KA  whose  diameter  is  equal  to  the  pupil  of 
the  eye  directed  obliquely  towards  a  bright 
surface  and  let  the  tube  cut  the  surface 
in  the  element  AB.  An  eye  at  E  will 
receive  as  much  light  from  AB  vis  from 
an  equally  bright  surface  A'B  viewed 
directly,  where  A'B  is  the  cross  section 
of  the  tube  at  B.  And  in  each  case  the  g^ 
quantity  of  light  is  proportional   to   the  ^'8-  ^^■ 

*  I.e.  the  area  intercepted  on  a  sphere  of  unit  radius  with  its  centre  at  the  vertex 
of  the  cone. 
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arwi  of  the  cleiiR'Hi  and  tho  iiitciisity  of  omission,  hence 


intensity  of  emission  in  (ihli(|ne  direction  BE  _  A'B 


;'os  0, 


where  S  is  the  angle  between  the  direction  BE  and   the  normal 
BX  to  the  bright  surface. 

141.     Intrinsic  Brightness. 

The  intensity  of  emission  in  the  normal  direction  at  a  point  of 
a  bright  surface  is  called  the  intrinsic  bright- 
ness of  the  surface  at  the  point. 

If  jM  be  the  intrinsic  brightness  of  a  uniformly 
bright  small  element  of  area  A,  ijlA  is  the  total 
emission  in  the  normal  direction,  and  ^A  cos  6  in 
a  direction  making  an  angle;  6  with  the  normal. 

Hence  the  quantity  of  light  within  a  cone  of 
small  solid  angle  dw  in  this  direction  is 

IJiA  cos  6(1(1), 
or  in  polar  coordinates 

^A  cos  ^sin  $(Wd(b. 

Therefore  the  total  quantity  of  light  emitted  in  all  directions 
on  one  side  of  the  element  is 


Fig.  86. 
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e  ci)s  e  (W  (1(f)  =  7rfx  A. 


142. 


Illumination. 

If  (IQ  be  the  (quantity  of  light  from  a  given  source  that  falls 
on  an  element  of  area  dA  then  dQ/dA  is  the  intensity  of 
illumination. 

The  strengths  of  different  sources  of  light  can  be  compared  by 
observing  their  illuminating  effects. 

Thus   if  we    consider   sources    ol'   light    to    be    bright   points 
emitting  light  uniformly  in  all  directions  the 
quantity  of  light  emitted  within  a  small  cone 
of  solid  angle  dco  and  vertex  at  the  source  is 
kd(o,  where  k  is  a  constant. 

Hence  the  intensity  of  illumination  of  an 
element  of  area  dA  which  subtends  a  solid 
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angle  dw  at  the  source  is  kdw/dA.  But  dw  =  dA  cos  d/?-'^  where  6 
is  the  inclination  of  the  direction  of  the  source  to  the  normal  to 
dA  and  r  is  the  distance. 

Hence  the  intensity  of  illumination  =  — ., —  ,  k  being  a  con- 
stant which  measures  the  brightness  of  the  source  of  light. 

143.  The  eye  is  well  able  to  detect  any  slight  difference  in 
the  brightness  of  two  portions  of  a  surface  illuminated  by  mono- 
chromatic light,  though  it  cannot  compare  intensities  of  brightness. 
Since  intensity  of  illumination  varies  directly  as  the  brightness  of 
the  source  and  inversely  as  the  square  of  the  distance,  it  is  easy  to 
effect  a  comparison  of  two  sources  by  adjusting  them  until  they 
produce  equal  intensities  of  illumination. 

An  instrument  for  this  purpose  is  callcMJ  a  photometer.  One 
of  the  simplest  is  Bunsen's  which  consists  of  a  paper  screen  with  a 
grease  spot  on  it. 

If  the  paper  is  illuminated  from  behind,  the  spot  appears 
brighter  than  the  rest  of  the  paper  because  it  is  more  translucent. 
If  illuminated  from  in  front  it  appears  darker  as  it  reflects  less  of 
the  light.  If  equally  illuminated  on  both  sides,  the  spot  and  the 
rest  of  the  paper  appear  to  be  of  the  same  brightness. 

Hence  if  two  sources  of  light  are  placed  on  opposite  sides  of 
the  screen  and  so  adjusted  that  when  the  light  falls  directly  on 
the  spot  from  opposite  sides  it  appears  of  the  same  brightness 
as  the  rest  of  the  paper,  then  the  brightnesses  of  the  sources  vary 
as  the  squares  of  the  distances  from  the  spot,  or 
k/r'  =  k'lr\ 

144.  The  unit  in  terms  of  which  illuminating  power  is 
measured  should  be  a  standard  source  of  some  permanent  nature 
which  will  not  vary  when  set  up  at  different  times  or  by  different 
observers.  Such  permanence  is  difficult  if  not  impossible  to 
attain.  The  British  standard  is  the  candle-po^ver  which  is 
the  illuminating  power  of  a  standard  sperm  candle ;  but  this 
standard  candle  is  of  very  variable  illuminating  power,  the  varia- 
tion amounting  sometimes  to  as  much  as  20  per  cent.  A  more 
reliable  standard  is  the  Hefner-Alteneck  in  which  the  illuminant 
is  the  flame  of  a  lamp  in  which  amyl  acetate  is  burnt. 
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145  Illumination  produced  by  a  uniformly  bright 
surface. 

J.et  an  clement  of  urea  dA  be  illinninated  b}-  light  from  an 
element  of  area  dS  of  intrinsic  brightness 
/jl.  If  do)  be  the  solid  angle  which  dA 
subtends  at  a  point  of  dS  the  quantity 
of  light  received  by  dA  =  fidSco'^ddfo 
where  6  is  the  inclination  of  the  join  of 
the  elements  to  the  normal  to  dS.  But 
if  r  is  the  distance  and  <^  the  angle  that 
the  join  makes  with  thi'  normal  to  dA 

d(o  =dA  cos  0//--. 
Therefore  the  quantity  of  light  receiver]  by  dA 
=  /xdSdA  cos  6  cos  (f)/?--, 
and  the  intensity  of  illumination 

=  fidS  cos  0  cos  <f>lr~. 
But  if  d-ss-  be  the  solid  angle  subtended  by  dS  at  a  point  on  dA, 

dTH-  =  dS  cos  eir\ 
Therefore  intensity  of  illumination  =  /x  drs  cos  cf). 

Now  if  a  sphere  of  unit  radius  be  drawn  with  its  centre  on  dA, 
the  area  intercepted  on  this  sphere 
by  the  cone  of  radii  drawn  to  the 
boundary  of  dS  is  dsr,  and  dsr  cos  6  is 
the  projection  of  this  area  on  the  plane 
of  the  element  dA.  If  we  denote  this 
projection  by  o^cr,  we  have  the  intensity 
of  illumination  of  f//l  jji'oduced  by  dS 
—  /xf/cr. 

The  same  argument  would  apply  to  the  illumination  produced 
by  every  element  of  a  uniformly  bright  surface  *S'  of  any  form. 
Hence  we  get  the  following  rule.  Describe  a  sphere  of  unit  radius 
with  its  centre  at  the  point  at  which  the  intensity  of  illuinination  is 
required.  Join  this  point  to  the  boundary  of  the  height  surface  S 
cutting  out  an  area  nr  on  the  sphere.  Project  this  area  -sr  on  to  the 
plane  of  the  illundnated  element,  then  if  a-  be  the  area  of  the  projec- 
tion, the  intensity  of  illumination  is  fia. 


Fig.  89. 
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146.  Objects  appear  equally  bright  at  all  distances. 

The  apparent  brightness  of  an  image  is  measured  by  the 
quantity  of  light  from  it  that  falls  on  the  retina  divided  by  the 
area  of  the  image  formed  on  the  retina. 

Let  A,  A'  be  the  areas  of  the  object  and  its  image  on  the  retina, 
d,  d'  the  distances  of  the  object  and  image  from  the  optical  centre 
of  the  eye.  The  quantity  of  light  that  enters  the  pupil  is  propor- 
tional to  A-sr/d-,  where  ot  is  the  aperture  of  the  pupil,  hence  the 
apparent  brightness  is  proportional  to  Asx/A'd'^  or  -ot/c?'-,  since 
A  :A'  =  d^:  d'^.  Therefore  so  long  as  the  size  of  the  pupil  remains 
constant,  the  apparent  brightness  is  independent  of  the  distance. 

The  foregoing  reasoning  ceases  to  be  true  when  the  object  is 
so  distant  that  the  image  on  the  retina  is  indistinguishable  from  a 
point.  In  this  case  we  must  take  the  quantity  of  light  that  falls 
on  the  retina  as  the  measure  of  the  brightness,  and  it  varies 
inversely  as  the  square  of  the  distance  of  the  object. 

147.  Brightness  of  an  image  formed  by  a  refracting 
system. 

If  /,  I'  denote  the  linear  dimensions  of  an  object  and  image 
placed  at  right  angles  to  the  axis  of  a  coaxial  refracting  system, 
or,  a!  the  angles  of  divergence  of  a  principal  ray  and  /i,  ix'  the 
refractive  indices  of  the  initial  and  final  media,  by  Helmholtz's 
theorem 

^loi  =  /x7'a'. 

If  dw,  do)'  ai-e  the  solid  angles  of  corresponding  cones  of  raj's 
diverging  from  the  object  and  image,  we  have 

do)  :  doi'  =  a- :  a'-. 
Also  if  7,  r  denote  the  intrinsic  brightnesses  of  the  object  and 
image,  the  quantities  of  light  emanating  from  them  within  these 
cones  are  as 

Il-dw  :  ri'-doi', 

or  as  7/-a- :  I'l'-a'-, 

i.e.  as  ///i- :  /'//^  ""• 

But  if  there  be  no  loss  of  light  by  absorption,  reflection  or 
refraction,  these  quantities  must  be  the  same,  or 

7//x'^  =  /'Kl 
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Ami  it'  the  initial  and  final  nu'dia  be  the  same  so  that  fi  =  ii\ 
tlu'ii  1  =  1'.  or  the  object  and  image  are  equally  bright.  In 
general  there  is  loss  of  light,  so  that  the  image  is  not  as  bright  as 
the  (^bject. 

148*  Apparent  brightness  of  an  object  viewed  through 
lenses. 

In  this  case,  with  the  notation  of  Art.  14G,  the  apparent 
brightness  is  proportional  to  ■t^'/d'-,  where  ct'  is  the  area  of  the 
section  of  the  pencil  of  light  that  enters  the  pupil.  Since  ot' 
cannot  exceed  the  area  of  the  pupil  w,  therefore  the  image  cannot 
appear  brighter  than  the  object  would  appear  if  viewed  directly. 

When  a  star  is  viewed  through  a  telescope  since  the  image  is 
only  a  point  w^e  must  estimate  the  brightness  by  the  total  quantity 
of  light  that  enters  the  eye.  The  quantity  that  enters  the  telescope 
is  proportional  to  the  area  0  of  the  object-glass,  and  if  the  pupil  ■bt 
be  greater  than  the  eye-ring  (see  Art.  174),  whose  area  is  O/M^ 
where  M  is  the  magnifying  power,  the  whole  of  the  light  that 
enters  the  telescope  also  enters  the  eye,  and  there  is  an  increase  of 
brightness  in  the  ratio  0 :  tz,  due  to  using  the  telescope. 

But  if  the  pupil  be  less  than  the  eye-ring,  the  fraction  TsM'^fO 
of  the  light  that  enters  the  telescope  also  enters  the  eye,  so  that 
the  brightness  is  increase(i  in  the  ratio  ^1/- :  1  by  using  the  tele- 
scope. 

To  form  an  estimate  of  the  utility  of  the  telescope,  we  must  also 
observe  its  effect  on  the  apparent  brightness  of  the  field  of  view  in 
which  the  star  is  situated.  This,  as  we  have  seen  above,  depends 
on  the  area  of  the  cross  section  of  the  pencil  that  enters  the  eye. 
When  Ts  >  OjM'-,  the  area  in  question  is  that  of  the  eye-ring  OjM^ 
so  that  the  apparent  brightness  of  the  field  is  reduced  by  the 
tele.scope  in  the  ratio  w  :  OjM"^ ;  but  the  brightness  of  the  star  was 
increased  in  the  ratio  0 :  -sr,  therefore  the  increase  in  brightness  of 
the  star  as  compared  with  the  field  is  in  the  ratio  M'-:  1. 

When  -57  <  01 M-,  the  telescope  makes  no  difference  to  the 
apparent  brightness  of  the  field,  and  as  before  the  brightness  of 
the  star  is  in  the  ratio  M^:\. 

The  proper  measure  of  apparent  brightness  is  however  really  a 
physi<jlogical  question,  being  a  matter  of  subjective  impressions. 

•  The  reading  of  this  article  may  be  postijoned  until  after  Chap.  XII. 
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EXAMPLES. 

1.  Two  self-luminous  spheres  of  the  same  intrinsic  brightness  /  and  radii 
«!  and  a2  are  placed  at  opposite  sides  of  a  plane  screen  so  that  the  line  joining 
their  centres  is  perpendicular  to  the  screen  and  the  distances  of  their  centres 
from  the  screen  are  A,  and  Agj  prove  that  the  locus  of  points  on  the  screen  at 
which  the  illumination  is  the  same  on  both  sides  of  the  screen  is  a  circle  and 
find  its  radius  in  terms  of  the  given  quantities. 

If  the  screen  is  made  of  greased  paper  what  is  the  appearance  presented  ? 

(Coll.  Exam.  1899.) 

2.  Prove  that  the  illumination  at  a  point  on  the  ground  at  a  distance  d 
from  a  uniformly  bright  wall  of  infinite  length  and  height  h^  is  proportional  to 

1  _  dj^'li^  +  d^.  (Coll.  Exam.  1894.) 

3.  A  small  area  is  placed  in  the  horizontal  plane  at  a  distance  a  from 
the  foot  of  a  very  long  vertical  wall  of  height  h.  If  the  wall  is  uniformly 
self-luminous,  the  ratio  of  the  illumination  of  the  area  when  horizontal  to  its 
illumination  when  vertical  is 

{\fa^h^-a)lh.  (Coll.  Exam.  1891.) 

4.  A  long  wall  runs  along  the  side  of  a  horizontal  area.  Shew  that  the 
illumination  at  any  point  of  the  area  due  to  a  uniformly  bright  sky  varies  as 
cos-  0/2  where  6  is  the  elevation  of  tlie  wall  at  its  nearest  point. 

(Coll.  Exam.  1907.) 

5.  Find  the  illumination  at  any  point  of  a  horizontal  plane  due  to  an 
infinite  vertical  bright  line.  (Coll.  Exam.  1888.) 

6.  If  the  interior  of  a  closed  convex  surface  is  uniformly  luminous,  shew 
that  the  additional  illimiination  due  to  light  emitted  from  each  element  of  the 
surface  and  incident  on  it  elsewhere,  is  the  same  for  every  point  on  the 
surface.  (Coll.  Exam.  1906.) 

7.  Shew  that  the  illumination  at  a  point  on  the  ground  due  to  the  uppei- 
half  of  the  Sun's  disc  is  to  that  due  to  the  lower  half  as 

TT  sin  u  sin^  /3  +  2  cos  a  (/3  -  sin  ^  cos  (i) 

is  to  TT  sin  a  sin^  /S  -  2  cos  a  (/3-  sin  /3  cos  (3), 

where  a  is  the  altitude  of  the  Sun's  centre,  2^  the  Sun's  angular  diameter. 

(Coll.  Exam.) 

8.  If  a  horizontal  plane  and  a  very  long  and  very  high  vertical  straight 
wall  are  illuminated  by  the  sky  and  one  another,  prove  that  on  the  assump- 
tion that  the  brightness  of  a  point  on  either  wall  or  plane  is  k  (small)  times 
its  illumination,  the  brightness  of  a  point  on  the  plane  near  the  wall  is 
approximately 

}^7Ti:  {\+hnk)  times 
that  of  the  sky.  "  (Coll.  E.xam.  1900.) 


124  EXAMPLES  [CH. 

y.  Two  uniformly  bright  vertical  walls  of  the  same  uniform  licight  and 
infinite  length  intersect  at  right  angles,  shew  that  the  illumination  at  a  point 
on  the  ground  is 

'~^~  ~  o  *-"'^^  a  {'!■  -  tan  " '  (cosec  a  tan  ;i)!  -  ^  cos  3  {tt  -  tan  " '  (cosec  fi  tan  a)} , 

where  ^  is  the  intrinsic  hrightness  of  the  walls,  and  a  and  fi  arc  the  greatest 
angles  subtended  at  the  point  by  vertical  lines  drawn  on  the  walls. 

(Magd.  Coll.  1898.) 

10.  A  uniforndy  bright  elliptic  disc  is  placed  with  an  e.\tremity  of  its 
major  axis  on  a  horizontal  table,  the  axis  itself  being  vertical.  Find  at  what 
points  on  the  table  it  will  appear  to  be  a  circular  disc,  and  i)rove  that  at  the.se 
points  the  intensity  of  illumination  of  the  table  is 

7r^(>^/(l  +(^)^, 

where  e  is  the  eccentricity  of  the  ellipse  and  fj.  is  the  intrinsic  brightness. 

(M.  T.  1900.) 

11.  An  infinitely  long  .self-luminous  circular  cylinder  of  uniform  bright- 
ness touches  a  plane  ;  shew  that  the  illumination  at  any  point  of  the  plane 
varies  inversely  as  the  square  of  the  distance  of  the  i>oint  from  the  axis  of 
the  cylinder.  (M.  T.  1898.) 

12.  An  infinite  plane  surface  is  divided  by  a  parabola  of  focus  S  and 
vertex  ..4,  and  the  portion  containing  the  focus  is  lunlbnaly  bright.  If  P  is  a 
point  on  the  parabola  whose  vertex  is  »S'  and  focus  ..4  and  who.se  plane  is 
peqjendicular  to  that  of  the  first  paraV)ola,  prove  that  the  intensity  of  illumin- 
ation of  a  small  plane  aro^i  at  P  normal  to  the  locus  of  P  varies  inversely 
as  A  P.  (Coll.  Exam.  1904.) 

13.  If  a  bright  .surface  be  a  square  and  the  line  joining  the  centre  of  the 
square  to  a  point  on  a  plane  surface  be  normal  to  both  surfaces,  shew  that  the 
illumination  at  the  point  is  proportional  to  sin  a  tan-'  (sin  a),  a  being  the  angle 
subtended  at  the  point  by  the  line  joining  the  centre  of  the  square  to  the 
middle  point  of  a  side.  (Coll.  Exam.  1893.) 

14.  A  small  area  is  placed  in  any  way  at  the  centre  of  a  regular 
p)olyhedron  :  .shew  that  it  is  equally  bright  on  both  sides,  the  vertices  of  the 
.solid  being  luminous.  (St  John's  Coll.  1897.) 

15.  A  horizontal  area  at  a  point  0  is  illuminated  by  a  bright  sky,  whose 
intrin.sic  brightne.ss  at  any  point  /'  is  equal  to  ficoti^^AffF,  A  })eing  a  fixed 
point  in  the  sky.     Shew  that  the  illumination  at  0  is  equal  to 

where  z  is  the  angidar  distance  of  the  point  A  from  the  zenith  of  0. 

(Coll.  Exam.  1902.) 
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16.  A  luminous  sphere  is  inside  a  spherical  shell.  Shew  that  the  points 
of  maximum  and  minimum  illumination  are  at  the  extremities  of  the  line 
joining  their  two  centres  ;  and  if  the  ratio  of  the  maximum  to  the  minimum 
illumination  be  given,  find  the  distance  between  the  centres  of  the  spheres. 

(Coll.  Exam.) 

17.  Five  of  the  internal  faces  of  a  cubical  box  are  uniformly  bright  ; 
shew  that  the  intensity  of  illumination  at  all  points  of  the  sixth  face  is  the 
same,  and  that  at  the  centre  of  this  face  the  intensity  of  illumination  due  to 
the  opposite  face  is  to  the  whole  intensity  as 

4  /5 

— --  cos-i   .  /  ^  :  T.  (Coll.  Exam.  1901.) 

v'5  V    " 

18.  A  candle  flame  is  placed  at  a  point  on  the  axis  of  a  divergent 
lens  of  focal  length  6  in.,  at  a  distance  of  12  in.  from  the  lens  ;  shew  that 
the  illumination  of  a  screen  at  a  point  on  the  axis  at  a  distance  of  8  in.  from 
the  lens  is  less  than  it  would  be  if  the  lens  were  ab.sent  in  the  ratio  25  :  81. 

(M.  T.  1906.) 

19.  Expl:iin  why  stars  ai)pear  brighter  when  viewed  through  a  telescope. 
Examine  whether  objects  subtending  a  finite  angle  to  the  observer  also  appear 
brighter  when  viewed  through  a  telescope.  (Coll.  Exam.  1907.) 

20.  Prove,  on  the  assumjjtion  that  there  is  no  loss  of  light  in  passing  the 
lenses,  that  the  brightness  of  an  object  which  has  a  finite  angular  magnitude 
cannot  be  increased  by  the  use  of  a  telescope  and  that  it  may  be  diminished. 

Explain  the  advantage  of  high  magnifying  power  when  a  telescoi)e  is  used 
for  viewing  faint  stairs.  (Coll.  Exam.  1904.) 
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149.  When  a  rat/  of  light  traverses  several  media  undergoincj 
any  number  of  refractions  and  rejiections,  the  })ath  from  one 'point 
to  another  is  such  that  l/xp  is  stationary  in  value  for  small  variations 
in  the  path,  where  p  is  the  length  of  the  path  in  the  medium  of 
refractive  index  /x*. 

It  is  ck-arly  sutticicnt  to  prove  this  theorem  for  a  single 
refi'action. 

Let  CD  be  an  interface  between 
two  media  of  refractive  indices  /x,  /x' 
and  APB  the  path  of  a  ray  from  ^  to 
B  crossing  the  interface  at  1\ 

We  have  to  shew  that  /xAP  +  /x'PB 

is  stationary  for  the  actual  path.     Let 

Q  be  any  point  on  CD  near  to  F,  and 

let  a,  a'  be  the  complements  of  the  angles 

fiA  Q  +  fM'QB  -  (fjLAP  +  fi'PB) 

=  f.{AQ-AP)  +  fi'(QB-PB) 

=  -  fxPQ  .sin  cc  +  fi'PQ  sin  a'  =  0.     (Art.  48.) 

Hence  the  expression  p-AP  +  fx'PB  is  st.wtionary  in  value 
small  di.splacements  of  the  point  P. 

The  case  of  a  reflection  follows  by  putting  /n'  =  -  /x  or  may  be 
proved  infle])endently  in  the  same  way. 

For  any  rnnnbci-  of  refractions  or  reflections,  since  the  ex- 
pression S/ip  is  stationary  for  small  displacements  of  each  point 
of  incidence  taken  separately,  therefore  it  is  also  stationary  for 
any  small  variations  of  the  path  from  one  point  to  another. 


FiR.  90. 
APQ,  BPQ,  then 


for 


*  First  enunciated  by  P.  Ferniat :  JAUcrae  "d  P 
Cartesianam,  Paris,  1667. 
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If  the  path  be  through  a  medium  of  continuously  varying 
refractive  index,  the  theorem  takes  the  form  :  jfxds  is  stationary 
for  small  variations  in  the  path  from  one  point  to  another. 

The  expression  l/xp  or  f/j,ds  is  frequently  called  the  reduced 
path. 

Remembering  that  the  refractive  index  of  a  medium  varies 
inversely  as  the  velocity  of  light  in  that  medium,  we  see  that  the 
foregoing  theorem  merely  expresses  that  the  time  taken  for  light 
to  travel  from  one  point  to  another  is  stationary  in  value  for  small 
variations  of  the  path. 

150.     Theorem  of  Malus. 

All)/  bundle  of  rays  which  can  be  cut  orthogonally  by  a  surface 
will  retain  this  property  after  any  number  of  reflections  and  re- 
fractions*. 


Let  ABCDE,  A'B'C'D'E' ...  be  a  bundle  of  rays  normal  to  a 
surface  AA'  .... 

Along  the  rays  measure  off  lengths  to  points  E,  E' ...  such  that 
the  reduced  path  S/x/a  is  the  same  for  each  ray. 
Join  AB',  ED'.     Then 

reduced  path  (^'£'C"i)'/;')  =  reduced  path  {ABODE) 

„     (AB'C'D'E), 
since  the  reduced  path  from  A  to  E  is  stationary  in  value. 
Removing  the  common  part,  this  leaves 

fiA'B'  +  fi'D'E'  =  fiAB'  +  fM'D'E 
if  fj,,  /jl'  are  the  refractive  indices  of  the  initial  and  final  media. 
But  since  the  rays  are   cut   at  right  angles  by  AA',  we  have 

*  E.  L.  Malus  :  "  Optique,"  Journal  de  VEcole  Polytech.  vir.  p.  1,  1808. 
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A'B'  =  AB'  ultimately,  and  therefore  B'E'  =  D'E.  or  E?y  is  nlti- 
niately  at  right  angles  to  D'E'. 

The  same  property  holds  good  for  all  points  adjacent  to  E,  E' 
determined  in  the  same  way.     Therefore  there  is  a  surface  through 

E,  E'  orthogonal  to  the  ray  D'E',  and  also  by  a  similar  argument 
t(^  DE  and  to  every  ray  of  the  system. 

151.  A  system  of  rays  which  can  be  cut  orthogonally  by 
a  surface  is  called  an  orthotomic  system.  A  systi-m  radiating 
from  a  point  is  clearly  oriliuiduiir,  tor  it  is  cut  orthogonally  by  any 
sphere  which  has  the  point  lor  cnitre. 

In  the  wave  theory  of  light  the  orthotomic  surfaces  are  the 
wave-fronts. 

If  a  system  of  rays  diverge  from  a  point  and  after  any  number 
of  reflections  or  refractions  converge  to  another  point,  the  value  of 
-fip  must  clearly  be  the  same  for  all  the  rays. 

Thus  to  determine  the  form  of  a  surface  which  will  reflect  rays 
diverging  from  a  point  S  so  as  to  pass  after  reflection  through 
a  point  H,  we  must  have  SP  +  P^  =  const.,  where  P  is  any  point 
on  the  surface.  The  surface  is  therefore  a  prolate  spheroid,  with 
S,  H  as  foci  of  a  meridian  section. 

To  reflect  as  parallel  rays  a  pencil  diverging  from  a  point,  we 
must  have  a  mirror  in  the  form  of  a  paraboloid  of  revolution,  for 
the  second  focus  H  is  now  at  an  infinite  distance. 

To  refract  rays  diverging  from  *S'  so  as  to  make  them  pass 
thr<jugh  H  we  must  have 

/i,S7^+/P//  =  const., 
which   represents  surfaces    formed   by    revolving  Cartesian  ovals 
about  the  line  joining  the  foci  B  and  H. 

152.  Focal  length  in  terms  of  aperture  and  thickness. 

As  an  application  we  may  obtain  the  f<jcal  length  of  a  con- 
vergent lens  in  terms  of  its  aperture 
and  thickness. 

Let  a  beain  of  parallel  rays  fall 
on  the  lens  and  converge  to  a  focus 

F.  Since  the  plane  RPQ  is  at 
right  angles  to  the  incident  rays, 
the  reduced  paths  PDF  nm\  RAF 
must  be  equal.     Hence,  if  AC=y 


Fig.  92. 
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be  the  semi-aperture,  PD=  t  be  the  thickness,  and  CF=fhe  the 

focal  length, 

fjLPD  +  I)F=RA+AF, 

or  fit+f-GD  =  PC+\/pTf, 

therefore  (fM  —  l)t  =  ^ y'-lf  to  the  second  order  of  y/f. 

153.  Caustics. 

When  an  instrument  is  symmetrical  about  an  axis  and  a  pencil 
of  rays  diverges  from  a  point  on  the  axis,  the  symmetry  about  the 
axis  will  persist  after  any  number  of  refractions ;  and  the  orthotomic 
surfaces  will  be  surfaces  of  revolution  about  the  axis. 

The  rays  in  any  meridian  plane  are  normals  to  a  curve,  the 
meridian  section  of  an  orthotomic  surface,  and  as  the  intersections 
of  consecutive  normals  to  a  curve  form  another  curve  or  evolute  of 
the  given  curve,  which  is  touched  by  the  normals,  it  follows  that 
the  rays  in  any  meridian  plane 
envelope  a  curve,  called  a  caustic 
curve,  which  is  the  evolute  of 
an  orthotomic  curve.  Also,  all 
the  rays  touch  a  caustic  surface 
generated  by  the  revolution  ab«jnt 
the  axis  of  the  caustic  curve. 

154.  If  Qo  be  the  cusp  on  the  p.     ^._^ 
caustic  curve,  i.e.  the  geometrical 

focus  of  the  pencil  of  rays,  and  if  a  ray  of  the  pencil  cut  the  axis 
in  Q,  then  QQo  is  called  the  longitudinal  aberration  of  the  ray. 
If  a  be  the  inclination  of  the  ray  RQ  to  the  axis,  we  may  assume 
that  the  aberration  QQo  is  proportional  to  a';  calling  it  ca"  and 
taking  Qo  as  origin  and  QoQ  as  axis  of  x,  the  equation  of  the  ray 
QR  is 

y  =  {x  —  CO.-)  tan  a, 

or,  to  the  third  order  of  -x, 

y  =  xoL  —  ccC^ ( 1 ). 

The  caustic  curve  is  the  envelope  of  this  line,  a  being  a  variable 
parameter.     Differentiating  with  regard  to  a,  we  get 
0  =  ^  —  3ca"-. 

*  Lord  Rayleigh,  Phil.  Mag.  (o),  viii.  p.  480,  1879,  or  Scientific  Papers,  Vol.  i. 
p.  439. 
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Thoivt'oiv  the  point  of  contact  of  the  ray  with  the  envelope  is 
( 3ca-,    2co''), 
and   the   caustic  curve,  in  the  neighbourhood  of  its  cusp,  is  the 
semi-cubical  parabola 

27c/  =  4r'.... (2). 

155.  Least  circle  of  aberration. 

If  a  screen  be  nioveil  along  at  right  angles  to  the  axis,  the  rays 
■will  illuminate  a  circular  patch  on  the  screen  and  this  circle  will 
clearly  be  least  when  the  screen  is  at  C  where  the  extreme  rays  of 
the  pencil  intei-sect  the  caustic.  This  circle  is  called  the  least 
circle  of  aberration. 

To  Hnil  its  position,  let  a  be  the  inclination  of  the  extreme  ray, 
then  eliminating  ?/  from  (1)  and  (2)  we  get 
27c  {xa  —  coL^y-  =  A^af, 
a  cubic  etpiation  in  x,  two  of  whose  roots  are  3ca- ;  but  the  product 
of  the  roots  is  27c'V/4,  therefore  the  third  root  is  fca-'.  Hence  the 
distance  of  the  least  circle  of  aberration  fi'om  the  geometrical  focus 
is  f  the  longitudinal  aberration  of  the  extreme  ray,  and  the  radius 
of  the  circle  is  \co:\ 

156.  The  lateral  aberration  of  a  pencil  is  the  radius  of  the 
pencil  as  it  passes  the  geometrical  focus  Qa.  To  find  it,  we  put 
a;  =  0  in  (1),  and  find  that  the  lateral  aberration  is  ca^  so  that  the 
radius  of  the  least  circle  of  aberration  is  \  of  the  lateral  aberration. 

157.  When  rays  from  a  point  are  refracted  at  a  straight 
line,  the  caustic  is  the  evolute  of  an  ellipse. 

Let  SPR  be  a  ray  refracted  at  a  point  P  on  the  straight  line 
XY.     Let  SG  at  right  angles  to  ZF  be 
produced  to  H  making  CH  =  SC.     Let  the 
refracted  ray  meet  the  circle  SPH  in  Q. 

If  <^,  <^'  are  the  angles  of  incidence  and 
refraction,  we  have 

PSH  =  PQH  =  PQS  -=  PHS  =  <t>. 

Hence  if  d  be  the  diameter  of  the  circle, 

,SQ  =  f/ sin  ((/)'-</)), 

and  HQ  =  d  sin  ( 0'  +  (/>), 
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therefore 


SQ  +  HQ 


VISIBLE   IMAGES 


2d  sin  </)'  cos  (f)  =  -  sin  2(f) 
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Therefore  Q  lies  on  an  ellipse  with  8  and  H  as  foci  and  of 
eccentricity  fi.  Also  the  ray  QPR  bisects  the  angle  between  the 
focal  distances  and  is  therefore  normal  to  the  ellipse  at  Q.  The 
caustic  is  therefore  the  evoliite  of  this  ellipse. 

158.     Images. 

It  is  important  to  distinguish  between  the  geometrical  image  of  an  object, 
or  the  locus  of  geometrical  foci,  and  the  visible  image  which  alters  with  the 
position  of  the  eye  and  is  found  by  drawing  tangents  from  the  eye  to  the 
caustic  curves  which  correspond  to  the  various  points  of  the  object. 


Fig.  95. 

The  figure  shews  the  way  in  which  a  rod  ABC  under  water  is  viewed  by 
an  eye  at  E.  The  caustics  of  the  various  points  A,  B,  C  are  evohites  of  elhpses. 
The  two  tangents  from  the  eye  to  each  caustic  shewn  in  the  figure  intersect 
very  nearly  in  points  a,  b,  c  lying  on  the  caustics  and  these  points  a,  h,  c  are 
the  points  of  the  visible  image  corresponding  to  A,  B,  C. 

The  actual  paths  of  the  rays  are  Aa' E,  Bh' E,  Cc'E,  where  a',  b',  c'  are 
points  in  which  the  tangents  to  the  caustics  meet  the  surface  of  the  water. 
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159.     Thin  pencils.     Focal  lines. 


Fig.  96. 

Limiting  our  consideration  to  the  case  of  symmetry  about  an 
axis,  suppose  a  thin  pencil  from  a  point  Q  to  be  reflected  or  refracted 
at  a  spherical  surface,  of  which  the  figure  represents  a  meridian 
section.  Let  QR,  QS  be  the  extreme  rays  in  this  section  and  after 
reflection  or  refraction  let  the  rays  cut  the  axis  QOA  in  r,  s  and 
touch  the  caustic  curve  in  ?•',  s'.  All  rays  between  R,  S  will  cut 
the  axis  between  r,  s  and  touch  the  caustic  curve  between  ?■ ,  .s'.  If 
the  arc  RS  be  small  compared  to  RQ  or  Rr',  we  may  regard  the 
reflected  or  refracted  rays  in  the  meridian  section  as  all  passing 
through  the  same  point  q^  in  which  Ri-',  Ss'  intersect.  Now 
rotate  the  figure  through  a  small  angle  about  the  axis.  The  arc 
RS  traces  out  a  small  patch  on  the  sphere,  the  point  q^  traces 
a  small  arc  of  a  circle,  approximately  a  straight  line  at  right 
angles  to  the  meridian  plane,  and  all  rays  of  the  pencil  incident  on 
the  patch  referred  to  will  pass  through  this  short  straight  line 
through  qi.  This  straight  line  is  called  the  primary  focal  line, 
and  9,  is  the  primary  focus,  and  the  meridian  plane  the  primary 
plane. 

Again,  the  central  ray  of  the  pencil  passes  through  a  point 
qo  on  the  axis,  between  r  and  s.  Since  every  ray  of  the  pencil 
intersects  the  line  rs,  it  follows  that  the  cross  section  of  the  pencil 
at  ^2  is  an  elongated  figure,  approximately  a  straight  line  in  the 
primary  plane.  This  line  is  called  the  secondary  focal  line  and 
qo  is  the  secondary  focus*. 


*  The  theory  of  local  lines  is  due  to  J.  C.   Sturm  :    "  M^moire  sur  I'optique." 
Liouville's  Journal,  t.  ni.  p.  357,  1838. 
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160.     To  find  formulae  for  the  Primary  and  Secondary 
Foci. 

1.     Reflection  at  a  spherical  mirror. 


A|  

Q 


7, 
Fig.  97. 

Let  SQ  =  u,  Sq,  =  v„  Sq,  =  v,,  SO  A  =  d,  q,SO  =  OSQ  =  0 ;  and 
let  r  be  the  radius. 

Then  0-(f>=OQS   and   SR  =  rde, 

therefore 

d  (6  -  (f>)  =  SQR  =  SR  cos  (j>!u  =  rde  cos  cf>!u (1). 

Also  6  +  (f>  =  Aq,S, 

therefore 

d{d  +  (f))  =  Sq,R  =  SR  cos  <f>!i\  =  r  dd  cos  (f>/vi (2). 

Hence  by  adding  (1)  and  (2) 

l+U-^ (3). 

i\      u      r  cos  <p 

A      •  r       sin  (^  +  <^)  J  ^  zj   •      , 

Aefain  —  = ^^ — 7, — -  =  cos  q>  +  cot  u  sm  6, 

°  ^2  sin  ^  ^  ^ 

,  r      sin  (^  -  <f>)  ,  .  /J   •     , 

and  -  = ^. — y,--  =  cos  6  —  cot  0  sm  6. 

u  sin^  ^ 


Hence  by  addition 


1+1  =  2^ (4). 

Vo     u  r 


2.  Refraction  at  a  j)lane  surface. 
This  case  has  been  dealt  with  in  Art.  34. 

3.  Refraction  at  a  spherical  surface. 

With  the  same  notation,  let  OSQ  =  (p,  OSq,  =  (f)'  (Fig.  98). 

Then  d-(f>=OQS   and    SR  =  rdd- 

therefore 

d(d-cf))  =  SQR  =  SR  cos  (f)/u  =  rdd  cos  4>lu (1). 
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Also  0-(f)'=Oq,S- 

therefore 

d{0-(f>')  =  Sii,R  =  SR  cos  <^'/"i  =  >'(^^  cos  (f)'v, (2). 


But  fi  sin  (f)  =  fi'  sin  (f)' 

so  that  /x  cos  (})d(f)  =  fi'  cos  (/)'(Z0'  (8). 

Hence  from  (1),  (2)  and  (3) 

fi  cos-  (f)      iM  COS-  <^'  _  /i  cos  (f)  —  fJi''  cos  <^' 

A      •  ^      sin(^-  6')  -/)•,/ 

Asrain  —  =         . — >,       =  cos  <i)  -  cot  cr  sm  0  , 

,  r      sin(^-0)  ,  .  /I   •     , 

and  -  = ^ — /,      =  cos  (b  —  cot  cr  sin  6. 

u         sm6  ^ 

Therefore  A^  _/,>> °o.^  ■/>-/«"« -»' ,5,. 


161.     Circle  of  least  confusion. 

Since  the  cross  sections  of  the  thin  pencil  at  the  primary  and 
secondary  foci  are  approximately  straight  lines  at  right  angles  to 
one  another,  the  planes  through  these  lines  being  the  secondary 
and  primary  planes  respectively,  it  follows  that  there  will  be 
a  point  between  the  focal  lines  where  the  breadth  of  the  pencil  in 
the  primary  and  secondary  planes  will  be  the  same.  If  we  assume 
that  the  cross  section  in  this  position  is  a  circle,  it  is  called  the 
circle  of  least  confusion.  Its  position  depends  on  the  form  of 
the  pencil. 

.AIISCELLANEOUS  EXAMPLES. 

1.  Light  i.s  incident  nearly  normally  from  a  source  J  on  a  thick  plane 
mirror  at  P,  is  refracted  at  P,  reflected  at  the  back  at  Q,  and  reaches  the  front 
.surface  again  at  R  ;  prove  that  the  reduced  path  APQR  differ.s  from  A  R  by 

2yit-tp^la{iia-\-'it), 
where  t  i.s  the  thickness  of  the  mirror,  a  is  the  perj^endicular  AM  from  A  on 
the  front,  and  p  is  the  distance  MR.  (St  John's  Coll.  1914.) 
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2.  A  and  B  are  the  extreme  lenses  of  an  optical  instrument  symmetrical 
about  an  axis  and  of  length  I,  which  is  such  that  the  image  of  every  object 
formed  by  it  is  erect  and  at  a  constant  distance  l+d  from  the  object.  Lenses 
of  focal  lengths  /i  and  /2  are  placed  in  contact  with  the  lenses  A  and  B 
resi^ectively.  Prove  that  iffi+f2=d,  the  power  of  the  instrument  is  zero  and 
the  linear  magnification  of  the  image  of  an  object  placed  on  the  axis  beyond 
the  end  B  is  -/1//2.  (M.  T.  1906.) 

3.  If  a  series  of  smooth  grooves  be  cut  on  a  plane  surface  in  the  form  of 
concentric  circles,  and  light  be  reflected  at  them  coming  from  a  luminous 
point,  prove  that  a  bright  curve  in  the  form  of  a  circle  will  be  observed  by  an 
eye  situated  in  the  same  plane  as  the  luminous  point  and  the  axis  of  the 
circles.  (Coll.  Exam.  1895.) 

4.  When  a  small  object  is  placed  at  A  on  the  axis  of  an  instrument 
consisting  of  any  number  of  coaxial  spherical  refracting  surfaces,  it  is 
found  that  a  real  image  is  formed  at  -S  ;  at  J  and  B  two  plane  mirrors  are 
placed  at  right  angles  to  the  axis  ;  prove  that  if  a  small  object  be  placed  )iear 
A  on  the  axis  between  the  mirrors,  there  will  be  formed  between  A  and  the 
instrument  a  series  of  images  whose  distances  from  A  form  a  harmonical 
progression,  and  whose  linear  dimensions  perpendicular  to  the  axis  are  in  the 
same  ratio  as  their  distances  from  ^4.  (M.  T.  1896.) 

5.  A  ray  of  light  is  refracted  through  a  prism  in  a  principal  plane.  Shew 
that,  if  the  dispersion  of  two  neighbouring  colours  be  a  minimum, 

sin{Z<t>'-2i)^^_2  (Coll.  Exam.  1897.) 

sin  <f>  fjL' 

6.  Find  the  equation  to  the  caustic  by  reflection,  at  a  circle,  of  rays 
proceeding  from  a  luminous  point  in  the  plane  of  the  circle.  Shew  that  if 
the  luminous  point  is  anywhere  outside  the  circle,  the  caustic  touches  the 
circle  at  two  points.  (Coll.  Exam.  1906.) 

7.  Rays  issuing  from  the  cusp  are  reflected  at  the  cardioid  whose  equation 
is  r=a(l  — cos^).     Shew  that  the  caustic  is  the  evolute  of  the  curve  whose 

a 
equation  may  be  put  in  the  form  r=4asin3-.  (St  John's  Coll.  1884.) 

8.  A  pencil  of  rays  is  incident  on  a  three-cusped  hypocycloid  in  a  direction 
parallel  to  the  tangent  at  one  of  the  cusps  ;  prove  that  the  caustic  after 
reflection  is  a  four-cusped  hypocycloid.  (M.  T.  1904.) 

9.  An  eye,  situated  above  the  surface  of  still  water,  observes  a  small 
linear  object  lying  in  a  horizontal  plane,  in  a  direction  at  right  angles  to  the 
plane  of  incidence  and  refraction  of  the  thin  pencil  by  means  of  which  the 
object  is  seen,  the  axis  of  the  pencil  making  an  angle  (/>  with  the  vertical. 
Shew  that  the  apparent  depth  h'  is  connected  with  its  real  dejath  h  by  the 
equation 

{fi'^hi'h'p  =  l+{fjr-l)  sec2  0, 
)i  being  the  coefficient  of  refraction  from  air  into  water.       (Coll.  Exam.  1905.) 
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10.  A  plane  aiva  is  placed  perpendicular  to  the  axis  of  a  concave  spherical 
reflector  ;  shew  that  the  surface,  on  which  the  geometrical  foci  lie,  is  a  portion 
of  a  spheroid  of  i-evolution,  and  that  the  curvature  at  the  vertex  of  the 
generating  conic  is  independent  of  the  distance  of  the  plane  from  the  centre 
of  the  sphere.  (Coll.  Exam.  1899.) 

11.  Explain  how  a  convex  lens  operates  by  delaying  the  central  part  of 
the  wave-fronts  of  the  light  compared  with  the  peripheral  parts  :  and  hence 
or  otherwise  prove  the  relation  between  the  distances  of  conjugate  foci  for  a 
thiu  lens 

where  2//  is  the  breadth  of  the  lens  and  t  is  the  excess  of  its  thickness  at  the 
centre  over  its  thickness  at  the  edge.  Express  the  focal  length  of  the  lens  in 
terms  of  /x,  t  and  y. 

Prove  that  the  more  general  formula  foi-  the  central  zone  of  a  lens,  made 
of  material  whose  refractive  index  gradually  changes  from  the  centre  out- 
wards according  to  the  law 

/i  =  /iO+"^,,       IS  +   -=-    'i~l{tL~\)t], 

where  t  is  the  thickness  at  di.stance  y  from  the  axis  ;  and  hence  shew  that  the 
power  of  the  lens  is  decreased,  beyond  the  value  due  to  the  curvatures  of  the 
faces,  by  2<o/c^,  where  t,j  is  its  thickness  at  the  centre.  (M.  T.  ii.  1911.) 


CHAPTER   XI 

THE   EYE   AND   VISION 

162.     The  eye. 

The  human  eye  is  an  optical  instrument  formed  of  refracting 
media  bounded  by  curved  surfaces. 

It  is  nearly  spherical  in  form,  the  front  part  projecting  slightly. 


It  is  enclosed  in  a  thick  coating  called  the  sclerotic  which  is 
opaque  except  in  front  where  it  is  transparent,  this  protuberant 
transparent  coating  is  called  the  cornea.  Immediately  inside  the 
sclerotic  is  a  thin  membrane  called  the  choroid,  in  front  the  choroid 
is  thickened  and  forms  a  diaphragm  called  the  iris  with  an  aperture 
called  the  pupil  capable  of  contraction. 

Behind  the  iris  is  the  crystalline  lens;  this  is  a  convergent  lens, 
with  both  surfaces  convex,  the  fi'ont  surface  being  less  curved  than 
the  back  one.  Between  the  cornea  and  the  crystalline  lens  is  a 
colourless  liquid  called  the  aqueous  humour.  The  eye  has  an 
inner  lining  called  the  retina  consisting  of  a  layer  of  nerves 
formed  by  the  spreading  out  of  the  optic  nerve  which  communicates 
with  the  brain.  Between  the  crystalline  lens  and  the  retina  is 
a  gelatinous  mass  known  as  the  vitreous  humour. 
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In  the  centre  of  tlie  ivtina  is  a  round  yellowish  spot  known  as 
the  i/elluw  spot,  and  \  ision  is  most  distinct  when  the  image  of  an 
object  is  formed  on  the  yellow  spot.  A  small  distance  at  one  side 
of  the  yellow  spot  is  the  blind  spot  from  which  the  fibres  of  the 
optic  nerve  spread  out  to  form  the  retina.  This  portion  is  not 
sensitive  to  light  and  an  image  formed  on   it  is  not  visible. 

Tlu'  figure  shews  a  horizontal  section  of  the  eye,  in  which 
.1.  ('.  r.  /\  are  the  aqueous  humour,  crystalline  lens,  vitreous 
humour  and  retina  respectivi'ly. 

In  normal  vision  when  rays  from  a  point  of  a  distant  object 
enter  the  eye,  they  are  brought  to  a  focus  on  the  retina  and  an 
inverted  image  is  formed  there,  but  the  sensation  produced  in  the 
brain  is  the  appearance  of  an  erect  object. 

The  surfaces  of  the  crystalline  lens  have  radii  of  curvature 
approximately  10  mm.  and  6  mm.  and  these  vary  slightly  in  order 
to  enable  the  eye  to  form  images  on  the  retina  of  objects  at 
different  distances.  This  power  of  varying  the  curvatures  is 
kno^\^l  as  accommodation.  There  is  a  limit  to  the  amount  of 
accommodation  that  is  possible,  and  a  distance  from  the  eye  within 
which  objects  are  not  clearly  visible.  This  distance  is  called  the 
least  distance  of  distinct  vision. 

The  cardinal  points  of  the  eye  are  shewn  in  the  figure,  the 
distance  betAveen  the  unit  points  A,,  h.^  or  between  the  nodal  points 
Hi,  «o  varies  between  "3  and  '4  nnn.  according  to  the  adjustment  of 
the  eye,  so  that  they  are  almost  coincident. 

The  angle  that  an  object  subtends  at  n^  is  equal  to  that  which 
its  image  on  the  retina  subtends  at  n.,.  This  is  the  measure  of 
angular  magnitude  formed  by  the  eye.  Consequently  when  we 
speak  of  tJie  eye  being  at  a  certain  point,  it  is  the  first  nodal  point 
of  the  eye  whose  position  is  referred  to. 

163.     Formation  of  images  on  the  retina. 

Light  entering  the  eye  is  i-efracted  first  at  the  cornea,  then 
when  it  enters  the  aqueous 
humour,  next  at  the  front  of 
the  crystalline  lens  and  finally 
as  it  passes  from  the  crystalline 
lens  to  the  vitreous  humour. 
The  refractive  indices  of  the 
cornea  and  the  humours  are  so  Fig.  lOO. 


162-164]  DEFECTS   OF   VISION  139 

nearly  equal  that  the  refraction  from  the  cornea  to  the  aqueous 
humour  may  be  neglected  and  the  lens  may  be  regarded  as  having 
the  same  medium  on  both  sides  of  it.  The  combination  is  a  con- 
vergent one,  and  the  images  of  objects  beyond  the  first  focus  of 
the  eye  are  inverted  images  on  the  retina  and  are  reinverted  by 
the  brain.  This  fact  may  be  shewn  experimentally  by  admitting 
to  the  eye  pencils  diverging  from  a  point  very  near  to  the  eye ; 
thus,  if  three  pinholes  are  made  at  the  corners  of  a  small  triangle 
ABC  on  a  piece  of  cardboard  and  the  cardboard  be  held  with  the 
pinholes  close  to  the  eye  with  A  uppermost  and  BC  horizontal, 
and  light  be  admitted  through  the  pinholes  by  holding  near  to 
them  another  card  with  a  single  pinhole  in  it,  it  is  clear  that  there 
will  be  three  small  patches  of  light  on  the  retina  with  A  uppermost, 
but  the  impression  formed  by  the  brain  is  that  the  vertex  A  is 
below  BC. 

164.     Defects  of  Vision. 

(1)  Myopia  or  Short  Sight.  This  means  that  the  eye 
cannot  see  distant  objects  clearly,  because  the  eyeball  is  too  long 
and  images  are  formed  between  the  crystalline  lens  and  the  retina 
instead  of  on  the  retina.  Another  way  of  stating  the  cause  of  this 
defect  is  to  say  that  the  eye  is  too  strongly  convergent,  or  as 
Newton  said  "  too  plump,"  and  consequently  brings  parallel  rays  to 
a  focus  in  front  of  the  retina.     Nearer  objects  are  seen  more 


Fig.  101. 

clearly  because  as  an  object  approaches  the  eye  its  image  recedes 
behind  the  crystalline  lens  nearer  to  the  retina.  This  defect 
cannot  be  remedied  by  accommodation,  because  accommodation  is 
only  effected  by  increasing  the  curvatures  of  the  surfaces  of  the 
crystalline  lens  and  therefore  making  it  still  more  convergent. 
The  defect  may  be  remedied  by  the  use  of  a  divergent  lens.  This 
makes  rays  from  a  distant  object  diverge  before  entering  the  eye 
and  therefore  the  image  is  produced  further  from  the  front  of  the 
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eye,  and  by  usiiio-  a  ItMis  of  the  right  power  images  are  produced 
on  the  retina. 

Let  P  be  the  "  for  point "  of  the  ej^e,  that  is,  the  most  distant 
point  the  rays  from  which  will  be  brought  to  a  focus  at  P'  on  the 
retina  when  the  eye  is  unaccommodated.  Then  a  lens  that  will 
enable  the  eye  to  see  distant  objects  clearly  must  be  such  that  it 
will  cause  a  pencil  of  parallel  rays  to  diverge  from  P  and  so  be 
brought  to  a  focus  at  P'. 

If  such  a  lens  be  placed  at  0,  it  is  clear  from  the  figure  that 
OP  is  its  focal  length  ;  and  hence  if  the  distance  of  the  lens  from 
the  eye  be  increased,  since  P  is  a  fixed  point  in  relation  to  the 
eye,  a  lens  of  shorter  focal  length  or  greater  power  will  be  needed. 
The  lens  required  is  clearly  divergent. 

(2)  H3rperinetropia  or  Long  Sight.  This  means  that  the 
eye  cannot  see  near  objects  clearly,  because  the  eyeball  is  too 
short  and  images  of  near  objects  are  formed  behind  the  retina. 
In  other  words  the  eye  is  not  sufficiently  convergent,  or  its  power 
is  too  Aveak.  Accommodation  diminishes  this  defect  somewhat  but 
is  insufficient  and  a  convergent  lens  must  be  used  to  increase  the 
power  of  the  eye,  or  shorten  the  focal  length  of  the  combination, 
or  as  Newton  expressed  it  "  to  supply  the  defect  of  plumpness  in 
the  eye." 

Of  course  if  an  object  is  moved  further  from  the  eye  its  image 
will  approach  the  crystalline  lens,  that  is  move  forwards  from 
behind  the  retina  on  to  the  retina,  so  that  without  artificial  aid  an 
object  is  seen  more  clearly  by  moving  it  further  from  the  eye. 

In  a  hypermetropic  eye,  when  unaccommodated,  rays  must  be 
converging  when  they  enter  the  eye  if  they  are  to  be  brought 
to  a  focus  on  the  retina. 

Suppose  that  P  is  the  fixed  point  behind  the  retina  to  which 
rays  must  converge  at  incidence 
on  the  eye  in  order  to  be  brought 
to  a  focus  at  P'  on  the  retina. 
Then  a  lens  that  will  enable  the 
eye  to  see  distant  objects  clearly 
without  accommodation  must  be 
such  that  it  will  make  parallel 
rays  converge  to  P,  so  that  then  ^'g-  ^^'^■ 

the  eye  may  bring  them  to  a  focus  at  P'.     If  such  a  lens  be  placed 
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at  0,  then  OP  is  clearly  its  focal  length  and  it  roust  be  a  convergent 
lens.  When  a  suitable  lens  has  been  found  for  distant  vision 
accommodation  will  enable  the  eye  to  see  objects  at  lesser  distances 
down  to  about  10  inches,  provided  the  eye  possesses  a  normal 
amount  of  accommodating  power. 

It  is  clear  from  the  figure  that  if  the  lens  is  moved  forwards 
from  the  eye  so  that  OP  is  increased,  a  lens  of  longer  focal  length 
or  smaller  power  will  be  sufficient  for  the  required  purpose.  This 
explains  why  improved  results  can  be  obtained  from  spectacles 
which  are  too  weak  for  the  eyes  that  are  to  use  them,  by  pushing 
them  forwards  down  the  nose. 

(3)  Astigmatism.  If  the  eye  were  symmetrical  about  its 
axis,  it  would  follow  that  when,  say,  a  horizontal  line  at  a  given 
point  was  clearly  visible,  a  vertical  line  or  a  line  inclined  at  any 
angle  to  the  horizontal  at  the  same  point  would  also  be  clearly 
visible.  In  many  eyes  this  is  not  the  case,  the  defect  is  known  as 
astigmatism,  and  it  is  due  to  the  want  of  symmetry  of  the  eye 
about  its  axis,  or  more  particularly  to  the  fact  that  the  horizontal 
and  vertical  curvatures  of  the  cornea  are  not  the  same,  a  vertical 
section  having  greater  or  less  curvature  than  a  horizontal  one. 
This  defect  can  be  remedied  by  the  use  of  a  cylindrical  lens  to 
add  curvature  in  whatever  direction  it  is  required. 

The  defect  of  astigmatism  may  be  combined  with  either  of  the 
other  defects,  and  in  that  case  spectacles  are  made  with  one  surface 
cylindrical  and  the  other  spherical. 

165.     Vision  through  a  lens.     Simple  microscope. 

When  a  convergent  lens  is  used  as  a  simple  microscope  the 
object  to  be  viewed  is  placed  between 
the  first  principal  focus  and  the  lens 
so   that  a   magnified,   erect,   virtual 
image  is  formed. 

When  an  object  is  viewed  directly 
its  apparent  magnitude  depends  on  ^^8-  ^^^• 

the  angle  it  subtends  at  the  eye  and  this  is  increased  as  the  object 
is  brought  nearer  to  the  eye,  but  it  must  not  be  brought  nearer 
than  the  least  distance  of  distinct  vision,  D  say,  and  then  its 
apparent  magnitude  is  greatest. 

When  a  magnifying  glass  is  used  placed  close  to  the  eye  the 
object   and  image  subtend  practically  the  same  angle  POQ,  or 
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P'OQ'  in  the  figure,  and  the  magnifying  power  is  measured  by 
comparing  the  angle  subtended  liy  ihc  image  ai  the  eye  with  the 
angle  that  the  object  would  subtend  it'  placet!  at  the  least  distance 
of  distinct  vision. 

Thus  if  we  assume  that  the  image  is  formed  at  the  least 
distance  of  distinct  vision,  we  have,  for  an  eye  close  to  the  lens, 
OQ' =  B,  and  if  /  be  the  numerical  focal  length, 

1__L__1 
I)      OQ-     f 

so  that  OQ  =  J— J.  • 

Hence  the  magnifying  power 

_P'Q'     PQ_F'Q' 
-  OQ'  ■   D       PQ 

OQ'    I)(f+D)     ,  ^n 
-OQ-      fD      -''^f 

166.  Again  to  find  the  magnifying  power  when  the  same  lens 
is  held  at  a  distance  a  from  the  eye  and  used  to  view  an  object  at 
a  distance  u  from  the  lens. 

The  magnifying  power  m 

.    _pq_PQ 

'  EQ'  ■    D 

^qq     D 

OQ'a+OQ" 

also  OQ  =  u,    and   y~^, =  -:?., 

OQ      u        f 

uf 
so  that  0Q'=-^    , 

/  ^ 

and  m  =  . . rr 

f  —  u  uf 

/-^ 


of  —  au  +  /(/ ' 
This  is  not  the  same  thing  of  course  as  the  angular  magnification, 
which  in  this  case 

^  P%[  ^PQ  ^0^  EQ^  v{a  +  u)^    f(a+u) 
-  EQ'  '  EQ     OQ  '  EQ'~  u{a  +  v)     af—au+fu' 
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167.  Telescopes  and  Telescopic  Systems. 

A  telescope  is  an  arrangement  of  lenses  on  the  same  axis 
adapted  for  viewing  distant  objects. 

For  a  normal  sighted  eye  objects  are  viewed  most  easily  by 
parallel  rays,  and  when  a  telescope  is  so  arranged  that  rays  from  a 
distant  object  emerge  as  parallel  rays  the  instrument  is  said  to  be 
in  normal  adjustment. 

A  system  of  lenses  on  the  same  axis  so  adjusted  that  rays 
which  are  parallel  at  incidence  emerge  as  parallel  rays  is  called  a 
telescopic  system  of  lenses. 

168.  We  shall  now  make  some  investigations  which  pertain  to 
general  systems  and  to  telescopic  systems  in  particular,  and  reserve 
the  consideration  of  particular  instruments  for  another  chapter. 

The  condition  for  a  telescopic  system  is  that  the  power  of  the 
system  be  zero,  or  the  focal  length  infinite. 

Hence  in  the  formula 

Ca  +  D 
"'AuT^-B W- 

we  must  have  A  =  0,  and  therefore  from  Arts.  80,  82  the  principal 
foci  and  unit  points  are  all  at  an  infinite  distance,  and  BC=\. 
(Art.  79(6).) 

Hence,  in  this  case  Bv  —  Cu  —  D  =  0;  and  if  t  be  the  distance 
between  the  first  and  last  lenses  there  is  a  point  which  is  its  own 
conjugate,  viz.  that  for  which  v  —  u  —  t  =0;  and  therefore 
w      _      w      _      1 
Ct^^ ~  Bt^^  ~  G-B' 
This  point  is  called  the  centre  of  the  system. 

If  a;,  x'  are  the  di.stances  of  a  pair  of  conjugate  points  from  the 
centre  C, 

Bt  -  D  ^Gu  +  D  -  B  (u  +  t)  _  B  {v  -  u- 1) 
^-'^      G-B~  G-B  ~       G-B      ' 

,        ,  Gt-D     G(v-t)  +  D-Bv     G(v-u-t) 

and      x-v--^--^-  ^_^  =       G-B       ' 

Therefore  1=^  =  ^/' 

and  this  ratio  may  be  called  the  elongation  of  the  telescopic 
system. 
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The  lint-ar  niagiiification  rn  is  equal  to  l/B,  and  is  in<lependent 
of  the  position  of  the  object. 

If  PQ,  P'Q'  are  an  object  and   its  image,  the  magnifying 

po^vw  M  of  such  an  instrument  may  be  defined  as  tlic  ratio  of 

the  angles  subtended  at  C  bj-  P'Q'  and  PQ,  i.e. 

..     P'Q'/x'  .  ,      _ 

■'"  =  ^rM~  =  mx  X  =B. 
PQjx 

The  magnifying  power  as  thus  defined  is  therefore  constant 
and  independent  of  the  position  of  the  object. 

169.     Apparent  Distance. 

When  an  object  is  viewed  through  a  combination  of  lenses  its 
apparent  distance*  is  the  distance  from  the  eye  at  which  the 
object  would  have  to  be  placed  in  order  to  subtend  the  same  angle 
as  the  image  subtends  at  the  eye. 


Fig.  104. 

If  PQ  be  the  object,  P'Q'  the  final  image,  0,  0'  the  first  and 
last  lenses  of  the  combination  and  E  the  eye ;  we  have 

PQ  ^  P'Q' 

apparent  distance      EQ' ' 

Therefore 

,.  ^             PQ  „.-,,     EQ' 
apparent  distance  =  -pny,  EQ  = , 

where  m  is  the  linear  magnification. 

In  the  notation  of  Art.  92,  OQ  =  u,  O'Q'  =  v, 

^  =.4./  +  fi,  (Art.  93)    and    i-=^-'±^, 
/u  Au  +  B 

therefore         apparent  distance  =  (Au  +  B)  {EO'  +  v) 

=  x(Av  +B)  +  Cu  +  D, 

where  x  is   the  distance  of  the  eye  behind  the  last  lens  of  the 

combination. 

*  The  term  was  introduced  by  Pioger  Cotes,  first  Plumiau  Professor  at 
Cambridge.  See  Pi.  Smith's  A  Conipleat  System  of  Optics  in  four  books,  Cambridge, 
1738. 


168-171]  MAGNIFYING    POWER  145 

170.  To  shew  that  the  apparent  distance  is  unaltered 
if  the  eye  and  the  object  are  interchanged. 

Ihe  relation  v=  - , y. 

Aa  +  B 

•     1     ..                           B(-v)  +  D  ,^. 

IS  equivalent  to  —  u  =  -t— — ^, (1). 

Now  imagine  the  usual  diagram  turned  through  two  right 
angles  so  that  the  combination  is  reversed.  This  latter  formula 
gives  the  distance  (—  u)  in  front  of  the  last  lens  of  the  image  of  an 
object  which  is  at  a  distance  (—  v)  in  front  of  the  first  lens,  when 
the  combination  of  lenses  is  reversed. 

Hence  if  the  eye  be  at  a  distance  u  behind  the  last  lens  of  the 
reversed  instrument  and  x  be  the  distance  of  the  object  in  front  of 
the  first  lens,  from  (1),  as  in  the  last  article,  the 

apparent  distance  =  it  (Ax  +  C)  +  Bx  +  D 
=  x(Au  +  B)  +  Ca-\-D. 

This  proves  that  the  eye  and  the  object  may  be  interchanged 
without  altering  the  apparent  distance. 

171.  Magnifying  power. 

It  is  usual  to  take  as  the  magnifying  power  of  any  instrument 
consisting  of  coaxial  lenses  what  wc  havt'  defined  in  Art.  77  as 
the  angular  magnification,  that  is,  the  ratio  of  the  angles  subtended 
at  the  eye  by  image  and  object.  In  general  therefore  the  magni- 
fying power  depends  both  on  the  position  of  the  eye  and  on  that 
of  the  object  in  relation  to  the  instrument. 

In  terms  of  apparent  distance  the  magnifying  power 

_  actual  distance  of  object 
""       apparent  distance 


E  Q,  a  Q 

Fig.  105. 

For  if  FQ,  P'Q'  be  the  object  and  image  and  E  the  eye,  and 
PPi  parallel  to  QE  meets  EP'  in  P^  and  P^Q^  is  perpendicular  to 

R.  O.  10 
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EQ.  tlu'ii  PiQy  =  PQ  and  EQ^  is  the  app;irent  distance.     Also 


magnityin^'  power  = 


an^^le  2^'EQ'  _  P.QJEQ,  _  EQ 
angle  PEQ  "  PQjEQ   ~  EQ, 
actual  distance 


apparent  distance ' 

172.  When  an  instrument  is  used  for  viewing  a  very  distant 
object,  it  is  immaterial  whether  the  distance  of  the  object  be 
measured  from  the  eye  or  from  one  of  the  lenses  or  from  any 
point  at  a  finite  distance  from  the  instrument,  and  the  angle 
subtended  by  the  object  at  the  eye  will  be  practically  the  same  as 
that  which  it  subtends  at  any  point  at  a  finite  distance  from  the 
eye. 

Calling  the  lens  nearest  to  the  object  the  object-glass  we  can 
now  shew  that  the  magnifying  power  of  a  telescope  used  for 
viewing  a  distant  object  is  the  ratio  of  the  breadth  at  the  object-glass 
to  the  breadth  at  the  eye  of  a  pencil  of  rays  diverging  from  a 
distant  point  of  the  axis. 


'Lrc-rrr:. ^~"fr^ 

E  0  E  Q 


Fig.   106. 

For  if  the  pencil  diverge  from  Q  and  RE  be  its  breadth  at  the 
eye  E  and  YO  its  breadth  at  the  object-glass  0,  and  we  draw  RR' 
parallel  to  the  axis  meeting  QY  in  R'  and  draw  R'E'  at  right 
angles  to  the  axis,  then  E'Q  would  be  the  apparent  distance  of  an 
object  at  E  seen  from  Q,  and  E'Q  is  therefore  the  apparent  distance 
of  an  object  at  Q  seen  from  E.     Hence 


the  magnifying  power  = 


E'Q 


or,  since  the  distances  are  great, 

^OQ  ^  OY  ^OY 
E'Q     E'R     ER ' 
as  was  to  be  proved. 

173.     Other  expressions  for  magnifying  power. 

Again  let  E  be  the  eye  and  E'  its  conjugate  point  with  regard 
to  the  instrument.  Provided  E  is  not  at  a  focus  of  the  instrument, 
E'  is  at  a  finite  distance. 
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Let  an  extreme  ray  from  a  distant  object  enter  the  eye  E  at 
an  inclination  a.  to  the  axis,  the  same  ray  must  at  incidence  cross 
the  axis  at  E'  at  an  inclination  a ,  say.     Then  we  may  take  a'  and 


Fig.  107. 

a  to  represent  the  angular  magnitudes  of  the  object  and  image,  so 
that  if  m  is  the  magnifying  power 

a 

m  =  -, , 
a 

and  by  Helmholtz's  theorem  this  is  equal  to 

linear  dimensions  of  an  obiect  at  jE" 

^ — , — ?i (1). 

„  ,,  „  its  image  at  A' 

This  expression  takes  a  variety  of  forms;  thus,  if  F2  is  the 
second  focus  of  the  instrument  supposed  not  to  he  in  normal 
adjustment,  the  image  of  a  distant  object  is  formed  at  F^  and  we 
may  therefore  take  EF»  to  represent  the  least  distance  of  distinct 
vision  D. 

In  this  case  m  being  the  reciprocal  of  the  linear  magnification 
of  an  object  at  ^'  is  equal  to  FjEF.  or  FjD,  where  F  is  the  focal 
length  of  the  instrument. 

174.     Eye-ring  and  entrance  pupil. 

Agoin  all  ra\'s  which  enter  through  the  object-glass  must 
emerge  through  the  image  of  the  object-glass  formed  by  the  rest 
of  the  instrument,  if  they  emerge  at  all. 

This  image  is  called  the  eye-ring.  If  the  eye  be  placed  at 
the  eye-ring  and  the  pupil  be  as  large  as  the  eye-ring  it  will 
embrace  all  the  rays  that  get  through  the  instrument.  The 
centre  of  the  eye-ring  is  therefore  the  best  position  for  the  eye. 
When  the  eye  is  at  the  eye-ring,  E'  is  at  the  object-glass,  and 
from  (1) 

_  radius  of  object-glass  ,^. 

radius  of  eye-ring     ^ 

whether  the  instrument  be  in  normal  adjustment  or  not.     This 
also  follows  as  a  corollary  from  Art.  172. 

Again  the  lens  nearest  to  the  eye  is  called  the  eye-glass,  and 
it  is  clear  that  all  rays  which  emerge  through  the  eye-glass  must 

10—2 
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at  incidence  fall  Avithin  the  image  of  the  eye-glass  formed  by  the 
rest  of  the  instrument.  This  image  is  called  the  entrance  pupil. 
If  the  eije  he  placed  at  the  eye-glass,  E'  is  at  the  entrance  pupil  and 
from  (1) 

radius  of  entrance  pupil  ,.^, 

in=        -r 7.-         1      -^  {^\ 

radius  oi  eye-glass 

whether  the  instrvnuent  be  in  normal  adjustment  ov  not. 

175.  Thus  we  see  that  the  magnifying  power  in  general 
depends  on  the  position  of  the  eye ;  and  this  is  always  the  case 
except  when  the  instrument  is  in  normal  adjustment,  for  then  the 
emergent  rays  are  parallel  and  the  inclination  of  any  one  of  them 
to  the  axis  may  be  taken  as  the  angle  which  the  image  subtends 
at  the  eye,  so  that  the  eye  may  be  moved  along  the  axis  "without 
altering  the  magnifying  power,  and  in  this  case  expressions  (2)  and 
(3)  both  represent  the  magnifying  power  irrespective  of  the  position 
of  the  eye. 

176.  If  a  telescope  in  normal  adjustment  consist  of 
two  groups  of  lenses  of  focal  lengths  7-",  /  the  magnifying 
poAver  is  -  F,f. 


Fig.  108, 

Represent  the  two  parts  of  the  instrument  by  their  cardinal 
points.  In  normal  adjustment  the  second  focus  of  the  first  group 
of  lenses  must  coincide  with  the  first  focus  of  the  second  group. 
Suppose  rays  from  a  distant  object  to  form  an  image  pF.>  in  the 
common  focal  plane,  and  let  F^R,  R'pr,  r'j\  be  parts  of  the  path  of 
a  ray  which  is  parallel  to  the  axis  between  the  unit  planes.  Then 
the  inclinations  of  FJi  and  r'f.^,  to  the  axis  may  be  taken  as  the 
angular  magnitudes  of  the  object  and  image,  .so  that 

r'Uli  F 


RFJi 


J 
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EXAMPLES. 

1.  The  first  and  second  Principal  Foci  of  the  normal  eye  are  respectively 
13-75  millimetres  in  front  of  and  22-83  mm.  behind  the  cornea  while  the  first 
and  second  Principal  Points  are  respectively  1-75  mm.  and  2-12  mm.  behind 
the  cornea  :  find  the  positions  of  the  Nodal  Points.  (Coll.  Exam.  1906.) 

2.  A  thin  convergent  lens  of  focal  length  6  inches  is  used  to  view  an 
object  4  inches  from  the  lens.  Whei'e  must  an  eye  be  placed  in  order  that 
the  angular  magnification  may  be  2  ?  (Coll.  Exam.  1911.) 

3.  On  the  assumption  that  a  normal-sighted  person  sees  clearly  at  all 
distances  greater  than  12  inches,  shew  that,  if  he  wears  convex  glasses  of  focal 
length  lOif  inches  at  a  distance  half  an  inch  from  his  eyes,  he  will  be  able  to 
see  clearly  at  distances  between  6  and  11  ^ij  inches  only. 

(Coll.  Exam.  1912.) 

4.  A  certain  person  carmot  .see  objects  clearly  at  a  less  distance  than 
8  ins.  from  his  eye,  or  at  a  greater  distance  than  2  ft.  Find  within  what 
limits  of  distance  from  his  eye  a  concave  mirror  of  radius  1  ft.  may  be  placed 
in  order  that  he  may  see  clearly  the  reflection  of  his  eye  in  the  mirror. 

(St  John's  Coll.  1913.) 

5.  A  long-sighted  eye,  when  unaccommodated,  is  such  that  a  pencil  of 
rays  converging  to  a  point  distant  p  cm.  behind  the  front  of  the  eye  is 
brought  to  a  focus  on  the  retina:  determine  the  focal  length  of  the  lens 
which  placed  close  to  the  eye  will  enable  it  to  see  without  accommodation  an 
object  placed  q  cm.  from  the  eye  front.  In  what  case  will  a  lens  slightly  too 
weak  in  power  be  made  effective  by  slight  advance  from  the  eye  ? 

(M.  T.  i.  1909.) 

().  A  person's  vision  is  such  that  for  rays  to  l)e  brought  to  a  focus  on  the 
retina  without  accommodation,  they  must  converge  towards  a  point  30  cms. 
behind  the  front  of  the  eye.  Find  the  focal  length  of  a  lens  placed  close  to 
the  eye  that  will  render  an  object  40  cms.  away  clearly  visible.  If  the  lens 
be  moved  a  small  distance  from  the  eye,  how  must  the  object  be  moved  in 
order  still  to  be  visible  clearly  1  (M.  T.  ii.  1911.) 

7.  A  person  finds  that  to  see  a  finely  divided  scale  most  distinctly  he 
must  place  it  a  foot  distant  from  his  eye  :  he  also  finds  that  when  he  looks  at 
a  similar  scale  through  a  convex  lens  held  close  to  his  eye,  and  sees  it  most 
distinctly,  the  graduations  look  7  times  as  large  as  in  the  first  case.  Shew 
that  the  focal  length  of  the  lens  must  be  2  inches.  (Coll.  Exam.  1891.) 

8.  Explain  the  method  by  which  the  eye  adapts  itself  to  distinct  vision 
of  objects  at  different  distances. 

Examine  whether,  in  view  of  this  adjustment,  the  apparent  sizes  of  objects 
at  different  distances,  as  seen  by  the  naked  eye,  give  an  entirely  correct 
measure  of  the  angles  they  subtend  at  the  observer. 

(St  John's  Coll.  1899.) 
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'J.  A  candle  is  placed  in  front  of  a  thin  double-convex  lens  whose 
surfaces  are  of  equal  radii.  An  eye  on  the  same  side  of  the  lens  as  the 
candle  sees  two  images,  one  always  erect  and  a  second  erect  or  inverted 
according  to  the  distance  of  the  lens  from  the  candle.  E.xplain  the  origin  of 
the.se  images  and  determine  their  positions  for  a  given  position  of  the  candle. 

(Coll.  Exam.  1891.) 

10.  If  an  instrument  be  such  that  an  observer  can  place  his  eye  at  a 
principal  focus,  then  the  apparent  distance  of  all  objects  so  viewed  will  bo 
the  same.  (Coll.  Exam.  1904.) 

11.  Shew  that  when  an  object  is  viewed  through  a  lens  of  thickness  t 
and  refractive  index  n,  the  apparent  distance  of  the  object  is  less  than  its  true 
di.stauce  by 

/ini  t--^~  {K,u  +  K.,v)-Kui\ 

fl        p. 

where  m,  o  are  the  distances  of  the  object  and  the  eye  from  the  lens,  A'  is  the 
power  of  the  lens  and  kj,  ko  the  powers  of  its  surfaces.  (M.  T.  1903.) 

12.  Shew  that  optical  systems  exist  for  which  the  magnifications  of  the 
images  of  all  objects,  wherever  situated  on  the  axis,  are  the  same. 

Shew  that  by  such  a  .system  the  angle  which  the  object  subtends  at  a 
certain  point  on  the  axis  is  increased  in  the  same  ratio  as  the  actual  magnitude 
of  its  image  is  diminished.  (St  John's  Coll.  1896.) 

13.  Shew  that  two  equal  hemispheres,  of  the  same  kind  of  glass,  form  a 
telescopic  system  if  their  adjacent  plane  faces  are  at  a  distance  apart  equal  to 
2  >  ifi-l)  of  the  radius  of  either.  (St  John's  Coll.  1899.) 

14.  If  three  thin  convex  lenses  of  focal  lengths/], /2,/3  are  placed  on  the 
.same  axis,  the  distances  between  them  being  «3,  «),  prove  that  they  form  a 
telescopic  system  provided 

/l     /2     ./"S    /2/3     M\     hf'TUUU      ' 
where  a2=a3  +  ai. 

Shew  also  that  the  angular  magnification  is 
1  _^_  "3   .   «3«1 

and  that  the  centre  divides  the  distance  between  the  extreme  lenses  in  the 

ratio 

f,    a,a,a^-ai'U-ail,  _  ^^.^^jj   ^^,^^^    13^,3^ 

h    ai«2«3-o//2-«iVi 


CHAPTER   XII 

OPTICAL   INSTRUMENTS 

177.     The  Common  Astronomical  Telescope. 

This  instrument  consists  of  a  convergent  object-glass  and 
eye-piece ;  in  its  simplest  form  the  eye-piece  consists  of  a  single 
convergent  lens.  Let  F,  f  be  the  numerical  focal  lengths  of  the 
object-glass  0  and  the  eye-glass  E. 

Let  F^,  F.2  and/i,/o  be  their  principal  foci. 


Fig.  109. 

Rays  from  a  distant  object  are  brought  to  a  focus  in  the  second 
focal  plane  of  the  object-glass,  forming  a  real  image  in  this  plane 
through  Fo.  The  eye-piece  is  used  to  magnify  this  image. 
In  normal  adjustment  rays  which  are  parallel  at  incidence  must 
emerge  parallel,  so  that  the  image  formed  by  the  object-glass 
must  also  be  in  the  first  focal  plane  of  the  eye-glass.  That  is,  in 
normal  adjustment /j  coincides  with  Fo. 

Let  rays  from  a  distant  point  P  be  brought  to  a  focus  at  P'  in 
the  common  focal  plane.  The  rays  are  parallel  at  incidence  and 
that  one  which  goes  through  the  centre  0  of  the  object-glass 
undergoes  no  deviation.  After  striking  the  eye-glass,  since  the 
rays  are  proceeding  from  a  point  P'  on  its  first  focal  plane,  they 
emerge  parallel  to  one  another  and  their  direction  is  parallel  to 
P'E,  where  E  is  the  centre  of  the  eye-glass,  because  a  ray  P'E 
would  undergo  no  deviation. 
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178.  The  magnifying  power,  being  the  ratio  of  the  angles 
subtended  by  tlie  object  and  image  at  the  eye,  may  be  measured 
by  the  ratio  of  the  inclinations  of  the  parallel  pencils  to  the  axis. 
For  if  the  axis  meets  the  object  in  Q,  PQ  would  subtend  at  the 
eye  an  angle  practically  equal  to  POQ,  and  the  angle  subtended 
b}'  the  image  of  PQ  would  be  the  inclination  of  any  emergent  ray 
to  the  axis.  Hence  for  any  convenient  ])osition  of  the  eye  the 
magnifying  power 

_  angle  P'KF,  _  _  OF., __F 
~  angle  P' OF,  ~     EK'     f  ' 

the   minus   sign    being    used    to   indicate   that   the   image   is  an 
inverted  one. 

This  result  also  f.illows  directly  from  Art.  176. 

179.  Field  of  view. 

In  any  telescope  raj-s  which  enter  the  object-glass  do  not  all 
emerge  through  the  eye-glass.  In  order  to  emerge  from  the  eye- 
glass a  ray  must  traverse  all  intermediate  lenses  and  get  through 
the  apertures  of  all  "  stops,"  a  stop  being  an  opaque  diaphragm 
with  a  circular  aperture  inserted  in  order  to  confine  the  emergent 
rays  to  rays  near  the  axis.  An  emergent  ray  will  therefore  have 
to  be  directed  at  incidence  on  the  object-glass  so  as  to  pass  through 
the  image  of  every  lens  and  stop  formed  by  all  that  part  of  the 
instrument  from  the  particular  lens  or  stop  up  to  the  object-glass. 
These  images  limit  the  field  of  view  and  there  will  be  one 
which  limits  the  field  of  view  more  than  all  the  rest,  and  it  must 
be  found  and  utilized  for  determining  the  angular  radius  of  the 
field  of  view  in  the  manner  shewn  below. 

180.  For  the  common  astronomical  telescope  with  a  single 
eye-glass,  the  field  of  view  is  limited  by  the  entrance  pupil  or 
image  of  the  eye-glass  formed  by  the  object-glass.     (Art.  174.) 


Fig.  110. 
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Let  iVjiViVo  be  the  image  of  the  eye-glass  EiEE^  formed  by 
the  object-glass  OiOO^.  Then  any  source  of  light  in  front  of  the 
object-glass  will  emit  rays  that  fill  the  object-glass,  but  only  those 
raj'S  will  emerge  through  the  eye-glass  that  cross  the  entrance 
pupil  X^NN^  at  incidence.  Thus  any  point  P^  betAveen  the  lines 
OiiVa.  O2N1  emits  a  pencil  which  fills  the  object-glass  and  the 
whole  of  which  falls  within  JS^N...  Hence  any  point  between 
O1N2,  O^JSfi  will  be  seen  by  a  pencil  filling  the  object-glass. 

Again,  considering  a  point  P3  outside  the  line  O^N,  but  within 
the  angle  formed  by  Oi]S\  and  O-.N'o,  only  part  of  the  pencil  from 
P..  that  falls  on  the  object-glass  falls  within  N'.N'i  and  so  the  point 
P2  would  be  visible  through  the  telescope  but  less  brightly  than 
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Fig.  111. 


if  it  were  within  the  former  limits,  for  it  is  clear  from  the  figure 
that  only  those  rays  from  P.,  that  fall  in  the  limited  area  O-^X  of 
the  object-glass  will  emerge  from  the  eye-glass,  PoN^X  being  a 
straight  line.  In  other  words,  P.  will  be  visible  but  not  by  a  full 
pencil. 

In  like  manner  it  can  be  seen  that  points  without  the  cone  of 
revolution  of  which  O^Xi  and  O.N'-i  are  generators  will  not  be 
visible  at  all. 

Hence  for  a  very  distant  object  to  be  seen  by  a  full  pencil  the 
parallel  rays  must  not  make  with  the  axis  a  greater  angle  than 
the  inclination  of  OiN'...  This  angle  is  called  the  angular  radius 
of  the  field  of  vie^v  for  full  pencils  and  is  denoted  by  0.  Thus 
we  have 

^     N.N- 0,0 
ON 
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ami  it"  (/„•  lie  J^i"*^'  the  radii  of  the  object-glass  and  eye-glass,  we  have 

F   _F 

F,K~  f'^' 

KF. 


oy  =  F+F,x  =  F  + 


-f 


therefore 


.Similarly  the  angular  radius  (■),  of  the  whole  visible  field  of 
view  is  the  inclination  of  N.,0.2  to  the  axis,  so  that 

X,N  ^00,_Fy,+fy, 
UN  F{F+fy 


p  radius  of  entrance  pupil  _  NN.^ 

radius  of  eye-glass  EEc, 


,=  magnifying  power, 


as  in  Art.  1 74. 


181.     Radius  of  stop. 

It  is  usual  to  place  a  stop  in  the  connnon  focal  plane  to 
intercept  the  "  ragged  edge  "  of  the  field  of  view,  that  is  the  part 
that  is  not  seen  by  full  pencils.  To  determine  the  radius  of  the 
stop  we  observe  that  if  parallel  rays  making  an  angle  0  with  the 
axis  fall  on  the  object-glass,  they  will  converge  to  a  point  P'  on 
the  rim  of  the  stop. 


Fig.  112. 
Hence  the  radius  requirerl  is 

FF..=  F.J)A'd  =  F.(P) 


F;u-fyo 
F+f 


182.     The  eye-ring. 

If  the  eye  be  placed  at  the  image  of  the  object-glass  formed  by 
the  eye-glass,  it  will  clearly  receive  all  rays  incident  on  the  object- 
glass  that  emerge  through  the  eye-glass. 
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If  RiRR.2  be  the  eye-ring,  since  it  is  the  image  of  O1OO2 
formed  by  the  eye-lens,  we  have 

f,R.f,0  =  -p   and   R,R/0,0^-f/F,0, 
so  that  RE=f+plF, 

,  radius  of  obi  ect-glass  -      F  .„  . 

and  r- ^ ^ =  —  -,•  =  magnifying  power, 

radius  of  eye-rmg  /  o     j     o  r 

as  in  Art.  174. 

183.  In  telescopes  used  for  astronomical  purposes  there  is 
generally  an  arrangement  of  crossed  spider  lines  fitted  in  the 
second  focal  plane  of  the  object-glass  where  the  real  image  is 
formed.  The  cross-wires,  as  they  are  called,  and  the  image  are 
then  viewed  together  through  the  eye-piece  and  the  angular 
distances  of  distant  points  can  be  measured  by  means  of  the  cross- 
wires,  one  of  which  can  be  adjusted  by  a  micrometer, 

184.  Adjustment  of  the  eye-piece. 

When  a  tflescope  is  to  be  used  by  a  person  who  sees  most 
clearly  at  a  distance  D,  the  eye-piece  must  be  adjusted  so  as  to 
produce  a  final  image  at  a  distance  D  from  the  eye. 

Let  X  be  the  distance  that  the  eye-piece  is  pushed  in  to 
achieve  this  result,  then  with  (jur  former  notation  i^o/i  =  ^• 


The  object-glass  forms  a  real  image  pF^,  and  the  eye-piece — 
represented  diagrammatically  by  its  cardinal  points  f-i,f-2,  h,  li  — 
produces  an  image  ^g'  such  that  Eq  =  D,  where  E  is  the  eye. 

We  have  fVl'=f'^l^,  and  there  are  two  cases  to  consider 
according  as  (1)  the  eye  is  at  the  eye-ring  in  the  adjusted  position 
of  the  eye-piece  or  (2)  at  the  same  distance  from  the  eye-glass  as 
the  eye-ring  would  be  in  normal  adjustment. 

In  the  first  case 

m=f%o=pi{F-x). 

Therefore 

D  =  Ef,^M'=r-l{F-x)+plx: 

or  X'  -  xF  +f'F/D  =  0. 
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This  givos 

,r  =  \F±^[F'--4f'FID]^~- 

and   tlu'   minus  sign   is  cK'arly  the  one  to  be  taken,  because  in 
nonnal  adjustment  D=  y:  and  ./•  =  0. 

In  the  second  case 

Ef,=plF. 
Therefore 

D  =  Ef,+M'=f^!F  +  f^lx, 

and  x  =  Ff-'l{FD-f% 

The  magnifying  power  is  minus  the  ratio  of  the  angles  j/A'g' 
and  pOF..,  i.e. 

_  pjj^     J^ -_^  V^ _  _ ^'  / 
I)   ^'^r~ D'^~     Dx 

In  the  first  case  this 

^  -2Ff 

D[F-{F'-^pFID)W 

=  -{F+(F^-4f^FlD)^]l2f. 

And  in  the  second  case  the  vahie  is 

-{FD-r-)lfD   or    -{Fjf-flD). 

185.  Examples.  1.  Draw  a  careful  diagram  of  au  astronomical 
telescope,  in  which  the  aperture  of  the  object-glass  is  4  cm.  and  its  focal  length 
22-5  cm.,  the  aperture  of  the  eye-glass  1-2  cm.  and  its  focal  length  Tf)  cm. 
Trace  the  course  of  a  pencil  of  rays  from  a  distant  object  as  viewed  by 
an  eye  adapted  to  see  objects  by  parallel  rays  ;  and  obtain  the  radius  of  the 
stop  which  will  exclude  all  but  whole  pencils. 

Find  what  distances  the  eye-glass  must  be  moved  (i)  to  view  by  parallel 
rays  an  object  at  a  distance  of  45  metres,  (ii)  to  view  a  distant  object  when 
the  observer's  distance  of  distinct  vision  is  30  cm.,  the  eye  being  at  the  eye- 
glass. (Coll.  Exam.  1908.) 

2.  A  telescope  is  to  be  12  inches  long  and  to  magnify  eight  diameters  ; 
determine  the  focal  lengths  of  the  two  component  lenses. 

(St  John'.s  Coll.  1910.) 

3.  If  the  focal  lengths  of  the  glasses  of  an  astronomical  telescope  be 
1  inch  and  1  foot  and  if  the  telescope  be  adjusted  to  view  a  star,  shew  that  an 
object  at  a  distance  of  7  feet  from  the  object-glass  can  be  distinctly  seen  by  a 
normal  eye  placed  clo.se  to  a  lens  whose  first  principal  focus  is  distant  \  an 
inch  from  the  e^'e-gla-ss.  (('oil.  Exam.  1913.) 

4.  Prove  that  the  magnifying  power  of  a  telescope  adjusted  for  distinct 
vision  at  a  distance  A  is //A,  where /is  the  focal  length  of  the  instrument. 

(St  John's  Coll.  1898.) 
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5.  The  eye-glass  and  object-glass  of  an  astronomical  telescope  are  of  focal 
lengths  9  in.  and  36  in.  respectively.  Find  the  magnifying  power  when  the 
eye  is  placed  at  the  eye-point  and  the  eye  sees  most  distinctly  at  a  distance 
of  9  in.  (Coll.  Exam.  1911.) 

6.  Find  the  magnifying  power  of  an  astronomical  telescope  for  an  ob- 
server, whose  eye  is  at  a  distance  a  from  the  eye-lens,  and  whose  distance  of 
distinct  vision  is  A.  (Coll.  Exam.  1906.) 

7.  If  an  astronomical  telescope  is  adjusted  for  very  distant  objects,  and 
m  is  its  magnifying  power,  prove  that  the  distances  x^  3/  of  a  near  object  and 
its  image  from  the  common  focal  plane  of  the  object-glass  and  eye-glass  are 
connected  by  the  relation  x  -f  m^y  =  2??i/,  where  I  is  the  length  of  the  telescope. 

(Coll.  Exam.  1902.) 

8.  Find  the  magnifying  power  of  a  simple  astronomical  telescope  in 
normal  adjustment  and  shew  that,  if  the  eye-lens  be  pushed  in  a  distance 
X  and  the  eye  be  supposed  placed  at  the  image  of  the  object-lens  in  the  eye- 
lens,  the  magnifying  power  is  dimini.shed  by  xjF  oi  its  previous  value,  where 
F  is  the  focal  length  of  the  object-glass.  (Coll.  Exam.  1907.) 

186.  Defects  of  object-glasses  and  eye-pieces. 

Our  previous  investigations  have  mainly  been  based  on  the 
hypothesis  that  the  rays  considered  make  with  the  axis  angles  so 
small  that  the  squares  of  their  circular  measures  are  negligible. 
In  the  use  of  a  telescope  such  as  we  have  described  this  hypothesis 
does  not  hold  good,  and  defects  in  the  image  arise  from  the  fact 
that  rays  diverging  from  a  point  do  not  all  pass  through  the  same 
point  after  "traversing  a  lens,  if  the  squares  or  higher  powers  of  the 
angles  of  divergence  cannot  be  neglected.  These  defects  take  the 
form  of  blurring  and  curvature  of  the  image  and  are  generally 
classed  under  defects  due  to  spherical  aberration. 

Another  defect  is  chromatic  aberration. 

187.  Eye-pieces. 

An  astronomical  telescope  with  a  single  lens  for  eye-piece  is  of 
no  use  for  ordinary  terrestrial  purposes  on  account  of  the  inverted 
image  that  it  forms.  If  however  a  convergent  lens  be  placed 
between  the  object-glass  and  eye-glass,  it  is  possible  to  make  the 
image  erect. 


p 


p 


Fig.  114. 
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Thus  if  a  lens  0'  (Fig.  114)  of  focal  length/'  be  inserted  so  that 
the  real  inverted  image  pF.  formed  by  the  object-glass  is  at  a 
distance  "If  from  this  lens,  this  lens  will  produce  an  equal  erect 
image  p'q  at  a  distance  2f'  on  the  opposite  side,  and  this  can  then 
be  viewed  through  a  single  lens  E  or  a  compound  eye-piece. 

In  cu'der  to  obtain  a  larger  image  two  lenses  are  sometimes 
uschI  in  plaee  of  0' ,  the  first  is  so  placed  that  pi^j  lies  between  the 
lens  and  its  first  focus,  so  that  it  forms  an  enlarged  but  still 
inverted  virtual  image  p'q' ;  the  second  lens  0'  is  then  placed  at  a 
distance  twice  its  focal  length  from  p'q'  and  produces  an  equal 
erect  image  p"q'  on  its  other  side  as  before. 
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Fig.  115. 


188.  In  general  the  advantages  of  using  a  compound  eye-piece 
are  that  the  field  of  view  may  be  increased,  and  that  chromatic 
abeiTation  may  be  eliminated. 

Ramsden's  eye-piece  consists  of  two  convergent  lenses  of 
the  same  focal  length  /.  The  condition  for  achromatism  (see 
Art.  137)  would  require  the  distance  between  the  lenses  to  be 
f,  but  the  principal  focal  planes  of  the  combination  would  then 
coincide  with  the  lenses  and  it  would  be  impossible  to  adjust  the 
cross-wires  (Art.  183)  in  the  common  focal  plane  of  the  object-glass 
and  eye-piece.  As  in  other  respects,  this  eye-piece  is  well  suited 
for  astronomical  purposes,  the  distance  between  the  lenses  is  fixed 
at  I/,  they  are  plano-convex  with  their  plane  faces  outwards. 


Fig.  IKi. 

The  principal  foci  can  easily  be  shewn  to  be  at  a  distance  \f  in 
front  of  the  field-lens  A  and  behind  the  eye-lens  B,  and  the  unit 
planes  lie  between  the  lenses  at  distances  \f  from  the  field-lens 
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and  eye-lens  respectively.     In  normal  adjustment  the  object-glass 
will  produce  a  real  image  at  /i . 

A  pencil  of  rays  from  a  distant  object  may  however  be  traced 
through  a  telescope  fitted  with  a  Ramsden's  eye-piece,  without 
the  determination  of  the  cardinal  points  of  the  instrument.  Thus 
in  normal  adjustment  the  image  p'5'  formed  by  the  field-glass 
must  be  at  a  distance  /  in  fi-ont  of  the  eye-glass.  But  11! ((  is  the 
image  formed  by  the  field-glass  of  the  real  image  fF^  formed  by 
the  object-glass  at  its  second  focus;  therefore 

\ L_  =  _i 

A(l     AF,~     /' 
and  Aq'  =  ^f, 

so  that  AF.  =  -^f. 


Fig.  117. 

Hence  rays  which  are  parallel  at  incidence  on  the  object-glass 
are  brought  to  a  focus  at  p  and  after  passing  through  the  field-glass 
diverge  from  p',  the  image  of  ^,  and  then  emerge  from  the  eye-glass 
parallel  to  p'B. 

The  magnifying  power  in  normal  adjustment  is  from  Art.  176 
the  negative  ratio  of  the  focal  length  of  the  objeict-glass  to  that  of 
the  eye-piece  or  —  Fj^f;  or,  we  have 

p'Bq  _      p'q'   t\q__Aq'    F__^F 
'"'"     pOF~     pF,'Bq'~     AF,-f~      3/' 

The  adjustment  of  Art.  184  for  a  final  image  at  a  given  distance 
irom  the  eye  holds  in  this  case. 

189.     Huyghens'  eye-piece. 

This  eye-piece  consists  of  two  convergent  lenses  of  focal  lengths 
•3/  and  /  at  a  distance  2/  apart.  The  lenses  are  plano-convex  with 
l)oth  plane  faces  turned  to  the  eye. 

The  condition  for  achromatism  is  satisfied. 

The  field-lens  is  of  course  the  one  of  larger  focal  length. 
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Fig.  118. 
ilso  the  second  focus 


The  first  and  second   principal   foci  of  the   combination    are 
found  to  be  at  a  distance  ^f  in 
front  of  and  behind  the  eye-gUxss,       | 
and    the    unit    points    are    at    a       j 
distance / behind  and  in  front  of     ~jh    y? 
the    eye-ghiss,    the   focal    length       j 
of  the  cmnbi nation  bi'ing  ^f. 

In    normal    ailjustment    the 
object-glass  forms  a  real  image  at/j,  i.e.f^  is 
of  the  object-glass. 

To  trace  a  pencil  of  rays  through  a  telescope  fitted  with  a 
Huyghens'  eye-piece,  we  observe  that  since  the  rays  must  emerge 
from  the  eye-glass  as  a  parallel  pencil,  the  field-glass  must  form 
an  image  p'q'  at  the  first  focus  of  the  eye-glass,  i.e.  we  must  have 

Bq'=f. 
Therefore,  ii' pF.^  is  the  image  formed  by  the  object-glass, 

and   Aq  =—j, 

so  that 


FiR.  119. 

Hence  rays  which  are  parallel  at  incidence  on  the  object-glass 
converge  towards  p  but  are  intercepted  by  the  field-glass  and 
brought  to  a  focus  at  p',  the  image  of  p  formed  by  the  field-glass, 
they  then  strike  the  eye-glass  and  emerge  parnllel  to  p'B. 

The  magnifying  power  in  normal  adjustment  is,  from  Art.  176, 
the  negative  ratio  of  the  focal  length  of  the  object-glass  to  that  of 
the  eye-piece,  i.e.  —  F/'^f;  or 

p'Bq'  _     p'<(   F,0__Aq    F__2F 
'''"     ^0F,~     ~pq'lh'~     AF,-f~~^if 

The  adjustment  of  Art.  184  for  a  final  image  at  a  given  distance 
from  the  eye  also  holds  in  this  case. 
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This  eye-piece  is  not  well  adapted  for  astronomical  purposes, 
because  if  cross-wires  were  placed  in  the  plane  of  the  image  p'q 
which  is  viewed  through  the  eye-glass,  the  wires  would  be  viewed 
through  the  eye-lens  only  while  the  image  would  be  seen  by  rays 
that  have  passed  through  both  lenses  of  the  eye-piece  and  therefore, 
except  close  to  the  centre  of  the  field,  the  image  and  the  wires 
would  be  differently  distorted. 

190,  Examples.  1.  Find  how  much  longer  a  telescope  will  have  to 
be  which  is  fitted  with  a  Ramsden's  eye-piece,  than  one  fitted  with  the  single 
equivalent  lens,  when  the  telescope  is  directed  to  a  distant  object. 

(Coll.  Exam.  1908.) 

2.  Shew  that  the  field  of  view  of  a  telescope  in  normal  adjustment  fitted 
with  a  Eamsden's  eye-piece,  supposed  limited  by  the  field-lens  of  the  eye- 
piece, is  greater  than  that  of  the  simple  astronomical  telescope  formed  by  the 
object-glass  and  the  equivalent  lens  even  if  the  aperture  of  the  equivalent 
lens  be  taken  as  great  as  that  of  either  lens  of  the  eye-piece. 

(Coll.  Exam.  1906.) 

3.  Shew  that  if  F  be  the  focal  length  of  the  object-glass  of  an  astronomical 
telescope  fitted  with  a  Eamsden's  eye-piece  in.  which  the  lenses  are  of  focal 
length  /  and  at  distance  |/j  the  magnifying  power  when  viewing  a  very  distant 
object  is  F{f+4d)j3d/,  d  being  the  distance  of  vision  for  which  the  eye  is 
accommodated,  and  the  eye  being  placed  at  the  eye-lens.     (St  John's  Coll.  1908.) 

4.  An  astronomical  telescope  is  fitted  with  a  Huyghens'  eye-piece  of  focal 
length  (f)  ;  the  semi-apertures  of  field-lens  and  eye-lens  are  a,  b  respectively, 
the  object-glass  has  focal  length  F  and  semi-aperture  c.  Shew  that  the 
angular  radius  of  the  bright  field  is  the  lesser  of  the  quantities 

Wf^y      'TfZy      (S'jow»co,i.i.oe.) 

5.  In  viewing  a  distant  object  through  an  astronomical  telescoi^e  fitted 
with  Huyghens'  eye-piece,  shew  that  for  an  eye  placed  close  to  the  eye-lens  to 
see  the  image  at  a  distance  X  the  eye-piece  must  be  pushed  in  a  distance 

9/^<2(2X-H/), 
/  being  the  focal  length  of  the  eye-lens.  (Coll.  Exam.  1894.) 

191.     G-alileo's  Telescope. 

This  instrument  consists  of  a  convergent  object-glass  0  and 
a  divergent  eye-glass  E.  In  normal  adjustment  the  second  focus 
F^  of  the  object-glass  coincides  with  the  first  focus /i  of  the  eye- 
glass, and  the  distance  between  the  lenses  is  the  difference  between 
their  numerical  focal  lengths  F  —f. 
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Parallel  rays  from  a  distant  point  j!)  are  made  by  the  object-glass 
to  converge  towards  a  point  'p  in  the  common  focal  plane,  and  are 
intercepted  by  the  eye-glass  and  made  to  emerge  parallel  to  the 


Fig.  120. 


line  Ep .     It  is  clear  from  the  figure  that  the  image  is  erect  and 
magnified.     The  magnifying  power  is  given  by 


m  =  - 


'EF.     F 


(see  also  Art.  176). 


P'OF,     f 

The  eye-ring  is  at  R,  where  foR.f^O  = —f'^;  hence  the  eye- 
ring  falls  between  E  and/o,  i.e.  within  the  instrument. 

If  the  emergent  parallel  pencil  is  produced  backwards  to  the 
plane  of  the  eye-ring,  it  cuts  it  in  a  cii-cle  R^Ro  the  image  of  the 
object-glass  O1O2,  the  central  ray  cutting  the  axis  in  R  the  image 
of  0  formed  by  the  eye-glass. 

As  the  eye  cannot  be  placed  at  the  eye-ring,  it  is  placed  close 
to  the  eye-glass ;  and  as  the  emergent  rays  are  diverging  from  the 
axis  it  is  useless  to  make  the  aperture  of  the  eye-glass  larger  than 
the  pupil  of  the  eye. 

192.     Field  of  view. 

If,  taking  the  eye-glass  to  be  of  the  same  size  as  the  pupil  of  the 
eye,  the  pupil  is  larger  than  the  eye-ring  as  in  the  last  figure,  it 
will  clearly  be  possible  for  objects  to  be  seen  by  pencils  filling  the 
object-glass,  for  the  breadth  of  the  emergent  parallel  pencil  is 
R1R2  which  is  less  than  the  breadth  of  the  pupil. 

If  3/0,  2/e  denote  the  radii  of  the  object-glass  and  eye-glass 

f  ■         ■  f 

R^R  =  ^yo,  so  that  in  this  case  ye>\yyo- 

The  entrance  pupil  N^NN^,  falls  behind  the  eye-lens,  its  position 

F 


being  given  by  F^N.F.,E- 
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that  in  the  case  we  are  considering  iViiY>OiO;  and  it  is  clear 
from  Fig.  121  that  points  within  the  half  cone  between  the  lines 
H.Oi,  JSf^O.,  to  the  right  of  the  point  C  will  be  seen  by  pencils 
filling  the  object-glass,  for  lines  from  such  a  point  to  -all  points  of 


Fig.  121. 

the  object-glass  are  directed  so  as  to  fall  within  the  entrance 
pupil  iYiiVoj  therefore  they  emerge  through  the  eye-glass.  The 
angular  radius  of  the  field  of  view  for  such  pencils  is  the  inclination 
of  the  extreme  ray  O^Ni  to  the  axis,  i.e. 

^     NA\  -00,      Fylf  -  y,  _  Fy,  -fyp 


NO 


f 


-F 


F{F-fy 


The  angular  radius  of  the  extreme  field    of  view  is  in   like 
manner  the  inclination  of  iVjOa  to  the  axis,  i.e. 

Fye  ^fVo 
F{F-fy 

If  however  the  eye-glass  is  smaller  than  the  eye-ring,  i 


0' 


if 


ye  <  4yo'  it,  will  not  be  possible  for  a  pencil  filling  the  object-glass 
wholly  to  emerge  from  the  eye-glass.     In  this  case,  since 

N,N  =  Fyelf, 
the  entrance  pupil  N-^NN^_  is  clearly  smaller  than  the  object- 
glass  0,00^  and  the  condition 
that,  if  incident  rays  are  to 
emerge  through  the  eye-glass, 
they  must  be  directed  at  in- 
cidence so  as  to  fall  within  NiN 
makes  it  further  evident  that 
the  whole  of  a  pencil  filling  the 
object-glass  cannot  reach  the 
eye.     The  pupil  can  be  filled 
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- 

Nj  r: 
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in  this  case  by  pencils  that  partly  fill  the  object-glass,  and  the 
extreme  inclination  to  the  axis  of  such  pencils  at  incidence  is  the 
inclination  of  X^O^,  i.e.  the  angular  radius  of  the  field  of  view  for 
pencils  that  fill  the  pupil  is  given  by 


00,-NN,_fyo-Fy, 
NO        ~F{F-fy 


As  before  the  inclination  of  N^O.  to  the  axis  dctincs  the  limits 
of  a  wider  field  of  view,  and  objects  between  the  two  cones  will  be 
seen  by  pencils  only  partially  filling  the  pupil,  and  therefore 
appealing  less  bright. 

The  angular  radius  of  the  extreme  field  is  0'  with  the  same 
value  as  before.  In  this  telescope  it  is  impossible  to  place  a  stop 
to  cut  off  the  ragged  edge  of  the  field,  because  the  common  focal 
plane  falls  outside  the  instrument. 

193.     Adjustment  for  vision  at  a  finite  distance. 


Fig.  123. 


If  the  eye-glass  be  pushed  in  a  distance  x,  it  forms  a  vii-tual 
image  p"q"  of  the  image  p'F^  formed  by  the  object-glass,  and  if  D 
be  the  distance  of  distinct  vision 

D  =  Eq"  =  Ef,+f,q"  r-^^^J 


/+' 


The  magnifying  power  in  this  case  is 

_p"Eq"  _p"q'  F,0  _F  f^F/D        \ 
"'~  p'OF,~p'F,'Eq"     Jj-x     J)[f      V 


F/^ 


{.) 


This  expression  shews  that  a  sh<»rt-sighted  person  may  have  to 
forgo  an  appreciable  fraction  of  the  magnifying  power  of  the 
instrument.  If  we  allow  for  the  fact  that  the  eye  cannot  get 
quite  close  to  the  eye-glass  and  take  8  as  its  distance,  the  above 
formula  becomes 

F/^     f+S' 


f 


D 
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For  a  very  myopic   eye  D  may  be  as  small  as  10  cms.  and 
taking  h  as  I'o  cms.  and  /  as  3"5  cms.,  we   see 
that  half  the  magnifying  power  is  lost. 


194.  Galileo's  telescope  is  suitable  for  viewing 
terrestrial  objects,  and  a  pair  of  such  telescopes 
suitably  mounted  form  the  ordinary  opera  or  field 
glasses. 


Fig.  124. 


195.     The  Prism  Binocular. 

An  arrangement  by  which  a  pair  of  prisms 
can  be  used  together  with  the  lenses  of  a  common 
astronomical  telescope  for  producing  an  erect 
instead  of  an  inverted  image  was  invented  and 
patented  by  J.  Porro  in  1852*.  The  advantage 
of  the  arrangement  is  that  the  properties  which 
the  astronomical  telescope  possesses  as  regards 
field  of  view  are  obtained  without  the  inconvenient 
length  of  instrument  that  arises  when  an  erecting 
eye-piece  is  used. 

It  is  clear  from  Fig.  125  that  if  a  rectangular  prism  be  used  as 
a  total  reflection  prism,  the  light 
being  incident  normally  on  the 
hypotenuse  face,  the  result  of 
reflection  is  to  invert  images  in 
the  direction  at  right  angles  to 
the   edge   of  the   prism.     And  if  Fig-  i^-^- 

two  such  prisms  are  used  with  their  edges  at  right  angles  as  in 
Fig.  124  images  will  be  completely  inverted.  A  pair  of  instruments 
formed  by  convergent  lenses  as  in  Fig.  124  w^th  simple  or  compound 
object-glass  and  eye-piece  constitute  the  prism  binocular,  and  the 
best  field-g'lasses  are  of  this  form. 


196.  Examples.  1.  If  opera  glasses  are  used  by  a  short-sighted 
person,  must  the  lenses  originally  in  normal  adjustment  be  screwed  nearer 
together  or  further  apart  ?  (Coll.  Exam.  1910.) 

2.  Shew  that  if  a  Galileo's  telescope  is  adjusted  first  for  a  short-sighted 
person  and  then  for  a  long-sighted  one,  the  magnifying  power  is  greater  in 
the  latter  case.  (Coll.  Exam.  1891.) 


*  The  invention  is  described  in  Cosmos,  t.  ii.  p.  222.     Paris,  1852 
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3.  An  opera  glass  when  in  normal  adjustment  for  a  normal  eye  is  used  by 
a  short-sighted  person  whoso  distance  of  distinct  vision  is  A.  Shew  that  the 
objects  which  he  sees  distinctly  are  umlcr  the  angular  magnification 

F     {F-ff 
f         Fa     ' 
where  F,  f  are  the  numerical  focal  lengths  of  the  object-glass  and  eye-glass. 

(M.  T.  1909.) 

4.  If  the  magnifying  power  of  a  Galileo's  telescope  be  6,  the  length 
6  inches,  and  the  radii  of  the  object  and  eye  glasses  i  and  ^  inch  re- 
si^ectively,  find  those  of  the  eye-ring  and  entrance  pupil  and  shew  that  the 
angular  diameter  of  the  field  of  view  is  about  3°  11'.  (Coll.  Exam.  1905.) 

5.  A  person  looks  directly  into  a  mirror  with  an  ordinary  pair  of  opera 
glasses.  Examine  whether  he  can  see  his  eyes  and  whether  they  look  larger 
or  smaller  than  without  the  glasses.  (Coll.  Exam.  1905.) 

6.  The  two  lenses  in  an  opera  glass  are  three  inches  apart.  Print  placed 
very  near  the  object-glass  appears  two-thirds  its  original  size  when  viewed  by 
an  eye  at  a  considerable  distance,  and  when  placed  close  to  the  eye-glass  and 
viewed  through  the  instrument  by  an  eye  at  a  considerable  distance  the 
print  appears  one  and  a  half  times  its  original  size.  Determine  the  focal 
lengths  of  the  eye-glass  and  the  object-glass  and  state  whether  the  glasses  are 
focused  for  distant  objects.  (M.  T.  1902.) 


197.  Reflecting  telescopes. 

In  reflecting  telescopes  a  concave  min'or  is  used  in  place  of  an 
object-glass,  the  mirror  forms  an  image  of  a  distant  object  in  its 
focal  plane  and  this  may  be  viewed  by  an  eye-piece. 

198.  In  Newton's  telescope  the  rays  converging  from  the 
concave  mirror  are  intercepted  by  a  small  plane  mirror  at  an 
inclination  of  45°  to  the  axis  so  that  the  image  can  be  viewed 
through  an  eye-piece  whose  axis  is  at  right  angles  to  the  axis  of 
the  instrument. 


Fig.  126. 
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A  pencil  of  rays  making  a  small  angle  with  the  axis  is 
reflected  by  the  concave  min-or  towards  p  on  its  focal  plane,  but 
strikes  the  small  plane  mirror  A  and  converges  to  p",  the  image  of 
p  with  regard  to  the  small  mirror ;  this  image  p"  in  the  plane  F'p" 
is  then  viewed  through  an  eye-piece  E,  and  in  normal  adjustment 
the  first  focus  of  the  eye-piece  must  coincide  with  F'  the  image  in 
the  small  mirror  of  the  focus  i^of  the  large  min-or.  The  magnifying 
power  is  the  ratio  of  the  angles  p"EF'  and  p'OF,  taking  the  latter 
as  the  angle  that  the  object  would  subtend  at  the  eye  if  viewed 
directly.     But  F'p"  =  Fp',  so  that 

FO      F 

^^^  =  rE-f' 

where  F,  f  are  the  focal  lengths  of  the  concave  mirror  and  the 
eye-piece. 

199.  Ill  Herschel's  telescope  the  mirror  is  placed  obliquely  to  the 
tube  and  the  image  formed  in  the  focal  plane  is  formed  near  the  edge  of  the 
tube  and  viewed  directly  through  an  eye-piece. 


Fig.  127. 

OT  is  tbe  axis  of  the  tube,  OA  that  of  the  mirror,  the  angle  between 
them  being  small  ;  the  image  of  a  distant  point  p  is  formed  at  p'  in  the  focal 
plane  and  viewed  through  the  eye-piece  E.  The  magnifying  power  is  again 
—  Fjf^  as  in  the  astronomical  telescope. 

200.    Cassegrain's  telescope. 


Fig.  128.- 
In  this  instrument  a  large  concave  mirror  causes  rays  from  a  distant  point 
p  to  converge  towards  a  point  p'  in  its  focal  plane,  but  the  rays  are  intercepted 
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bj  a  smaller  mirror  A  convex  to  the  light  and  brought  to  a  focus  at  p"  the  image 
of  p'  in  the  convex  mirror.  There  is  an  aperture  at  the  vertex  of  the  large 
mirror  through  which  the  image  p"  is  viewed  by  a  single  lens  or  an  eye-piece  E. 
In  normal  adjustment  the  tirst  fooal  plane  of  the  eye-piece  contains  the 
image  p". 

Since  the  angle  the  incident  rays  make  with  the  axis  is  the  angle  which 
p'F  subtends  at  the  vertex  0  of  the  mirror,  therefore  the  magnifying  power 

p'OF 
^pj^    FOJ^F 

p'F  •  /,£•      «/,  ' 
where  F^  f^^i  fe  ^^^  the  focal  lengths  of  the  large  and  small  mirrors  and  the 
eye-piece  and  a  is  the  distance  between  the  foci  F,  f  oi  the  two  mirrors. 

201.  Gregory's  telescope  is  similar  to  Cassegrain's,  but  the  small 
mirror  is  concave  instead  of  convex  to  tlie  light. 

202.  The  Compound  Microscope  in  its  simplest  form 
consists  of  a  convergent  object-glass  called  the  objective  which 
forms  a  real  magnified  image  of  a  small  object  a  little  beyond  its 
first  focus,  the  image  being  formed  on  the  other  side  of  its  second 
focus— and  a  convergent  eye-glass  called  the  ocular  so  placed  as  to 
form  a  magnified  virtual  image  of  the  former  image. 


Fig.  129. 

/,,/,  are  the  foci  of  the  object-glass  0  and  F^,  F.  those  of  the 

eye-glass  E.    PQ  is  the  object  and  the  first  image  FQ'  is  determined 

by  taking  rays  PR  parallel  to  the  axis  and  PO  through  the  centre 

of  the  lens.     The  second  image  P"Q"  is  determined  by  taking 

rays  P'S  parallel  to  the  axis  and  P'E  through  the  centre  of  the 

eye-glass.    If/  F  are  the  numerical  focal  lengths  of  the  object-glass 

and  eye-glass  and  a  the  distance  between  them,  the  power  of  the 

instrument  is 

_i_  L      -^ 
7     F^fF' 
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The  linear  magnification  may  be  expressed  in  terms  of  the 
distance  D  of  the  final  image  firom  the  ocular;    thus,  we  have 

P'Q'     PQ  ~  EQ-  f  ' 

^^"'"  D-EQ'  =  -F'   '^  ^^^^^  ^^  =  FTD  ' 

,  F+D  (        .       FD  \ 

and  m  = ^^ . -  [a  —  f  —  f^ ^ 

Ff    \      ''      F-i-Bj 

a        \       r^f  a       1       1 

The  magnification  is  therefore  increased,  by  increasing  the 
distance  between  the  lenses  and  decreasing  the  focal  length. 

203.  In  practice  microscopes  contain  many  lenses  adjusted  so 
as  to  reduce  spherical  and  chromatic  aberration.  The  first  lens  of 
the  objective  is  always  of  very  short  focal  length  and  rays  are 
incident  on  it  making  widely  divergent  angles  with  the  axis.  It 
has  generally  one  plane  face  and  is  followed  by  other  compound 
lenses  of  longer  focal  length  each  so  arranged  as  to  correct  some  of 
the  defects  of  the  previous  lenses.  In  objectives  of  high  power 
the  lens  nearest  the  object  is  sometimes  a  hemisphere  with  its 
plane  face  towards  the  object  with  a  film  of  cedar- wood  oil  between 
the  lens  and  the  glass  slide  in  which  the  object  is  mounted.  The 
refractive  index  of  cedar-wood  oil  is  approximately  the  same  as 
that  of  glass.  The  advantage  of  this  method  of  immersion  as  it 
is  called  is  that  the  divergence  of  the  rays  emerging  from  the 
glass-slide  into  air  is  eliminated,  so  that  the  object-glass  receives 
more  rays  from  the  object  than  it  would  if  oil  were  not  used. 
For  if  the  oil  were  not  used  some  of  the  rays  which  strike  the 
object-glass  when  the  oil  is  present,  emerging  from  the  slide  into 
air,  would  be  bent  outwards  so  far  as  to  miss  the  object-glass. 

204.  Forms  of  object-glasses. 

The  construction  of  an  object-glass 
depends  on  the  particular  purpose  for 
which  it  is  to  be  used. 

In  a  photogi'aphic  camera  the  object- 
glass  produces  a  real  image  of  an  ex- 
tended object  on  a  sensitive  plate.  The 
violet  end  of  the  spectrum  is  the  active  Fig-  130 
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one.  and  honce  the  object-glass  must  be  achromatized  so  that  the 
visual  image  coincides  with  that  formed  by  the  active  rays. 

Flatness  of  image  and  absence  of  distortion  must  be  secured 
so  far  as  possible.  This  is  attained  by  combining  two  similar 
compound  lenses  and  inserting  a  stop  between  them.  Such  a 
combination  is  said  to  be  orthoscopic  or  rectilinear,  it  is  free  from 
distortion  as  each  half  of  the  combination  produces  an  equal  and 
opposite  amount  of  distortion.  A  wide  angle  for  the  field  of  view 
is  required  and  as  wide  an  aperture  as  possible  in  order  to 
admit  sufficient  light.  These  latter  requirements  cannot  both  be 
«^)btained  at  once,  for  a  wide  angle  means  oblique  incidence  and 
considerable  aberration  unless  the  rays  are  restricted  by  a  stop  to 
pass  through  a  small  aperture  on  the  axis. 

205.  In  telephotograpliy  what  is  recjuired  is  to  produce  on  the 
sensitive  plate  as  large  an  image  as  possible  of  a  distant  object. 
This  means  that  the  focal  length  of  the  object-glass  must  be  as 
gi-eat  as  possible,  and  this  would  necessitate  an  inconvenient 
length  of  camera.  This  is  obviated  by  the  use  of  a  telephotographic 
objective,  which  consists  of  a 
combination  of  a  convergent 
and  a  divergent  lens  with  a 
space  between  them. 

Thus  F2  is  the  second  focus 
of  the  convergent  lens  behind 
the  first  focus/i  of  the  divergent  ^^^-  ^■^^• 

lens,  and  F^'  is  the  second  focus  of  the  combination  in  or  near  the 
position  of  the  sensitive  plate.  Without  the  divergent  lens  the 
length  of  the  camera  would  be  approximately  F^O ;  the  divergent 
lens  increases  it  slightly  to  F^'O  but  gives  a  greatly  increased 
focal  length  to  the  combination,  for  the  power  is  decreased  to 

1  _  1  __a 

F     f     Ff 
if  F,  f  arc  the  focal  lengths  and  a  the  distance  between  the  lenses. 
In   fact  the   increased    focal  length  is  obtained  mainly   by   the 
shifting  of  the  second  unit  point  from  somewhere  close  to  0  to 
a  distance  in  front  of  the  convergent  lens. 


204-205]  EXAMPLES  171 


EXAMPLES. 

1.  Draw  a  pencil  of  rays  passing  through  Newton's  telescope,  fitted 
with  Ramsden's  eye-piece,  supposing  the  rays  to  emerge  parallel. 

(Coll.  Exam.  1902.) 

2.  A  telescope  consists  of  a  convex  object-glass  of  focal  length  F,  and  an 
eye-piece  composed  of  two  convex  lenses  of  focal  lengths  /j  and  fo,  separated 
by  a  fixed  distance  a.  Find  the  whole  length  of  the  tele.scope  when  adjusted 
for  a  distant  object  to  be  seen  by  an  eye  which  sees  clearly  at  distance  d. 
Shew  that  when  d  is  very  large  the  length  is 

a  +  Z'+Mr^. 

/l+/2-« 

In  the  latter  case  find  the  angular  magnifying  power.  (Coll.  Exam.  1913.) 

3.  If  m  denote  the  ratio  of  the  focal  lengths  and  n  that  of  the  radii  of 
the  apertures  of  the  object-glass  and  eye-glass  of  an  astronomical  telescope, 
then  if  m<n  no  distant  objects  can  be  viewed  by  pencils  filling  the  object- 
glass,   but  it  may  be  possible  so  to  view  small  objects  on  the  axis  whose 

distance  from  the  object-glass  does  not  exceed where  I  is  the  distance 

between  the  lenses.     Discuss  the  existence  of  a  lower  limit  to  the  distance  of 
the  object  for  which  such  vision  is  possible.  (M.  T.  1903.) 

4.  Prove  that,  if  a  common  astronomical  telescope  is  adjusted  to  suit  a 
person  who  sees  best  at  distance  A,  then  the  magnifying  power  will  be 
diminished  numerically  by  //A,  and  the  angular  radius  of  the  field  of  view 
will  be  increased  by  (^e+!/o)f'l^  {f-'i-F)\  provided  that  higher  powers  of  l/A 
are  neglected  ;  where  y^,  yo  are  the  radii  and  /,  F  the  focal  lengths  of  the 
eye-glass  and  object-glass  respectively  and  the  eye  is  placed  at  the  eye-ring. 

(M.  T.  1904.) 

5.  A  telescope  consists  of  a  thin  object-glass  of  focal  length  F  and  a 
movable  eye-piece  of  focal  length  / ;  the  eye  is  always  placed  at  the  image  of 
the  object-glass  formed  by  the  rest  of  the  telescope.  Shew  that,  if  J/i  be  the 
magnifying  power  when  adjusted  for  a  distance  of  distinct  vision  Ai,  and 
J/2,  A2  be  corresponding  quantities,  then 

(.¥iAi  - i/oAa)  F=  ( J/o^As  - i/i2Ai)/=  M^Mo,  ( i/j  -  M-i)  Aj A2. 

(M.  T.  1896.) 

6.  A  simple  astronomical  telescope  is  adjusted  so  as  to  view  an  object 
distant  u  from  the  object-glass,  when  d  is  the  distance  of  distinct  vision  and 
the  eye  is  placed  close  to  the  eye-lens.  Shew  that  the  greatest  angle  the 
object  can  subtend  at  the  centre  of  the  object-glass,  .so  that  every  point  of  it 
can  be  seen  by  a  complete  pencil,  is 

%{\IF-  Iju)  {a  {llf+l/d)-b{l/F-  llu)}!(l/f+l/F+\/d-  1/u), 
where  /,  F  and  a,  h  are  the  focal  lengths  and  radii  of  the  eye-lens  and  object- 
glass  respectively.  (M.  T.  1906.) 
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7.  Prove  that  a  cylinder  of  glass,  whose  length  is  n  times  the  distance 
lx>tween  the  centres  of  cui'vature  of  its  spherical  ends,  acts  opticallj'  as  a 
telescope  focused  for  distant  vision.     Give  diagrams  to  represent  its  effect. 

(St  John's  Coll.  1903.) 

8.  Prove  that  if/'  is  the  focal  length  of  the  Ramsden's  eye-piece,  and/'  is 
the  focal  length  when  the  space  between  the  lenses  is  filled  with  a  medium  of 
refractive  index  /x',  then 

/'_ V(/x-iy^ 

/      (^-/)|(^-l)(3^'-l)  +  (^'-l)}' 
where  fx  is  the  refractive  index  of  the  glass  of  either  lens,  and  the  lenses  are 
plano-convex  with  the  plane  faces  outwards.  (Trinity  Coll.  1904.) 

9.  The  aperture  of  the  object-glass  of  an  astronomical  telescope,  of 
magnifying  power  —m,  is  2c.  The  single-lens  eye-piece  is  removed,  and 
replaced  by  a  Ramsden's  eye-piece  of  equal  power,  the  apertures  of  whose 
eye-glass  and  field-glass  are  2a  and  2b  respectively.  Prove  that  the  radius  of 
the  circular  stop  suitable  for  the  new  arrangement  is  the  lesser  of  the  quantities 

(3Mi6-c)/(3m-|-l),   and   3{7na-c)/{m  +  3).       (M.  T.  1901.) 

10.  A  Ramsden's  eye-piece  is  fitted  in  an  astronomical  telescope  with 
achromatic  object-glass  and  brought  to  normal  adjastment.  A  ray  from  the 
centre  of  the  object-glass  is  refracted  through  the  eye-piece.  Prove  that  if  A 
is  the  dispersion  of  this  ray  for  two  colours,  and  if  A'  is  the  dispersion  for 
tho.se  two  colours  when  the  eye-piece  is  replaced  by  a  single  lens  such  that 
the  magnifying  power  m  of  the  telescope  is  unaltered, 

A      3ni  +  5  (Coll.  Exam.  1910.) 

A'     Gm  +  6  ^  ' 

11.  A  telescope  consists  of  a  convex  object-glass  of  focal  length  F^  and 
an  eye-piece  of  any  number  of  lenses  of  which  the  equivalent  focal  length  is 
/,  and  is  in  normal  adjustment.  Prove  that  (i)  the  linear  magnification  of  all 
small  objects,  which  are  perpendicular  to  the  axis,  is  the  same,  and  is  equal 
to  f\F;  (ii)  the  distances  of  any  object  from  the  first  principal  focus  of  the 
object-glass  and  of  its  image  from  the  second  principal  focus  of  the  eye-piece 
are  always  in  the  ratio  F'^  :/2.  (Trinity  Coll.  1890.) 

12.  Shew  that,  if  the  eye  be  at  a  di.stance  x  from  the  first  principal  focus 
of  any  refracting  telescope  and  the  object  be  at  a  distance  y  from  the  second 
principal  focus,  the  magnifying  power  VAfyl{xy-f'^)  whatever  be  the  distance 
of  distinct  vision,  /  Vjeing  the  focal  length  of  the  telescope,  where  x^  y  are 
measured  positively  away  from  the  telescope,  and  y  is  great  compared  with 
the  length  of  the  telescope.  (Coll.  Exam.  1899.) 

13.  In  a  microscope  formed  of  lenses  whose  relative  positions  are  fixed, 
shew  that,  if  the  instrument  be  pushed  nearer  to  the  object  by  a  small 
distance  8,  the  change  in  the  position  of  the  image  is  m'-'S,  where  m  is  the 
magnification  and  the  change  in  the  magnification  is  m^jF,  where  F  is  the 
focal  length  of  the  instrument.  (Coll.  Exam.  1895.) 
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14.  A  microscope  is  made  of  two  simple  lenses,  focal  lengths  /,  F,  at  a 
fixed  distance  apart  equal  to  f+F.  If  it  is  in  adjustment  for  a  person  whose 
distance  of  distinct  vision  is  o?,  prove  that  the  object  must  be  moved  through 

f2 

a  distance  {d'  -  d)  -^  to  suit  a  person  whose  distance  of  distinct  vision  is  d', 
where  d'  -d  is  a  small  quantity.  (Coll.  Exam.  1895.) 

15.  Explain  how  a  camera  lens  consisting  of  a  convex  lens  with  a  concave 
lens  behind  it,  whose  distance  is  adjustable,  can  produce  a  telephotographic 
effect,  i.e.  produce  a  large  image  of  a  distant  object  without  excessive  length 
of  camera.  (M.  T.  1911.) 
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